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Cross-modulation coupling of incoherent soliton modes in photorefractive crystals

V. Kutuzov, V. M. Petnikova, V. V. Shuvalov, and V. A. Vysloukh
International Laser Center, M.V. Lomonosov Moscow State University, Vorob’evy Gory, Moscow 119899, Russia

~Received 30 July 1997; revised manuscript received 20 November 1997!

A problem of nonlinear wave propagation through a photorefractive crystal~PRC! with drift nonlinearity has
been evaluated. A class of spatially localized solitonlike solutions with finite energy has been found. Solutions
of this class can be considered as multicomponent solitons, combined by two or more mutually incoherent
self-consistent components bonded by cross-modulation coupling. Light field spatial distributions of the com-
ponents look like zero and higher order modes of their common waveguide formed in PRC due to its nonlin-
earity. We have shown such a soliton is stable on distances of several diffraction lengths and its spatial
structure is robust to collisions and appreciable~more than 10% in intensity! stochastic perturbations of the
intensity distributions. With taking into account saturation of PRC nonlinearity, parameters of all the soliton
components~their amplitudes and widths! change quasiperiodically as the soliton propagates. The components
do not exchange energy while a small fraction of the energy is emitted on few diffraction lengths. We discuss
also a possibility of excitation of incoherent solitonlike multielectron states in conjugated polymers, ferromag-
netics, and superconductors. These states could correspond to some mutually incoherent and self-consistent
wave packets composed of electronic wave functions and propagating along conjugated chains or prominent
atomic planes.@S1063-651X~98!09804-3#

PACS number~s!: 42.65.Tg, 42.65.Hw, 42.65.Jx, 42.65.Wi
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I. INTRODUCTION

One of the most exciting problems of modern laser ph
ics is an investigation of self-organization in systems cons
ing of a nonlinear medium and a light field. For the simple
case of a medium with spatially localized~local! nonlinear
response—the case of so-called ‘‘Kerr-type’’ nonlinear
@1#, stable self-consistent solutions~solitons! of problems of
such kind have been studied rather well. The concepts
one-component@2# and two-component~‘‘vector’’ ! @3# soli-
tons as self-consistent spatially localized solutions~eigen-
functions! of many nonlinear problems have solidly clamp
in quite different fields of modern physics. Fiber optics a
optics of ultrashort laser pulses@1,4,5#, nonlinear optics and
laser spectroscopy@6–8#, physics of one-dimensional~1D!
chains and two-dimensional~2D! atomic planes in ferromag
netics @9,10#, high-temperature superconductors~HTSC!
@11#, conjugated polymers@12–14#, etc. may be listed amon
these fields. From the model point of view, results, obtain
in recent investigations of solitons, multisolitons, and sta
soliton pairs in photorefractive crystals~PRCs!, are of great
importance. The reason for such great activity in this field
a very strong optical nonlinearity of PRCs. Perceptible ma
festations of nonlinear effects can be observed here u
illumination by laser beams with intensities about only so
mW/cm2 ~Ref. @15#!. Starting from the pioneer papers@16–
18#, related to PRCs with drift~local! nonlinear response
@19#, so-called ‘‘bright’’ @20–22#, ‘‘dark’’ @22,23#, ‘‘gray’’
@24#, vector @25# and ‘‘vortex’’ @26# solitons, multisolitons
@27#, some questions of such soliton propagation, inter
tions @28,29#, spatial dimensionality@30,31#, and stability
@32–34# were intensively studied. It was shown, for examp
that in PRC one can ‘‘write’’ a stable solitonlike waveguid
which is able to capture relatively week~in intensity! light
beams@27,35#. Moreover, when the wavelengths of intensi
light beams are not thrown in the photorefractive sensitiv
571063-651X/98/57~5!/6056~10!/$15.00
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range, such beams can be captured in waveguides writte
PRCs by low-intensity spatial solitons too. The stable pa
of two incoherent spatial solitons of any of the types list
above@36,37# were observed. All the obtained results op
wide prospects for controlling light by light in transmittin
and processing of optical information.

The main goal of the paper is the presentation of a clas
spatially localized stable solitonlike light beams, propagat
through PRC with drift~local! nonlinear response. A particu
lar case of such a solution—a specific kind of tw
component vector soliton—has been considered before
the case of nonlinear media with Kerr-type nonlinear
@38,39#. The multicomponent screening soliton of this cla
has a finite energy and corresponds to two or more bon
and mutually incoherent light beams—the components.
relation to the character of light field distribution, the com
ponents correspond to some zero and higher order mo
confined within the nonlinear waveguide formed in PRC
themselves. Interaction of the bonded modes is of pure cr
modulation~reactive! character and is not accompanied
the energy exchange.

II. MODEL

A basis of our model is a steady-state solution of a we
known system of material equations@19# for the internal
electric field Esc(x,z). In the 2D case without taking into
account a photovoltaic effect and saturation of PRC non
earity, this system solution can be written in a very simp
form @40#

Esc~x,z!52
E0

I 0
I ~x,z!. ~1!

Here I 0 describes the so-called dark conductivity;I (x,z) is
the radiation intensity. We suppose the external static elec
field E0;10 kV/cm is applied to PRC in the transverse d
rection ~along thex axis!, the optical radiation propagate
6056 © 1998 The American Physical Society
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57 6057CROSS-MODULATION COUPLING OF INCOHERENT . . .
along the longitudinalz axis,I (x,y)!I 0 , and spatial scale o
changing light field is not less than the wavelength. It me
our analytical consideration is limited by the local comp
nent of PRC nonlinearity without taking into account
saturation, i.e., by the simplest case of steady-state scree
of the external electric fieldE0 when PRC can be describe
as a nonlinear medium with Kerr-type nonlinearity@40#.
Therefore, all types of multicomponent solitons conside
here are so-called screening solitons@22,24#.

We describe a propagating light beam with the comp
amplitudeA(x,z) by a standard shortened wave equation@1#

i
]A

]z
5

1

2k

]2A

]x2 1k
dh

h
A, ~2!

written in the paraxial approximation with no regard for a
sorption. Here k is the wave number; dh5
2(r effh

3/2)Esc(x,z) is the nonlinear addition to the refrac
tive indexh; r eff is the effective electro-optical constant.
Eq. ~2!, we neglect the uniform~in thex direction! change of
the refractive index induced byE0 . Equations~1! and ~2!
form the simplest version of the self-consistent proble
which takes into account the redistribution ofI (x,z) and
Esc(x,z) in the Kerr-type approximation of PRC nonlinea
ity. The 2D model describes experiments with so-cal
‘‘slit’’ beams @41#, which are widely used in practical stud
of photorefractive solitons due to a large anisotropy of P
nonlinearity. The role of saturation effects will be discuss
later ~Secs. III and IV! when we proceed to our compute
calculation results. In this case, Eq.~1! is modified by intro-
ducing an additional denominator in the form 11I (x,z)/I 0#
~see, for example,@24#!.

III. TWO-COMPONENT SOLITONS

In this section, we summarize and classify some kno
results concerned with the possible spatial structure of t
component~vector! solitons. It should be noticed that thes
results have been mainly obtained in a time domain, i.e.
connection with problems of ultrashort pulse propagat
through a nonlinear optical fiber@38,39,42–44#. We also
present here some results related with the interaction
tween two two-component solitons in the Kerr-type appro
mation of PRC nonlinearity as well as with influence of PR
nonlinearity saturation on the soliton propagation.

Let us first find two-component solitonlike solutions
the system, combined with Eqs.~1! and ~2!. We will be
interested in the case of separating variables

A~x,z!5Y1~x!exp~2 in1z!1Y2~x!exp~2 in2z!. ~3!

Here the real functionsY1,2(x) determine spatial distribu
tions of two mutually incoherent components of light fie
along thex axis; the positive constantsn1,2 define nonlinear
phase shifts of the components along thez axis. That means
we try to find steady-state~on z! distributions of the inten-
sity. With taking into account the mutual incoherence of t
s
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componentsY1,2, substitution of Eq.~3! into Eqs.~1! and~2!
results in the system of equations for spatial profiles of
components’ amplitudes in the Kerr-type approximation
PRC nonlinearity

d2Y1,2

dx2 12kFa0E0

I 0
~Y1

21Y2
2!2n1,2GY1,250, ~4!

wherea05 1
2 kreffh

2. To normalize Eq.~4!, let us introduce
the dimensionless coordinatesj5x/x0 , z5z/Ld , and the
amplitudes of the componentsr1,2(j)5Y1,2(j)AR/I 0. Here
x0 is determined by a specific transverse scale of the pr
lem, for example, by the width of one of the light beam
Ld5kx0

2 is the diffraction length corresponding tox0 ; R
5Ld /Lr ; Lr5uaE0u21 is the nonlinear refraction length
Further, most of the illustrative material of our paper will b
presented as 3D dependencies of absolute values of dim
sionless amplitudesur i u ( i 51,2,...) of the components on th
plane of dimensionless spatial coordinates~j,z!. After nor-
malization, Eq.~4! transfers into the system of equation
regarding the normalized amplitudes

d2r1,2

dj2 62@~r1
21r2

2!2b1,2#r1,250, ~5!

whereb1,25Ldn1,2; the signs ‘‘1’’ and ‘‘ 2’’ correspond to
the cases of focusing (dh.0) and defocusing (dh,0) non-
linearities. Both of the cases can be realized under a co
sponding choice of PRC orientation andE0 direction@19#. It
is easy to check the system~5! conserves the same charact
in the case of counterpropagating light beams.

Depending on the sign, the system~5! has well-known
particular solutions looking like one-component brig
@20,21#,

r156A2b1/cosh~A2b1j!, r250 and r150,

r256A2b2/cosh~A2b2j!, ~6!

or dark @22#,

r156Ab1 tanh~Ab1j!, r250 and r150,

r256Ab2 tanh~Ab2j!, ~7!

photorefractive screening solitons. Solutions~6! and ~7! are
stable@45#, while in any real experiment the needed 1D d
fraction and self-interaction can be realized only by using
beams with uniform field distribution in direction orthogon
to j and z @41#. In doing so, one must take into account
possibility of beam filamentation, which can develop on PR
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6058 57KUTUZOV, PETNIKOVA, SHUVALOV, AND VYSLOUKH
length due to modulation instability@46#. Stability of 2D
solitons is achieved by saturation of PRC nonlinear
@47,48#.

To classify two-component self-consistent solutions
more general character, one may use the following way.
us consider an analogy between the dependenciesr1,2(j),
which are determined by the system~5!, and nonlinear oscil-
lations of two coupled oscillators in the common dimensio
less potential

U~r1 ,r2!56@ 1
2 ~r1

21r2
2!22~b1r1

21b2r2
2!#. ~8!

As earlier, the signs ‘‘1’’ and ‘‘ 2’’ correspond to the case
of focusing and defocusing nonlinearities, corresponding
On the plane (r1 ,r2), the dimensionless potential~8! has
some local extrema corresponding to specific points of
phase portrait. However, suggesting~for definiteness! that
b1.b2 and considering the self-focusing case, it is easy
check that only two absolute minimaU(r1 ,r2) with the co-
ordinatesr156Ab1, r250 are the points of stable equilib
rium focuses, and the only local maximumr15r250 is a
nodal point. All other specific points are of a saddle charac
~Fig. 1!. In the degenerate caseb15b25b, all the points
with the coordinatesr1

21r2
25b, which are located on the

bottom of a ‘‘valley’’ of the potential~8!, correspond to an
indifferent equilibrium.

Except the one-component bright and dark solitons~6!
and~7!, there are also some known two-component soluti
of Eq. ~5! that can be written by elementary functions. F
example, ifb15b25b, such solutions of Eq.~5! are well-
known trivial stable pairs—Manakov solitons@3#—formed
by two incoherent bright~the self-focusing case!

FIG. 1. Trajectories of screening soliton~11!, composed by two
mutually incoherent bright and dark components, and a tw
component soliton~13! ~open and closed solid lines, correspon
ingly!: self-focusing nonlinearity;r1 , r2 , andU are dimensionless
amplitudes of the soliton components and the potential energyb1

51, b250.25.
f
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r15@A2b/cosh~A2bj!#cos~a!,

r25@A2b/cosh~A2bj!#sin~a! ~9!

or dark ~the self-defocusing case!

r15Ab tanh~Abj!cos~a!, r25Ab tanh~Abj!sin~a!
~10!

solitons. Such stable pairs, which have been first realize
a stable pair of laser pulses with orthogonal polarizations
nonlinear waveguides@49#, have been observed recently
PRC@35#. In dimensionless coordinates (r1 ,r2 ,U), both the
solutions are the projections~on axisr1,2! of corresponding
one-component solitons~6! and ~7! with trajectory planes
rotated aroundU symmetry axis by the anglea.

FIG. 2. Spatial distributionsur1(j)u ~a! and ur2(j)u ~b! of a
two-component soliton~13! propagating along thez axis: j and z
are the dimensionless spatial coordinates;b151, b250.25.
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57 6059CROSS-MODULATION COUPLING OF INCOHERENT . . .
When b1.b2 , well-known @42–44,50,51# stable pairs
can be formed by incoherent bright and dark solitons both
the self-focusing case

r156A2b12b2/cosh@A2~b12b2!j#,

r256Ab2 tanh@A2~b12b2!j#, ~11!

and in the self-defocusing one

r156Ab1 tanh@A2~b12b2!j#,

r256A2b22b1/cosh@A2~b12b2!j#. ~12!

The latter solution exists only whenb1,2b2 . Such stable
pairs, which have been firstly predicted for the problem

FIG. 3. Stability of spatial distributionsur1(j)u ~a! and ur2(j)u
~b! of a two-component soliton~13!: light field components are
perturbated by a Gaussian noise~10% in intensity!; j andz are the
dimensionless spatial coordinates;b151, b250.25.
n

f

propagation of two ultrashort laser pulses with orthogo
polarizations through nonlinear fibers@42,43#, have been also
observed in PRC@5,36#. In the focusing case, the solito
trajectory starts (j→2`) from the unstable equilibrium
point (0,6Ab2) @the local maximum on the bottom of th
potential~8! valley# and comes (j→1`) to the symmetrical
point (0,7Ab2) ~an open trajectory in Fig. 1!. On the plane
(r1 ,r2) the trajectory looks like a half-ellipse with half-axe
A2b12b2 andAb2 and, depending on the sign of its asym
totes, lies either in the half-planer1>0 ~Fig. 1! or in the
half-planer1<0.

All the listed above two-component solitonlike solution
of Eq. ~5! are self-consistent pairs of bright and dark so
tons. Moreover, if such a pair includes a dark soliton, t
pair energy is infinitely large. That is why some types
known two-component solitons for PRC are of mainly m
thodical interest. For the case of self-focusing nonlinearity
PRC, we predict a possible type of two-component soli
with a finite energy. It should be noticed that this se
consistent solution of the nonlinear Schro¨dinger equation has
been known as a solution of the problem of propagation
two ultrashort laser pulses with orthogonal polarizatio

FIG. 4. Stability of spatial distributionsur1(j)u ~a! and ur1(j)u
~b! of a two-component soliton~13!: crossing with the same two
component soliton;j and z are the dimensionless spatial coord
nates;b151, b250.25.
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6060 57KUTUZOV, PETNIKOVA, SHUVALOV, AND VYSLOUKH
through a nonlinear waveguide with Kerr-type nonlinear
@36,39#. While an analytical expression for the two
component solution, which is under discussion here, is ab
lutely the same as, for example, that in@36# because of the
approximations used~see Sec. II!, computer calculations
show that a solution of this type can be realized in PRC w
saturation (I 0;I ) as well. However, we postpone discussi
of this statement to the end of this section. In the same m
ner as for the solution~9!, this soliton trajectory starts from
and returns to the point~0,0! on the plane (r1 ,r2) ~a closed
trajectory in Fig. 1!. However, in this solution, the compo
nentr2(j) is odd. At the same time, in contrast to the p
~11!, the functionr2(j) exponentially decreases withj→
6`. For b154b2 , this new~of course, only for the case o
photorefractive media! two-component solution can be wri
ten in an explicit form:

r156A6b2/cosh2~A2b2j!,

r256A6b2 sinh~A2b2j!/cosh2~A2b2j!. ~13!

Figure 2 illustrates spatial profiles of two mutually incohe
ent symmetricalr1(j) @Fig. 2~a!# and asymmetricalr2(j)
@Fig. 2~b!# components of the soliton~13! and their stable
propagation on the distancez510, which on a real experi
mental scale corresponds to a PRC length of about 5
Numerical calculations show that, propagating through P
without r2 , the symmetrical componentr1 transforms into a
one-component bright soliton. At the same time, the asy
metrical componentr2 without r1 gradually converts into a
pair of one-component bright solitons moving apart~alongj!
and opposite in phase.

While it is known that vector solitons of such kind mu
be stable@45#, it is important to estimate their stability rang
Figure 3 illustrates stability of the soliton~13! structure on
significant~10% in intensity! stochastic perturbations of in
put profiles of both field componentsr1,2 by a Gaussian
noise. Our numerical calculations show that increase of
noise level~up to 20% in intensity! results~in some runs! in
the soliton~13! decay into a pair of bright solitons~6!, which
consequently have a larger stability regarding such pertu
tions. The next two figures illustrate structural stability of t
soliton ~13! regarding collisions~crossing! with the same
two-component~Fig. 4! and one-component bright~Fig. 5!
solitons.

Computer simulation enables us to follow the transfor
ing spatial structure of such a soliton with changingb1 /b2 .
We revealed that a limiting case of solution~13! for b1 /b2
→1 looks like a pair of two-component bright soliton
@r1

(a) ,r2
(a)# and@r1

(b) ,r2
(b)# infinitely separated alongj ~and,

correspondingly, noninteracting! in the form of Eq.~9!. Each
such soliton consists of two mutually incoherent compone
r1

(a,b) andr2
(a,b) . At the same time, corresponding comp

nents of both solitonsr1,2
(a) andr1,2

(b) are coherent in pairs. Th
componentsr1

(a) andr1
(b) are in phase, whereasr2

(a) andr2
(b)

are opposite in phase. Increasingb1 /b2 results in gradual
approach of the solitons to one another alongj. In the case of
their full spatial coincidence~the limit b1 /b2→`!, the
o-

h

n-

.
C
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e
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-

ts

opposite-phase componentsr2
(a) and r2

(b) ‘‘quench’’ each
other through interference and the one-component br
soliton ~6! forms. Obviously, such an analogy is very cond
tional because the shapes of two-component bright solit
of the pair gradually change with their closing due to cro
modulation interaction.

So, for the case of photorefractive nonlinearity, the so
tion ~13! is a new stable and realizable two-component s
tial soliton related to the solutions with separating variab
at least for the case whenI 0@I . However, results of our
computer calculation of a much more realistic situationI 0

;I , when we took saturation of PRC nonlinearity into a
count, did not change this conclusion in principle. Figure
illustrates evolution of spatial profilesr1,2(j) of both com-
ponents of two-component soliton~13! as they propagate
through PRC. It is easy to see that the amplitudes and wid
of both components change quasiperiodically. The com
nents do not exchange by the energy while a small frac
of the energy is emitted on a distance about some diffrac
lengths.

FIG. 5. Stability of spatial distributionsur1(j)u ~a! and ur2(j)u
~b! of two-component soliton~13!: crossing with bright soliton~6!;
j and z are the dimensionless spatial coordinates;b151, b2

50.25.
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FIG. 6. Spatial distributions~a!, ~b! and isolines~c!, ~d! of ur1u ~a!, ~c! and ur2u ~b!, ~d! components of two-component soliton~13!:
saturation parameter (r1

21r2
2)j50 /I 051; j andz are the dimensionless spatial coordinates;b151, b250.25.
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IV. SELF-CAPTURING OF HIGH-ORDER MODES

In this section, we present analytical and numerical res
related to multicomponent solitons of a new class. We c
sider here the cases of photorefractive drift nonlinearity w
out and with saturation.

The two-component solution~13! describes cross
modulation capturing and propagating of two modes of z
and first order inside a stable nonlinear waveguide, writte
PRC. In this section, we show that there are much m
complicated stable solutions of the same type, i.e., there
multicomponent solitons composed of more than two in
herent self-consistent light components. All such com
nents have a finite energy and spatially localized profi
looking like profiles of high-order eigenmodes of their com
mon nonlinear waveguide. As far as we know, multicomp
nent solitons of this type have not been discussed be
even for the case of Kerr-type nonlinearity. In our opinio
the main reason for the lack of discussion is connected w
some difficulties in their practical realization. Because tw
component solitons of this type include only two comp
nents, one can simply choose their polarizations to be
ts
-
-

o
in
e
re
-
-

s,

-
re
,
th
-
-
r-

thogonal@38,39,42,43#. In case of multicomponent soliton
composed of three or more components, one must use
other way to exclude their interference. One can use,
example, the soliton components at different carrier frequ
cies and a nonlinear medium with rather slow nonlinear
sponse. In the case where the medium is not able to fol
by the light field beats resulting from the interference, t
situation will be fully equivalent to the case of mutual
incoherent light field components. Namely, this case, wh
was considered some years ago to describe spatially lo
ized electronic pairs in high-temperature superconduc
@52# ~so-called ‘‘bisoliton’’ model of high-temperature su
perconductivity! and in molecular chains@53#, can be prac-
tically realized in PRC.

It is easy to check that a nonlinear waveguide, formed
a PRC by nonlinear interaction of the soliton~13! compo-
nents, can be characterized by the following distribution
the refractive index:

Dh}Dhmax/cosh2~j/j0!. ~14!
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Here Dhmax56b2 and j051/A2b2 describe the maxima
value of nonlinear addition toh and the nonlinear waveguid
width. Let us suppose that all the solutions of the conside
class write~inside PRC! a nonlinear waveguide with a spati
profile analogous to Eq.~14!. However, we will consider
now Dhmax and j0 as parameters, which have to be det
mined. Then, in the first step, the problem will be reduced
one of two rather well studied problems: calculating of
calized states inside a potential well with shape correspo
ing to Eq. ~14! @54# or finding of eigenmodes of an optica
waveguide with specified refractive index profile, given
Eq. ~14! @55#. In the second step, we will require the soliton
which will be found on the first step, write inside PRC
nonlinear waveguide with namely the used~on the first step!
profile of the refractive index~14!. This requirement will
separate self-consistent solutions from all the solutio
which will be found in the first step, and enable us to det
mine the constants of corresponding expansion in a bas
the waveguide eigenfunctions, i.e., of its spatial modes. T
approach has much in common with the approach develo
by Snyderet al. @47#.

Even in the first step, such a problem does not gener
have an elemental solution and its eigenfunctions can be
-
th

t
o

d

-
o

d-

,

s,
-
of
is
ed

ly
p-

resented only by hypergeometric functions. However, a ch
acter of solutions is significantly simplified for discrete rel
tions betweenDhmax and j0 @54,55#. In such cases, the
eigenfunctions can be expressed through so-called Lege
associated polynomials@56# and the system of equations
which must be solved, can be written in the form

d2r i
~n!

dj2 12F b0n~n11!

cosh2~A2b0j!
2b i Gr i

~n!50, ~15!

where n51,2,... and i 51,2,...,n. The condition of self-
consistent multicomponent soliton@r1

(n) ,r2
(n) ,...,rn

(n)# can
be determined as

(
i 51

n

@r i
~n!#25

b0n~n11!

cosh2~A2b0j!
. ~16!

Without stopping here on routine calculations, let us wr
only some first multicomponent solutions of this class forn
51, 2, 3, and 4
r1
~1!5A2b0/cosh~A2b0j!, b1

~1!5b0 ; ~17!

r1
~2!5A6b0/cosh2~A2b0j!, b1

~2!54b0 ,

r2
~2!5A6b0 sinh~A2b0j!/cosh2~A2b0j!, b2

~2!5b0 ; ~18!

r1
~3!5

3

2
A5b0/cosh3~A2b0j!, b1

~3!59b0 ,

r2
~3!5A30b0 sinh~A2b0j!/cosh3~A2b0j!, b2

~3!54b0 ,

r3
~3!5F1

2
A3b0/cosh~A2b0j!G@425/cosh2~A2b0j!#, b3

~3!5b0 ; ~19!

r1
~4!5A35b0/2/cosh4~A2b0j!, b1

~4!516b0 ,

r2
~4!5

3

2
A35b0 sinh~A2b0j!/cosh4~A2b0j!, b2

~4!59b0 ,

r3
~4!5A5b0/2@627/cosh2~A2b0j!#/cosh2~A2b0j!, b3

~4!54b0 ,

r4
~4!5

1

2
A5b0 sinh~A2b0j!@427/cosh2~A2b0j!#/cosh2~A2b0j!, b4

~4!5b0 . ~20!
o-
nts

e

sly,

nto
re 8
It is easy to check that the first solution~17! is nothing more
than the bright soliton~6!, the second one~18! corresponds
to the above-described two-component soliton~13!. How-
ever, the third~19! and the fourth~20! ones are already next
order solitonlike solutions, including the third and the four
incoherent light field components. The solitons~19! and~20!
include components with spatial profiles corresponding
the second symmetrical and asymmetrical modes of the n
o
n-

linear waveguide, written in PRC by all the soliton comp
nents. Figure 7 shows spatial profiles of all the compone
of Eq. ~19! and illustrates their stable propagation along thz
axis. In the scale of a real experiment, the distancez510
corresponds to a PRC length about 5 cm. As previou
computer simulation of the more realistic situationI 0;I ,
when saturation of PRC nonlinearity has been taken i
account, does not change this conclusion in general. Figu
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illustrates evolution of spatial profilesr123
(3) (j) of all the

components of soliton~19! as the soliton propagates throug
PRC. While the amplitudes and widths of all the compone
change quasiperiodically, it is easy to see that the sol
~19! conserves its structural stability.

In fact, there is one more multicomponent solution th
can be considered as a kind of trivial generalization of Ma
kov soliton ~9! ~Ref. @3#! to the n-component (i 51,2,...,n)
case. If we consider the case whenb i

(n)[b0 , the system~15!
can be reduced to a very simple form:

d2r i
~n!

dj2 12b0F 2

cosh2~A2b0j!
21Gr i

~n!50. ~21!

FIG. 7. Spatial distributionsur1
(3)(j)u ~a!, ur2

(3)(j)u ~b!, and
ur3

(3)(j)u ~c! of three-component soliton~19! propagating along the
z axis: j and z are the dimensionless spatial coordinates;b1

(3)59,
b2

(3)54, b3
(3)5b051.
ts
n

t
-

That means all the soliton components are proportiona
each other@compare with Eq.~9!#

r i
~n!5ai

~n!
A2b0

cosh~A2b0j!
~22!

and we must only require that

(
i 51

n

@ai
~n!#251 ~23!

to obtain one more self-consistent solution.
To conclude the section, let us note one more spec

feature of multicomponent solitons that could be importa
in many applications. In contrast to the two-component s
tons ~9!, the solitons of this class give a possibility to va
Dhmax, i.e., to control all the parameters of the photoinduc
waveguide by changing the number of soliton componen

V. CONCLUSIONS AND FINAL REMARKS

To summarize, let us briefly list our main results and co
clusions.

Starting from the simplest model of PRC with drift non
linearity ~Kerr-type approximation of PRC nonlinear re
sponse!, we found a class of multicomponent solitonlike s
lutions, corresponding to stable propagation of some s
consistent components—mutually incoherent spatia
localized light beams with finite energy and specific spa
structure. In relation to the shape of light field distributio
the components look like zero and higher order modes, c
fined within a nonlinear waveguide formed in PRC by the
selves. A particular case of this class solution—specific c
of two-component soliton, corresponding to our second or
solution—has been known before for the case of Kerr-ty
nonlinearity @42,43#. However, we have shown here th
there are much more complicated solutions of the same
because these solutions include more than two mutually
coherent components. We checked that the solitons of
class are not only physically realizable but conserve th
structural stability on PRC length about 10 diffractio
lengths. In the case of Kerr-type nonlinearity, interaction
the components is of pure cross-modulation~reactive! char-
acter and is not accompanied by the energy exchange.
simulation of a more realistic situation,I 0;I , when satura-
tion of PRC nonlinearity was taken into account, did n
change this conclusion in general. In our opinion, such m
ticomponent solitons could be important to many applic
tions because they offer new possibilities in the chang
relation between the maximal increment of the refractive
dex Dhmax and the nonlinear waveguide spatial scalej0 .

A possibility to neglect by the interference of solito
components, which is necessary to realize new multicom
nent solitons, can be realized when the components at di
ent carrier frequenciesv i ~i 51,2,... is the number of the
component! and a nonlinear medium with rather slow ris
time T of nonlinear response are used. In this case, one m
only satisfy the conditionDv i j T@1, where Dv i j 5uv i
2v j u. This is namely the case considered above by the
ample of photorefractive nonlinearity.

A new class of multicomponent solitonlike solutions
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FIG. 8. Spatial distributions~a!, ~b!, ~c! and isolines~d!, ~e!, ~f! of ur1
(3)u ~a!, ~d!, ur2

(3)u ~b!, ~e!, and ur3
(3)u ~c!, ~f! components of

three-component soliton~19!: saturation parameter$@r1
(3)#21@r2

(3)#21@r3
(3)#2%j50 /I 050.5; j and z are the dimensionless spatial coord

nates;b1
(3)59, b2

(3)54, b3
(3)5b051.
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nonlinear Schro¨dinger equation should be of rather gene
character. In modern physics, this equation has become
versal because it properly takes into account the first~cubic!
term in the expansion of nonlinear polarization in a stand
wave equation. A spatiotemporal analogy is also of gr
importance; it enables one to extend all the main spec
features of the spatial multicomponent solitons found o
time axis, i.e., to extend solutions of many spatial proble
to problems connected with propagation of ultrashort lig
pulses. In many cases, namely, by this equation, one
describe propagation of stable spatially localized wave pa
ets of electron wave functions with taking into account,
example, an electron-phonon interaction@52,53#. Such mul-
ticomponent solutions of the nonlinear Schro¨dinger equation
l
ni-

d
t
c
a
s
t
an
k-
r

also may be interesting in connection with problems of
chains in ferromagnetics@9,10# and conjugated polymer
@12–14#, as well as of 2D atomic planes in high-temperatu
superconductors@11#. Here, an idea about some incohere
but bounded and stable electron wave packets, which pro
gate along 1D conjugated atomic chains or 2D isola
atomic planes, can be very fruitful. The packets~components
of a multicomponent soliton! will have mutually orthogonal
spatial distributions. The needed incoherence of a solito
components may be supplied by a fast phase relaxatio
different carrier frequencies of the wave packets. Moreov
the formation of such incoherent but bounded electron w
packets under excitation of coherent wave packets~super-
conducting pairs! by a picosecond laser pulse with a phot
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energy of;2 eV may explain a rather strange experimen
result, which we recently obtained in cooled Y-Ba-Cu
films. In this experiment, we observed an energy gap in
spectrum of Y-Ba-Cu-O electronic states during more tha
ns after fast heating of the superconducting film by a pi
second laser pulse@57#.
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