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The Hodgkin-Huxley treatment of the dynamics of a nerve impulse on a cell membrane is combined with a
phenomenological description of molecular hyperpolarizabilities to develop a closed-form model of an action-
potential-sensitive second-harmonic response of membrane-bound chromophores. This model is employed to
understand the key properties of the map between the action potential and modulation of the second harmonic
from a cell membrane stained with hyperpolarizable chromophore molecules.
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I. INTRODUCTION

Nonlinear-optical techniques offer unique options and at-
tractive solutions for optical microscopy and bioimaging.
Multiphoton-absorption microscopy has been intensely used
through the past two decades for high-resolution deep-tissue
imaging of biotissues, including in vivo cellular imaging of
different organs and various types of tissues, as well as the
action potential �AP� in mammalian nerve terminals �1–4�.
Microscopy based on second- and third-harmonic genera-
tions has been shown to provide valuable information on the
texture and morphology of biotissues in three dimensions
�5–7�. Coherent anti-Stokes Raman scattering �CARS� and
stimulated Raman scattering �SRS� �8,9� enable chemically
selective high-resolution, high-speed imaging, suggesting an
advantageous approach for the visualization of processes in-
side living cells �10,11�. Stimulated-emission depletion
�STED� and related techniques �12,13� break the records of
spatial resolution, offering a unique tool for imaging fine
details of biotissues. Recent advances in fiber technologies
�14,15� allow bulky free-space components to be replaced by
appropriate fiber-format elements and devices, making
nonlinear-optical imaging systems flexible, robust, and fully
compatible with requirements of in vivo work and real-life
applications.

Extension of advanced concepts of nonlinear-optical im-
aging to neuroscience is one of the most challenging and
interesting tasks in biophotonics. In a pioneering experiment
published more than four decades ago, Cohen et al. �16�
have demonstrated the possibility of nerve activity visualiza-
tion through the detection of light-induced birefringence of
nonmyelinated nerve fibers. In more recent work �17–25�,
second-harmonic generation �SHG� and two-photon excita-
tion of voltage-sensitive dyes �4� have been shown to offer
powerful tools for the sensing of action potentials on a mem-
brane. A linear dependence of the SHG signal from
membrane-bound chromophore molecules on the membrane
potential with a sign reversal at zero voltage has been dem-
onstrated by Nuriya et al. �24�. Evans et al. �26� employed
CARS microscopy for in vitro imaging of brain structure.
Specifically designed fiber components have been shown to
enable fiber-format detection of neuron activity in brain of
transgenic mice using the luminescence response of two-

photon-excited fluorescent-protein neuron-activity reporters
�27,28�.

Here, we propose a closed-form model of AP-induced
SHG modulation on a cell membrane labeled with hyperpo-
larizable molecules. This model combines the Hodgkin-
Huxley treatment of the dynamics of a nerve impulse with a
phenomenological description of the second-harmonic re-
sponse in terms of molecular hyperpolarizabilities. We will
apply this model to understand the key properties of the map
between the AP and modulation of the second-harmonic re-
sponse of a membrane-bound chromophore.

II. ACTION POTENTIAL ON A SPATIALLY NONUNIFORM
NEURON MEMBRANE

We start our analysis of action potentials on a neuron
membrane with the well-known Hodgkin-Huxley model
�29–31�, which represents a lipid bilayer of a cell membrane
as a capacitance cm �Fig. 1�a��, with potassium and sodium
ion channels included through the conductances GK and GNa,
respectively, and the leakage of all the other ions included
through the conductance GL. The batteries VK, VNa, and VL in
Fig. 1�a� mimic the electrochemical gradients, controlling the
flows of potassium, sodium, and all the other ions. The re-
sulting equation for the voltage Vm across the membrane is
written as

1

rcm

�2Vm

�x2 −
�Vm

�t
=

ji

C
. �1�

Here, x is the coordinate along the membrane, t is the time, r
is the membrane resistance per unit length, C is the mem-
brane capacity per unit area, and ji is the total ion current
density through the membrane,

ji = GNam
3h�Vm − VNa� + GKn4�Vm − VK� + GL�Vm − VL� ,

�2�

where m, h, and n are the sodium activation, sodium inacti-
vation, and potassium activation control parameters, which
vary within an interval from 0 to 1 and are governed by the
following set of first-order differential equations:

dn

dt
= �n�1 − n� − �nn , �3�
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dm

dt
= �m�1 − m� − �mm , �4�

dh

dt
= �h�1 − h� − �hh . �5�

The coefficients � j and � j �j=n ,m ,h� in Eqs. �3�–�5� are
given by empirical relations, which, at the temperature T
=6.3 °C, take the form �n= �0.1−0.01u� / �exp�1−0.1u�−1�,
�m= �2.5−0.1u� / �exp�2.5−0.1u�−1�, �h=0.07 exp�−u /20�,
�n=0.125 exp�−u /80�, �m=4 exp�−u /18�, and �h= �exp�3
−0.1u�+1�−1, where u�u�x , t�=Vm�x , t�−VR, VR is the rest-
ing potential, and all the potentials are measured in milli-
volts. For higher temperatures, T�6.3 °C, these coefficients
are calculated by multiplying the values of � j and � j defined
by expressions above by a factor k=3��T−6.3�/10�.

Calculations were performed at the temperature T
=6.3 °C for typical parameters of a giant squid axon �30,31�:
cm=1.5�10−7 F /cm and C=cm /2�a=10−6 F /cm2, where
a=238 �m is the axon radius, GK=0.036 �−1 cm−2, GNa
=0.12 �−1 cm−2, GL=3�10−4 �−1 cm−2, VK=−77 mV,
VNa=50 mV, VL=−54.4 mV, and VR=−65 mV. The elec-
tric field across a membrane can be calculated from the so-
lution to Eq. �1� as Em�x , t�=Vm�x , t� /�m, where �m is the
membrane thickness �here, �m�4.5 nm�.

In Fig. 1�b�, we plot the membrane potential and the elec-
tric field calculated by solving Eq. �1� for a membrane with a
constant resistance, r=2.0�104 � /cm �solid line� and a
membrane with a resistance changing in a stepwise fashion
from 2.0�104 to 1.5�104 � /cm at x=6 cm �dashed line�.
Such a variation in r models changes in membrane perme-
ability can be induced by various damage mechanisms, in-
cluding electroporation �31�. In calculations with a varying r,
we assume for simplicity that all the other membrane param-
eters defining the action potential in the Hodgkin-Huxley
model remain unchanged. As can be seen in Fig. 1, reduction
of r increases the AP speed, giving rise to a detectable ad-
vancement of the AP at a given x relative to the AP propa-
gating on a membrane with constant r. At t=20 ms, as can
be also seen from Fig. 1, the separation between the APs is
as large as 3.5 cm. In the following section, we will demon-
strate that, due to the high amplitude of the electric field
generated across the axon membrane �Em�7–8 MV /m in
Fig. 1�b�� this change in the AP speed can be readily detected
through the change in SHG from a membrane covered by
push-pull chromophores.

III. MEMBRANE DIAGNOSTICS WITH SECOND-
HARMONIC GENERATION

We now assume that the membrane is labeled with hyper-
polarizable dye molecules, which generate the second-
harmonic in response to the incident laser field. This tech-
nique for membrane potential imaging has been earlier
successfully demonstrated with various types of amphiphilic
push-pull chromophore dyes �18–25�. For an incident laser
beam polarized along the normal to the membrane surface
�Fig. 2�, the intensity of the second harmonic generated by
hyperpolarizable dye molecules in the presence of an action
potential is given by �18–20�

I�Em� = I0�1 + 	Em�1 − 
�� , �6�

where I0= I�Em=0� is the second-harmonic intensity
in the absence of the membrane potential, 

= �sin2 � cos ���2�cos3 ���−1 is the order parameter, � being
the tilt angle of molecules aligned by the laser field from the
normal to the membrane surface, and 	=2 Re�� /��, with
����2� ;� ,�� and ����2� ;� ,� ,0� being the first- and
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FIG. 1. �Color online� �a� An electric-circuit diagram of the
Hodgkin-Huxley-type model of a cell membrane. �b� An action po-
tential propagating along a nonmyelinated axon with cm=1.5
�10−7 F /cm, C=10−6 F /cm2, a=238 �m, GK=0.036 �−1 cm−2,
GNa=0.12 �−1 cm−2, GL=3�10−4 �−1 cm−2, VK=−77 mV, VNa

=50 mV, VL=−54.4 mV, VR=−65 mV, and �m�4.5 nm, with r
=2.0�104 � /cm �solid line�, and r changing in a stepwise fashion
from 2.0�104 to 1.5�104 � /cm at x=6 cm �dashed line� at dif-
ferent instants of time �1, 5, 10, 15, and 20 ms�, as indicated in the
figure.

FIG. 2. �Color online� Probing the membrane potential with
second-harmonic generation: n is the normal to the membrane sur-
face, e is the polarization of the pump field, �+ and �− are the
second-harmonic emission angles.
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second-order hyperpolarizabilities of molecular labels.
As can be seen from Eq. �6�, SHG provides a linear map

between the action potential and modulation of the second
harmonic. To quantify the sensitivity of the second-harmonic
signal to the membrane potential, we use the following ap-
proximate expressions for the hyperpolarizabilities � and �
�18–20�:

� � 2	�eg	2�D��� , �7�

and

� � 2	�eg	2D���
 �2

���eg − 2� − i��
−

4��2 − 	�eg	2�
���eg − i�� � ,

�8�

where � is the pump frequency, D���= ��2��eg−2�
− i����eg−�− i���−1, �eg and �eg are the frequency and the
dipole moment of the transition between the ground and ex-
cited states involved in SHG, � is the decay constant, and
� is the difference of dipole moments in the excited and
ground states.

We now apply Eqs. �1�–�8� to analyze the AP-induced
modulation of SHG on a cell membrane with FM4-64 intra-
cellular SHG chromophore, which has been successfully
used �22–25� to image the membrane potential in neurons.

(b)(a)

(c) (d)

FIG. 3. �Color online� Snapshots of the differential second-harmonic signal I / I0= �I− I0� / I0 for a membrane with r=2.0�104 � /cm
�solid lines� and r changing in a stepwise fashion from 2.0�104 to 1.5�104 � /cm at x=6 cm �dashed lines� sampled with ultrashort laser
pulses at different instants of time: �a� 5, �b� 10, �c� 15, and �d� 20 ms. The electric field in the action potential is shown on the right axis.
Parameters of calculations are specified in the text. Images of the AP-modulated differential second-harmonic signal for a membrane with a
constant and varying r are shown in the lower part of each panel.
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Parameters of this chromphore were determined from the
change in the SHG response to a 100 mV depolarization
measured by Yuste’s group �25� for different laser wave-
lengths �10.3�0.8% at 850 nm, 10.6�1.1% at 900 nm, and
14.8�1.2% at 1064 nm�. Applying Eqs. �6�–�8� to fit these
data with ��36° �which was the case in Ref. �24��, we find
�eg=2�c /�eg�560�20 nm, ���0.33�0.03��eg, �eg
�10�10 D, ��150�10 D, 
�0.26, 	�	�3.8
�10−47 C m2 V−2, and k�7�10−9 m /V for a pump wave-
length of 800 nm. The number of photons emitted in the
second harmonic can be estimated as NSH�N2�SHGIp

2 /2,
where N is the number of molecules in the interaction
region, Ip is the pump intensity, and �SHG
=4n2���5	�	2�3��−1n�

−2�0
−3c−5 is the SHG cross section with

n� and n2� being the refractive indices at pump and second-
harmonic frequencies. For dye molecules with the above-
specified parameters, the SHG cross section is estimated as
�SHG�0.021 GM for a pump wavelength of 800 nm.

The number of molecules on the surface of a membrane
contributing to SHG is given by N=�sS, where �s is the
surface density of hyperpolarizable dye molecules and S is
the area of the pump-irradiated region on a membrane sur-
face. With a typical surface density of hyperpolarizable dye
molecules �s�1012 cm−2 �18� and the laser-irradiated area S
estimated as S�2adp�100 �m2 for an axon radius a
�0.5 �m �a typical radius of nonmyelinated axons in hu-
man body� and a diameter of the focused pump beam dp
�100 �m, molecules with �SHG�0.021 GM excited with a
pump pulse with a pulse width �p�100 fs and the beam area
dp

2�10−4 cm2 will generate approximately 175 second-
harmonic photons per each 100 fs pump pulse with an energy
of 10 nJ, yielding a readily detectable signal at high pump
pulse repetition rates. Even more intense second-harmonic
signals can be expected for a squid giant axon, where the
laser-irradiated area for the above-specified pump parameters
is much larger, S�dp

2�10−4 cm2, leading to an estimate of
2�106 for the number of second-harmonic photons per 100
fs, 10 nJ pump pulse.

The snapshots of the differential second-harmonic signal
I / I0= �I− I0� / I0, measured by sampling the membrane po-
tential with ultrashort laser pulses are presented in Figs.
3�a�–3�d�. With a typical speed of the AP in nonmyelinated
axons estimated as 10–20 m/s and a typical spatial extension
of the positive-polarity section of the AP LAP�3 cm �Figs.
1�b� and 3�a�–3�d��, the time duration of the positive-polarity
part of the AP is �AP�1.5 ms. Laser pulses with �p

�100 fs and dp�100 �m thus serve as an almost ideal
sampler for such a wave process providing spatial and tem-
poral uncertainties as low as dp /LAP�3�10−3 and �p /�AP
�6�10−11. With a typical time required to take a single
frame of the SHG profile on a membrane-bound chro-
mophores estimated as �f�10 �s �23�, the AP dynamics can
be captured in such frames with a time resolution of t /�AP
�6�10−3.

The Hodgkin-Huxley model-based analysis of membrane
potentials is, rigorously speaking, applicable only to nonmy-
elinated nerve fibers. The proposed SHG-based membrane
potential metrology technique can, however, be extended to
myelinated fibers. While the speed of action potentials in
nonmyelinated fibers scales as a1/2 with the axon radius a,
myelinated fibers support nerve impulses with a speed�a.
As a result, when the myelin sheath is damaged or destroyed,
the AP speed drastically decreases �32–36�. This change in
the AP speed can be readily detected by the SHG technique
as described above.

IV. CONCLUSION

The Hodgkin-Huxley treatment of the dynamics of a
nerve impulse on a cell membrane has been combined in this
work with a phenomenological description of molecular hy-
perpolarizabilities to develop a closed-form model of an AP-
sensitive second-harmonic response of membrane-bound
chromophores. This model was employed to understand the
key properties of the map between the action potential and
modulation of the second harmonic from a cell membrane
stained with hyperpolarizable chromophore molecules. Our
analysis shows, in particular, that AP-sensitive SHG by
membrane-bound chromophores suggests an attractive tech-
nique for nonintrusive detection and high-resolution imaging
of spatial inhomogeneities and defects on nerve fibers.
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