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PREFACE

The XII Crimean Autumn Mathematical School-Symposium on Spectral and Evolution Prob-
lems was held in a settlement Laspi, on the beautiful cove Batiliman shore on the territory of
“Tchaika"holiday home. The school was working from September 18 till 29, 2001.

At the School 70-th anniversary of the well known mathematicians M.S. Agranovich and
O.A. Ziza were celebrated.

Just as in previous years Organizing Committee was led by the Head of the De-
partment of Mathematical Analysis of National Taurida V.Vernadsky University Professor
N. D. Kopachevsky. The school has been organized and held with the participation of local
organizing committee members, workers of the above-mentioned Department: B. D. Maryanin,
M. A. Muratov, I. V. Orlov, Ju. S. Pashkova, S. I. Smirnova, P. A. Starkov.

About 130 mathematicians from Ukraine, Russia, Belarus, Armenia, Japan, France, Poland
and Israel took part in the Symposium. Among them there were both famous mathematicians
and young scientists, post-graduate students, senior students.

At the School there were presented three sections.

Section 1. Spectral Problems.

Subsection 1.1. Spectral Theory of Not Self-Adjoint Operators (chair persons
A. B. Antonevich (Minsk), M. M. Malamud (Donetsk), V. I. Ovchinnikov (Voronezh),
V. S. Shulman (Vologda).

Subsection 1.2. Spectral Theory of Operator Pencils (chair persons
N. D. Kopachevsky (Simferopol), K. I. Chernyshov (Voronezh), V. S. Rykhlov
(Saratov)).

Section 2. Evolutionary and Boundary-Value Problems.

Subsection 2.1. Differential-Operator and Evolutionary Equations (chair persons
V. S. Melnik (Kiyv), S. N. Samborsky (Caen, France)).

Subsection 2.2. Boundary-Value Problems (chair persons M. S. Agranovich (Moscow),
L. R. Volevich (Moscow), A. L. Skubachevsky (Moscow), Yoshinori Kametaka (Osaka,
Japan)).

Section 3. Optimization, Control, Games and FEconomic Behavior (chair persons
I. M. Anan’evsky (Moscow), M. V. Mikhalevich (Kiyv), M. L. Zelikin (Moscow).

Adduce here the list of the lectures delivered for the school participants:

1. Arpanosua M. C. (Mocksa, Poccnus)

a) CrekTpaJsbHble 3aaqn i ypasaernit Tunia [1Ipenarepa

6) CrekTpaJjbHble 3a/1a4u Jisi cucreMbl JIupaka

2. Anronesna A. B. (Munck, Benopyccns)

a) Oxuopomubie C*-ayre6per

6) Junamuka JimHeiiHOTO OTOOpayKeHusI Ha MHOrooOpasuu ['paccmana

3. Ananbenckuit . M. (Mocksa, Poccnst) Kycouno-mneiinbie yrpaBieHusi MEXaHUIECKIMI
CUCTEMAMU B YCJIOBHUAX HEOPEICTIEHHOCTN

4. Beenenckas H. [I. (Mocksa, Poccusi) Hekoropwie Hemuneiinbie audepeHnuaibHbie
yPaBHEHUS, BCTPEYAIONTNECs B TEOPUH CBA3U

5. Bonesnu JI. P. (Mocksa, Poccnst)

a) Kpaesble 3a1a1m ¢ MasIbIM apaMeTpoM Ipu cTapiieit mpou3soguoit (k 80-yetuto Bumika
M. I1.)

6) Muoroyrosbauk Hbtorona u obmrue mapabosimdeckue cucrembl (K 70-geruto ArpanoBuda
M. C.)
6. Sesmkua M. 1. (Mocksa, Poccust) OnrumasbHOe yripaBjieHne Jijist TeJIbIePOBbIX 3a1a4
7. Kametaka Yoshinori (Osaka, Japan)
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a) Positivity and hierarchy of Green’s functions for boundary value problems for deflection
of a beam

6) Green’s function for biharmonic operator on a disk

8. Kosiek Marek (Krakow, Poland) Common invariant subspace for commuting contractions

9. Kpyrusik C. A., Camoitnienko FO. C. (Kues, Ykpauna) Teopusi npejcraBiienuii u crekrp
CYMMBI OIIEPATOPOB

10. Jlamres I'. 1. (Tyna, Poccus) [Ipeesibabie MOHOTOHHBIE OMIEPATOPBI U MPIJIOKEHIHST

11. Jlebemer A. B. (Munck, Besopyccusi) BanaxoBbl ajrebpbl, accOUHpPOBAHHBIE C
aromopduzmamu. CTpYKTYpPHBIE PE3yJIbTaThl

12. Mamamyn M. M. ([ouenk, Ykpanna) O6 uuaekcax gedeKTa U CaMOCONPSZKEHHOCTH
oneparopa rypma-JInysumns (x 70-neruto Arpanosuaa M. C.)

13. Meapruk B. C. (Kues, YkpanHa)

a) Hepaserncrso Ku @anst u onepaTopHbie BKJIIOYeHHsI B GAaHAXOBBIX [TPOCTPAHCTBAX

6) MHOro3HaYHBIE TMHAMUYIECKHE ITPOIECCHl B OECKOHETHOMEPHBIX ITPOCTPAHCTBAX

14. Muxanesua M. B. (Kues, VYkpawmna) MakpoIKOHOMHUYECKasi MOJEJb CUCTEMbBI C
MOHOKCOHUYIECKUM PBIHKOM TPY/a

15. OumnnukoB B. U. (Bopomex, Poccusi) Ouwmcanme MHTEPIOJIAIUOHHBIX OPOUT B
[IPOM3BOJILHBIX TTApaX MPOCTPAHCTB Lp

16. Ileuennor A. C. (Mocksa, Poccust) Perymsipusosanubie cienpl uddepeHinaibHbIX
OIIepaTOPOB

17. Tlusosapos B. I'. (Mypwmanck, Poccust)

a) BeiBoj mpeobpasosanuii JIopeniia 6e3 ucrnoib30Banus MOCTY/IaTa O MOCTOSTHCTBE CKOPOCTU
cBeTa

6) MaremaTiaeckue acreKThl MAJICHUsT TYHI'YCCKOTO METEOPUTA

18. TTomo A. FO. (Mocksa, Poccust) Hynu dynkmun Murrar-Jleddiepa u obparhbie 3aa4du

19. Peixios B. C. (Caparos, Poccusi) O mnosHOTE cuCTeMbl COOCTBEHHBIX (DYHKIIHIL
OOBIKHOBEHHBIX TN PEePEHITNATBHBIX Ty YKOB

20. Patenbkuit B. @. (Mocksa, Poccust) MeTosn pasHOCTHBIX TOTEHIHAJIOB. ..

21. Cambopckuit  C. H. (Mocksa, Poccus-@pannust) Pacrmpenne —HejmnHeHHbIX
nuddepeHIaabHbIX BbIParKeHUit

22. Cepos B. C. (Mocksa, Poccust) BoccranoB/ieHue CHHTYISPHBIX IOTEHIIUAJIOB B JIBYMEPHOM
orteparope [lIpenunrepa. Bopu-anmpokcumarius

23. CkybGauesckuit A. JI. (Mocksa, Poccusi) O mnepuojuaeckux perieHusx HeJTMHEHbIX
dyHuKIMOHAIBHO- MM MEPEHITUATBHBIX yDABHEHII

24. Tosmacsau H. E. (Epesan, Apmenns) ['panuanble 3a1a49u j1jist 3/UTAIITHIECKAX YPABHEHMI
B KpyTe

25. Xankesuu B. A. (Kapmwusan, Mspanis) OyHKIMOHATLHbIE ypaBHeHHsi Tulia Abesis-
Ipenepa

26. Xpomor A. II. (Caparos, Poccusi) Teopembl paBHOCXOAMMOCTH JIJisi WHTErDATBHBIX
OIIepaTOPOB

27. Yepunimos K. 1. (Bopoue:xk, Poccust) Dproaudeckue monpocTpaHCcTBa U AaHAJIUTHUECKIE
[OJIY DY IIITBI

28. Mlyaeman B. C. (Bomorma, Poccusi) O pemérkax OpoeKTOpoB B I'HJIBOEPTOBOM
IIPOCTPAHCTBE

29. Hosokmenos B.1O. (Yda, Poccust) Meron zamaan Pumana s DM-comuronos B
HemHeitHoM ypasaenun [lIpeannrepa

30. Xamaes M.M. (Mocksa, Poccust) DBosonus couTOHOB

31. Bacors B.B. (C.-Tlerepbypr, Poccusi) O6obiiennast HopmasibHast dopma u hopMaibHasi
9KBUBAJIEHTHOCTDb cUCTeM JTuddepeHnuaabHbIX yPaBHEH ¢ HYJIEBLIMUA XapaKTePUCTUIECKIMU
TUCTIAMU
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32. Hemngeraes H.IO. (C.-Ilerep6ypr, Poccust) Tomomornaeckoe cTpoeHme KOMIITIEKCHBIX
MHOro00Opa3nii ¢ N30JIMPOBAHHBIMU OCOOEHHOCTSIME

33. Korsipos B.I1. (Xapekos, Ykpanna) Hemuneiinoe ypasuenne [Ipeunrepa wa Beeit ocn
U Ha MOJIyOCH

34. Buacos B.B. (Mocksa, Poccusi) O HEKOTODBIX CIIEKTPATBHBIX 3a/a4aX, BOSHUKAIONIUX B
Teopun PYHKIIMOHAIBHO- 1M MEPEHITNATBHBIX YPABHEHU

Most of the school participants made their rerports on the section meetings.

Exchange of scientific information did not keep within formal limits and favored the devel-
opment and strengthening of scientific contacts of the school participants. At the School there
was presented a cycle of lectures by V. G. Kopachevskaja devoted to the Crimea.

Both materials of delivered lectures and reports, and papers sent to the editorial board, which
were not formally reported during the School because of different reasons, are represented in
the present collection.






Section 1

SPECTRAL PROBLEMS

Subsection 1.1
Spectral Theory of Not Self-Adjoint Operators
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CrekTpaJbHbIl aHAJIN3 CTEIIEeHell ollepaTopa
(V@) =a(z) fy wt)ft)dt

JTOMAHOB . HO.
JIOHELKN HAIIMOHAJIbHBIT YHUBEPCUTET,
YKPAUHA

Keywords: Invariant subspace, cyclic subspace,similarity

1.BBeaenue. Xoporo nzsectro (ceM. [1], [3]), aTo omeparop mHTErprpOBaHus ONpe/IeIeHHbIIT
T
Ha L,[0,1] coornomennenm J : f — [ f(t)dt sBnsiercs onpoxerodnsM mpu p € [1,00) 1 ero
peleTka HHBAPUAHTHBIX OIIpocTpancTs anTunsomopdua cermenty [0, 1]. To xe okasbiBaeTcs
BepHBIM (cM. [1], [3]) u aurst mpocrefimux BOIBTEPPOBBIX OLIEPATOPOB

o o [la=p .
Jo o f 0/ o) F(t)dt, >0

SIBJISTIONUXCST KOMIICKCHBIMU CTEIIEHSIMU OIlepaTopa MHTErpupoBaHus J.
Bosiee  TOro, COOTBETCTBYIONIME DENIETKH WHBAPUAHTHBIX U IHIEPUHBAPUAHTHBIX
no/pocrpancts umeror B (|1, 2, 3]) :

LatJ* = HyplatJ* = {Eq = X[a11Lp[0,1] : 0 < a < 1} (1)

U3 onucanus (1) pemerku LatJ® nosydaercst ciiejiyioriee ONUCAHUE UKINIECKUX BEKTOPOB
oneparopa J< :

3
€ Cyed® & 0 € suppf(x) < / f(2)[Pdz > 0 Ve > 0 @)
0
YenoBue (2) HA3BIBAIOT €-YCJIOBUEM.
M.M.Manamymom B [6, 7| npoBejieH clekTpaJibHbIil anaju3 omeparopa A = J* ® B,
neiicrsytomero B L,[0,1] ® C" u sgBisionerocss TeH30PHBIM IIPOU3BEJICHAEM oreparopa J*
U TIPOU3BOJIBHON HEBBIPOXKIEHHON JMaroHajbHOl n X n marpursl B = diag(Ay, ..., \,). B

qactHOCTH, B |6, 7| omucansl pemerkn LatA n Hyplat A nHBapHAHTHBIX U TMIEPHHBAPHAHTHBIX
MIOJITPOCTPAHCTB onieparopa A, a Takxke MHO)KecTBO CycA.
B patore [4] Joo Ho Kang paccmarpuast omeparop

%wﬁ—ﬂmw/ﬂmwmt (3)

B npoctpancTBe Ls[0, 1] max mosem R B ciryuae, korma dyHKImn ¢(x), w(x) MOTOKATETHHBI
1 HenpepbiBHBL. [Ipu 9Tux yciaoBusx Ha (GYyHKIUU ¢ ¥ w ObLIa JOKa3aHa OJHOKJETOYHOCTH
oneparopa Vj,, u ObLI0 onmcano MHOXKecTBO C'ycV, ,, €ro MUKINIeCKUX BEKTOPOB.

B HacrosiiiieM cOOOIIEHNH MBI TPOBOJIMM CIEKTPAJIBHBI aHaIN3 omneparopa Buga (3)
OTKa3bIBIIHCHL OT ycosus ¢(x)w(z) > 0, ognako cuntas dyHkmmio ¢(x)w(r) BENecTBEHHOI.
[Tpu sTOM, B caydae 3HakonepemeHHoi gyHknnu q(x)w(x) obHApYKeH psiji HOBBIX 3(b(MEKTOB :

1) oneparop V,,, yTpaduBaeT CBOACTBO OHOKJIETOYHOCTH;

2) ero CcyKeHusl Ha HEKOTOPbIe MHBAPUAHTHBIE MOJIIPOCTPAHCTBA KBA3UIIOAO00HbI OllepATOpam
Bujga A =J ® B;

3) LIpU HEKOTPBIX YCJIOBHAX oneparop Vg, Buia (3) MoxkKeT OBITH IUK/INIECKHM, He OyLy<n
OJTHOKJIETOYHBIM.

MbI nmpuBOIMM TakzKe HEOOXOMMBIE U JIOCTATOUHBIE ycjoBus Ha (yHKnuu ¢(x), w(x) npn
KOTOPBIX omeparop V., He TOJbKO OJHOKJICTOUYEH, HO IMK/IMYCH U Jayke KBa3UIOAO0EH U
no106eH omneparopy .J. Okazajochk, YTO OJHOKJIETOYHOCTH omeparopa V., SKBHBAJIEHTHA €TO
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KBa3MII0100HIO olepaTopy J 1 skBuBasenTHa ycosuio ¢(x)w(x) > 0 m.s. na [0,1]. [Toggepkuen,
9TO OOJIBIIIMHCTBO PE3YJILTATOB HOBBI U st ciydas ¢(z)w(z) > 0.

O6o03HavYeHUsl.
1) Xi, X, - Banaxosbl npocrpancta; 2) [ X7, Xs]- IpocTpaHCTBO JIMHEHHBIX OMPAHUYEHHBIX
oneparopoB u3z X; B Xo; 3) [X] := [X, X] mpocrpaHcTBO OrpaHUYEHHBIX OIEPATOPOB B

banaxosom npocrpancTe X; 4) LatT - pererka MHBAPUAHTHBIX MOJIPOCTPAHCTE OIEPATOPA
T € [X];5) kerT ={x € X : Tx =0} -anpo oneparopa T; 6) R(T) = {Tx : x € X}-obpas
oneparopa T' € [X]; 7) spank 3amkuyTas juHeitHas obosouka MuoKectBa F C X; 8) supp f
Hocutesab dyuxiwn f(x); 9) r* f -obosnavaer ceeprry byukuumit v, f € L1[0,1] : rx f =
Jo r(x—1t) f(t)dt.

2.KBasunogobue oneparopos V,,, u V.. llycts ¢ € L,[0,1], w € L,0,1], ¢(x)w(z) =
q(z)w(z) # 0 nng n.s. x € [0, 1]. Torma omeparop

Vyw: f — ql2) / F(tyw(t)dt

JeficTBylonuit B mpocrpancTse L, [0, 1] orpannden 1 KOMIAKTEH, TaK KaK sIBJIAETCH OLePATOPOM
kiacca Xmuie-Tamapkuua(cm. [10]). He TpymHo mpoBeputhb, 9T0 €ro cTeleHr MMEoT B/ :

V@) = ao) [ Q) - Qo) reu(de

0

rae Q(z) =

q(s)w(s)ds. BreseMm HEKOTOPBIE ONpeJIEJIEHNST, UCTIOIb3yeMble B JTajlbHEHIIIEM.

F—g

Onpenenenne 1. ([3]) IMommpocrpancrso FE 6GanaxoBa mnpocrpaHcTBa X —HA3bIBAETCH
IUKJIMIECKUM TojpocTpancTBoM it oneparopa 1 € [X]| ecim span{T™FE : n > 0} = X.
Bexkrop f(€ X) naseBaerca muksmdeckuM ecan span{T"f :n >0} = X.

Cyc(T') -MHOKeCTBO BCEX MUKJIMYECKHUX HOIIPOCTPAHCTB oreparopa 1.

Onpenenenne 2. ([3]) Homoxum

W = i%f {dimFE : E nukaudieckoe noanpocTpancTso oneparopa T X }.

[ HA3BIBAIOT CIIEKTPabHON KpaTHOCTbIO onepaTopa 1' B X.
OTMeTuM, 9TO fi7 MOYKET PABHATHCA OO.
ToBop#r, uTo oneparop 1" nuKanveckuii, ecau pp = 1.

Onpenenenne 3. Oneparop T € [Xi, Xy| naswiBator gedopmanueii, ecin kerT = {0} u
(TX)) = Xo.

[Iycrs A € [X4], B € [X3]. ToBopsr, uro onepatopbt A u B KBa3UIOIOGHbI, €CJIH CYIIECTBYIOT
nedopmanuu Ty € [ X1, Xo] u Ty € [Xy, Xi| Takue, uro T1A = BTy u AT, = T»B.

ToBopsaT, yTo omeparopbl A u B HmOIOOHDLI, €cju CyHeCTBYeT OIpaHHYCHHBI BMeCTe C
obparubiM oneparop T € [Xi, X5| Taxoit, uto A =T 'BT.

Jlerko BusieTh, uTo ecau oneparopbl A u B KBa3umo00HbI, TO 14 = [i3.

OxkaspIBaeTcs, YTO U3ydeHHe CTeleHeil omeparopa V,, € MOMOMIbIO KBA3UIIOAOOUS MOMKHO
CBECTH K cjIydaio Korja |¢| = 1 u w = const.

Teopema 1. ITycmo R(z) := [ |q(s)w(s)|ds, R(1) =1, R (x) - pynryusa obpamnas x R(x)
0

(R'oR=RoR*'=x)ur(z):=sign(qu)(R™*(z)). Toeda
1) onepamopvi V., u V,1 K6a3unodobio;
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2) 6 Kauecmee degpopmayut X u'Y mootcno 63amov onepamopol

(XF)( / £t (1)

I

¥ f)(x) = r(z) / w(t) f(1)dt, (5)

[en]

mo ecmo Vg, X = XV, uYV,,, =V, Y.
3) Cnpasedausni pasencmesa

XY =V? YX =V

qw?
CaencrBue 1. [lycmwv onepamop Y onpedesen gopmyaoti (5). Toeda nodnpocmparncmeo E C
L,[0,1] - yuxauveckoe das onepamopa Vg, mozda u moavko mozda, £020a noonpocmparcmeo
YE - yurxauveckoe das onepamopa V.1, m.e.

E € CycV,, <= YE € CycV,,.

Caencrue 2. (cm.[4]) Iyemv ¢ > 0, w > 0, q,w € C|0,1] fo = 1. Tozda
onepamopwvt V., u J nodobwol, a, mec?oeameﬂbﬁo, onepamop Vq,w 0(9H01{;/LemO%€H

HdokazareabcTBo. /locTaTovHO MPOBEPUTH, YTO OMEPATOP

T

(T)(@) = a@) ([ awitian ©)
0
orpannmden sMecte ¢ ooparubiM u 1'J = VT

Bameuanwue 1. OrmernM, uro oneparop 1 Buja (6) sBisierca npeobpazoBanueM, JImyBuiiisa
KOTOpOE€ WHOIJIa I03BOJIsieT CBOAUTL ypasHenue [llTypma-/InyBusisgs ¢ HecymMMUpyeMbIM
HOTEHINATIOM K YPABHEHUIO C CyMMHUPYEMbIM TOoTeHnmaaoM (cM. [5]).

Bamevanue 2. B ciyuae, xorma ¢, w € AC|0, 1], nogobue oueparopos V,,, n c¢J BbITEKaer
u3 obmiero pesymbrara M.M. Mamamymna (em. [8]) o momobum omneparopa K((Kf)(z) =
Jy E(x,t) f(t)dt) oneparopy nurerpuposanus .J.

3. Kpurepunii ogHoksieTrounoctu. Criejyolas TeopeMa JIaeT KPUTEePUil 0JITHOKIETOTHOCTU
olepaTopa V;fw.

Teopema 2. [Tycmo qw = quw. Tozda caedyrouwgue Yeaosus IK6USANEHTIHDL
la. LatV}, = LatJ = {xa1Ly[0,1] : 0 < a < 1} ;
1b. CycVy, = Cycl ;
2. Onepamop V;fw 00HOKAEMOYHDLT;
3a. Oynryus q(z)w(x) nowmu 6crody ne menaem 3nax x € [0, 1];
4. Onepamop Vq’fw xeaszunodoben cJ*, ¢ =¢.

Obosnauum wepes N(f)-umcio nepemen snaxa dynkuun f. OkasbBaeTcs, 4T0 flyr, ==
[N(qw)/2] + 1, ecniu k - He1YeTHO U pvr, =N (qw) + 1, ecm k—vetHo. B wactHOCTH, [y, = 00,
ecn N (qw) = oo.

B ciyuae N(g) < oo dyukuus ¢(x) MoxkeT OBITH 3alicana B BH/JIE

I T € [ag;, agisr], i =0,1,...,[25];
q(z) = { (7)

2
—1, x € lagi—1,ay],i= [%]7 7

rien=N(g)+1,a0=a9<a; - <a,1 <a, =1 - Hekoropoe pasduenne orpeska [0, 1].
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Ja kazkmoit dyuxmun f € L,y[0, 1] oupemesum dynkimm
fz(x) :f(&l—.’f)+f(az+l’), 220717777’_1

Beiony nanee jst z ¢ [0,1] nomaraem f(z) = 0. B wactnocrn, fO(z) = f(x). s kparkoctn
chopMyIupyeM pe3y IbTaThl i HEIeTHOrO k.

Teopema 3. Ilycmo k-nevemmno u V), = q(x) [ f(t)dt ¢ dynryued q(z) euda (7). Tozda
0

1) py =5 +1;

2) cucmema { fi}N.| eexmopos f; nopooicdaem wuxauueckoe noonpocmparcmeo 6 Ly[0,1] daa
onepamopa V:]’fl mo2da U moavko mozada, ko2da

a) N>1+[35];

b) mampuw

o) f(x) 2 () 2 ()
R@=| @ 2w ... e ... P

@) fale) .. fi@) ... )

fille) fi) ... fE M) ... @)
Fy(z) = f;@ ff@ ;2%'—'1(:5) ﬁ["/ﬂ*l(x)

fh@) fx) ... V) ... AT

UMEIOM, MAKCUMAALHOIT *-DaAH2, MO eCMb
* —rankFy(z) + * — rankFy(z) = n; (8)
Teopema 3 j10Ka3bIBaETCsI METOJIOM, BriepBbie npuMenenHom M.M. Masamymom B |6, 7).

CaenctBue 3. Onepamop V;I’fl yuKAUNeCKUl, mo2da U moAbko mozda x020a Aub0 k Hewemmo
u N(q) <1, aubo k wemno u N(q) = 0. Ipu smom

1) ecau q(z) =1, mo VF = J* u f(x) € CyeJ & f(x) ydosaemeopaem e - yeaosuo.;

2) ecru q(x) = X[o,q) (%) — X[a,1)(T) u k nevwemmo, mo

f(x) € CycVF, & f(x) * (fla— ) + f(a+ x)) ydosaemeopsem e - ycaosuro.

Ecim dynkmua f(x) menpepsiBra B okpectnoctr nyns u f(0) # 0, to f(x) oueBmano

yaossieTBopsier e-yesosuto (2). Cremoarenbho, Takast GyHkius f(x) sABageTcs MUKINIeCKOil
JUI oTiepaTopa MHTErpUpoOBaHud J. DTO Ke OCTAeTCd B CUJIe U JJIs OllepaTopa Vfw.

IIpeanoxenne 1. Ilycrs dyuxmun f;(x) € L,[0,1] (i = 1,...n)-HenpepbIBHBI B OKPECTHOCTSX
touek a; (i = 1,...n). Torma miag Toro, urobel cucrema {f;}!; BEKTOpOB f; MOpOXKjaja
HUKJIHdecKoe moampocrpanctso B L,[0,1] mas omeparopa Vq’fl (k—HedeTHO) J1OCTATOYTHO

BBIIIOJTHEHU A yCHOBI/Iﬁ
f1(0)  filaz) ... fi(azpmse)
det | : i z £0 (9)
fa(0) fulas) ... fulagmsa)
filar)  filas) ... fl(a2[n/2]—1)
det [ : : : #0 (10)
falar)  falasz) ... fulagm/z-1)
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Sameuanne 3. Moxno mokaszarb, 910 ycaosus (9)-(10) He SBIAIOTCA HEOOXOAUMBIMU JIJIsI
[UKJIMIHOCTH CUCTEeMBI BEKTOpPOB { f; 1 ;.

B

KadecTBe CJIJICTBUSA M3 TeopeMbl 3 BBITEKaeT ciefytommii pesyabrar M.M. Mamamyna

(16, 7]). o mukMIeckux mommpocTpancTBax oneparopa A = J¥ ® B (B [6, 7| amamormanbrii
pesyJIbTar joKa3aH Jjisa 6oJiee obImx orepaTopos Bujga A = J* ® B, a > 0).

IIpennoxenune 2. (cm. [6, 7|) Ilycre B = diag(Aq,. .., A\, )—/lMaronaibHas HEBBIPOXKICHHAST
MaTpUIA U A\; > Ag > -+ > \,. Illyerb A = JF ® B = e NJ k_omeparop meiicTByrommii B
npocrpancTse L,[0,1] ® C* (1 < p < 00). Torzga:

Dpa = n;

2) cucreMa BEKTOPOB

fi={fi, fin} €L0,1]®@C" 1<i<N

HOPOZKIAET IUKJIMIECKOE TIOIPOCTPAHCTBO [Tl oeparopa A Torja u ToJBKO Torja, Korja
iI)N >n;
ii) Marpuna

fu(z)  fu(()Ez) . fu((L)i)
F(x) = e e
fi(x) faa((32)Fe) - fan((32)F2)

MMeeT MaKCUMAJbHBIA *-paHr, T.e. *-rankF(r) = n.

Teopema 4. [Iycmv N(qu) = oo. Tozda pyr, = oo.

Kombunupys Teopemy 3 u Crencrue 3 mosrydaem

IIpennoxxenne 3. Oneparop Vqlfw—LLI/IKJH/ItIeCKI/HVI TOYHO TOTJa, Korja Jjubo k HedeTHO U
N(qw) < 1, mu6o k werno u N(qw) = 0.

1]
2]

13]
4]

[5]
[6]

17l
18]
19]

[10]

CIIUCOK JINTEPATYPHI

Tox6epr N.II., Kpeitn M.I. Teopusi BOJbTEPPOBBIX OMEPATOPOB B TUILOEPTOBOM IPOCTPAHCTBE U €€
npuitoxkenuss M.:Hayka, 1967.

M.C.Bpomckuii. TpeyroJibHble U XKOPAAHOBBI IPEICTABJIEHUs JIMHEHHBIX orepaTopoB. M.Hayxka, 1969, 287
C.

H.K.Huxkonbckuit. Jleknun 06 oneparope ciasura. M.Hayxka, 1980, 383C.

Joo Ho Kang. On the Unicellularity of Volterra-Type Integral Operators. Kyungpook Mathematical Jour-
nal, 1990, v. 30, 1-6

F.A.Berezin, M.A. Shubin. Shredinger’s equations. M. press of Moscow un-ty (in Russian), 1983,P.392
M.M.Majyramys, O BOCIPOU3BOMSIIMX TOANPOCTPAHCTBAX BOJBTEPPOBBIX omeparopos. ok Akan.Hayxk,
1996, v. 351,4,cTp. 143-146

M.M.Malamud. Invariant and hyperinvariant subspaces of direct sums of simple Volterra operators. Op-
erator Theory : Advan. and App., 1998, Integral and Differential Operators, v. 102, p. 143-167
M.M.Malamud. Similarity of volterra operators and related questions of the theory of diferential equations
of fractional order. Trans.Moscow Math. Soc.,1995,v. 55, p.57-122

Domanov I.Yu. On Cyclic and Invariant Subspaces of an Operator J ® B in the Sobolev Spaces of Vector
Functions. Methods of Functional Analysis and Topology, 1999, v.5, No 1, p. 1-12

Xagmorr IT., Cannep B. Orpannyensbie nHTErpaJibHbIE OIIEPATOPHI B IIpocTpaHcTBax Lo. -M.:Hayka, 1985.-
160 c.

N.1O.JOMAHOB, MATEMATUYECKUN ®AKYJILTET, JOHELUKUI HAIMOHAJILHBIN
YHUBEPCUTET, YHUBEPCUTETCKAA 24, JIOHEIK 83055, YKPAUHA

E-mail: domanovi@yahoo.com, domanov@tcc-online.com



8 Section 1. Spectral Problems

O 1101011 HECAMOCOIITPAZKEHHBIX
JANOPEPEHIINMAJIBHBIX OITEPATOPOB BTOPOI'O IIOPAJIKA
HOPMAJIBHBIM

. M. Kapabailil, A. C. KOCTEHKO
JIOHELIKM HAIIMOHAJIbHBI YHUBEPCUTET, /IOHELIK

Keywords: Ilomobue, HOpMaJibHBIE OIEPATOPHI, HECAMOCOIPSXKEHHBIE uddepeHIalibHble  OIEPATOPHI,

I'paHUYIHbIE YCJIOBUA

The operator —(sgn ﬂ?)j—;z with glue boundary conditions at 0 is studied in L*(R). We
characterize the class of boundary conditions such that the operator is similar to normal
one.

B L?(R) usyuaemcs onepamop —(sgn x)%, noPoAHCOGEMMITL, 2DAHUNHBLMU YCAOCUAMU
muna ckaetxu 6 mouke 0. Moi onucwvleaem KAGCC 2PAHUNHBLE YCA08UT, OAA KOMOPDIT
onepamop nodober HOPMANLHOMY.

1. PaccmorpuM B rusibbeprosoM npoctpanctse L*(R) cummerpuueckuil onepatop

Ay = —(sgnx)d—2 (1)

dax?

¢ 00J1aCTBIO OIIPEIeIEHNS
D(Ao) = {y € WH(R_) @ WZ(R+) : y(+0) = y(~0) = ¢/(+0) = ¢/(~0) = 0}. (2)

B nanHOi 3aMeTKe MBI H3y9aeM KBa3MCaMOCOUDSKEHHBIE (cM., Hanpumep, [13]), pacuupenns
oneparopa Ay COOTBETCTBYIONIME Pa3IMYHLIM I'PaHUIHbIM ycjaoBusaM B Touke 0. Harma menn
JIaTh OIMCAHKUE TeX TPAHNYIHBIX YCJIOBU, IIPU KOTOPBIX COOTBETCTBYIOMMNA auddepeHnnaibablii
orepaTop MmoJ06eH HOPMAJIBLHOMY OIIEPaTOpY.

Hanomuanm, aro omepatopsr A u C' B 6anaxoBoM mpocTpaHcTBe X HA3BIBAIOTCA MOI00HBIM,
ecJI CyIIecTBYeT JIMHeHbII orpanndennblii onepaTop 1T’ B X ¢ orpaHuYeHHBIM 0OpaTHbIM 11
Takoif, uro A = TCT 1.

CriekTpajibHble 3aa91 BUIA

(Ly)(z) = Ar(x)y(x),
rae L - camoconpszkéHublll uddepeHnuaibhbii oneparop, a dyHKIws r(xr) TpuHEMaer
3HAYEHUs PA3HbIX 3HAKOB, MCCJIEYIOTCS JIABHO B CBSI3M C HEKOTOPBIMH 3ajadaMi MEeXaHUKH
u busukn (cMm. [1] u umeronyrocst Tam Gubsmorpaduio). B paborax P. Buaca [1] u C. T.
[IarkoBa [2], [3] 6611 paccmorpen Bompoc o 6asucHocTn Pucca cobcTBeHHBIX (DYHKITHI JI7Ts1 TAKOT
CIIEKTpaIbLHON 3a1a4u. B moceaee BpeMst aKTUBHO MCCJIELYIOTCS aHAJOMMIHbBIE BOIIPOCHI JJIs
OIepaTopoB ¢ HempepbiBHBIM criekTpoM. B pabore B. Kypryca u B. Haiimana [4] ¢ momorpio
teopun M. Kpeiina - I'. Jlanrepa pedunusupyembix orepaTopoB B mpoctpancTse Kpeiina ObLIO

MMOKa3aHO, YTO OIepaTop
2

~ d
A = —(Sgnx)@

SaﬂaBaeMbIﬁ I'pPaHUIHBIMUA YCJIOBUAMU cKkJieliku B Touke ()

y(—0) = y(+0), ¥'(=0) =y'(+0),

oj06eH  camoconpsizkéaHoMy oneparopy. Ilosxe B. Kyprye, B. Haiiman [5| u apyrum
meromom . M. Kapabam [6] pacmpocrpanmim STorT pe3ysabraT Ha ONEpaToOpbl  BUA
(sgnz)p(—id/dx) ¢ neorpunareapubivu moarnHoMamu p(t). M. M. @anees, P. I Illtepentepr |7]
HOJIYYNJIA aHAJOTMIHBIN Pe3yIbTaT Il HEKOTOPOTo Kiacca omneparopos llltypma-/Inysuiisa
¢ yOBIBAIONMINM ITOTEHITUAIOM. Y PaBHEHHUS € YACTHBIMUA MPOW3BOIHBIMU PACCMATPUBAJINCH B
pabore [§].
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2. Onepatop Ay, Olpeie/IeHHbBII BBIIIE, SIBISETCA 3aMKHYTHIM CUMMETPUIECKIM OIIEPATOPOM
¢ uHjekcamu jedekra (2,2),
AyC Ay, D(A) = WER) & WE(R,) .

OGmmee KBa3HCAMOCONPSKEHHOE pacimpenne A, ) oneparopa Ay 3a1aércs TPAHUYHBIMIL
YCJIOBUAMNI
{ a11y(—0) + a2y’ (—0) + a13y(+0)ar4y’ (+0) = 0 (3)
a1y (—0) + axy'(—0) + azsy(+0)azy’ (+0) = 0
1 FIMeeT 006JIaCTh OIpe/Ie/eHH

D(Aa,y) ={y € W3 (R_) @ Wi(Ry) : y(z) ynosiersopsier yciaosuam (3) },

npuuém marpuna (a;;) umeer panr 2. 3nech Wi (R4 ) — npocrpancrsa Cobosesa (cM. HapuMep

191)-

st mpocTOThI Oy/IeM CYUTATDH, 9TO

11 Aaiq
Q21 Q24

#0 .
Tora yciaosust (3) MOryT OBITH TIEPEIUCAHBI B BH/IE

{ y’(+0) = bny(+0) + b12y/(_0) (4)
—y(=0) = b1y (+0) + baay'(—0). ~

bit bio
B =
< ba1 a2 )

- MaTpuna nopsgjka 2 X 2 ¢ KOMIUIEKCHBIME 3jeMeHTaMu. Oneparop, OonpejiseMblii
nuddepeHIuaIbHbBIM BhIPaZKeHUEM

rje

d2
—(Sgn x)@

1 00JIACTBIO OIPEJIeJICHIS
D(Ap) ={y € Wi (R_) @ WZ(R,) : y(z) ynosnersopser yciopusm (4) } .

6ymem obosHadaTh depes Ag.
Herpyauo ysujers, uro Al = Ap-. Takum o6pazom, Apg caMOCONPSKEHHBIN OIIEPATOP TOYHO
TOrJIa, KOorjia MaTpuiia B caMoconpsizKEHHAs.

Oneparopy
2

~ d
A = —(Sgnx)ﬁ

co cranmapTHOi obmacTrio onpenenenns D(A) = WEZ(R) coorsercTByeT MaTpuria

(51

OueBnHO, 9T0 A — HECAMOCOIPSIKEHHDI orepaTop. Kak MOKa3saHHO B [4], omepaTop A non06en
CaMOCOIPSIZKEHHOMY ortepaTopy. Harma 1enb ceifdyac BBLIEINTH KJIacC TeX MaTpuil B, s
KOTOPBIX OoJiee obrmume omneparopbl Ap 1m0m00HBI HOpMaJIbHBIM. OTBET HA 3TOT BOIPOC AT
CTIeIyIOImast TeopeMa.

Teopema 1. I[lycms no kpatinets mepe 00Ho u3 wucen bia, bay me pasrno nyaro. Toeda onepamop
Ap nodober HOPMAALHOMY, ECAU U MOALKO ECAU BHINOAHAIOMCA CACIYOUUE MPU YCAOBUA.
Dynruyuy

q(z) = —ibQQZQ + (det B — Z)Z + b11 s (5)

q*(2) = —iby2® + (det B* — i)z + by , (6)
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1) umerom nomoc 6 0o;
2) ne umerom nyaet 6 {z € C:Imz >0,Rez=0}U{z € C:Imz=0,Rez > 0};
3) ne umerom xpamuor nysetd 6 {z € C:Imz > 0,Rez >0} U{0}.

ameuyanme 4. Ciyuait by = 0, byy = 0 MeHee WHTepeceH TOTOMY, UTO OIEPATOD C
TAaKUMW TPAHUIHBIMU YCJOBUSIMU PACIaIaeTcd B MPAMYIO CYMMY JIBYX guddepeHnnaabHbIX
onepaTopos, jeiicteytomux B npocrpanctsax L2(R_) u L*(R,), a Takue onepaTopbl Mojpo6Ho
U3y YIEHBI.

3. B sTom nyHkTe BCioy OyleM IoJiaraTh, UTO 10 KpaitHeil Mepe ojHO U3 4mces byo, by He
pPaBHO HY.IIO.
Hawm monamobutcs cJieIyronmii XopoIno U3BeCTHBIN (aKT: ycaoBue

1| < const
~ dist(\, o(T))
ABJIAETCH HEOOXOJMMBIM JIJId 110]100usl orieparopa 1’ HOpMaJbHOMY OIIEepPaTopYy.

Ob6oszHaunMm gepes v\ BETBb MHOTO3HAMHON aHAJIUTHYECKOMH dyHKINN Ve pa3pe3oM BIOJb
R, u Takyio, uto \/—1 = i. Bymem cuurarh, uto v/ >0 gaa A > 0.
+ ) )

(T = AT (7)

IIpensioxkenne 4. HenpepsiBublii crekTp omeparopa Ap coBmagaer ¢ jeficTBUTEBHOM
npsamoit, o.(Ag) = R. Todeunniii cmexkTp (MHOXKECTBO COOCTBEHHBIX 3HadeHuit) o,(Ag)
oneparopa Ag cocrout uz A € C\ R takux, 1ro

(8)

det(B—M(\) =0, r1me M()\):= < WA 0 )

1
0 7=
Jlokazamenvcmeo. IIpocTble  BBIYMCIEHUS OKA3LIBAIOT, YTO Ha JIEHCTBUTENLHON —och
COOCTBEHHBIX 3HAYEHWH HET, OTKY/IA JIETKO CJIEJYeT YTBEPXKJICHUE O HEIPEPBIBHOM CIIEKTPE.
Bropoe yTBepKIeHre MOYKHO TIOJIYYUTh CTAHJIAPTHBIM CIIOCOOOM, OHAKO MbI BOCIOJIB3YEMCS
TEPMUHOJIOTHEN TPAHIUYHBIX TPoeK (cM., Harnpumep, [12]). Samernm, aro {H, Ty, I'1}, rue

[y == col(y'(+0) , —y(=0)) , Toy := col(y(+0) ,4'(-0)) , H := C?,

ABJIEeTCAd I'PAHUYIHON TPONKON HJIsI . TBETCTB s1 9TON I'pPaHUYHON TPOIK HKIIA
eTc a o) OIKO ASCooec [oIas 3TO a 6} olike

Beitnsa umeer Bua
VA0
V=X
Kpowme toro, D(Ag) = {y € D(A}) : I'yy = Blyy}. YrBepkaenne o TOI€IHOM CIHEKTPE CIE/yeT
teriepb u3 |12, [Ipesmoxkenne 4. O

Eciu A € Cy, 10 vV/=X/V\ = i, mosromy

1 1
— = —q(V).
S VAR
Ipenaoxenne 5. Ecim \g € C, spusiercss mymém sroporo mopsyika (ysxmmn ¢(v/\),

TO y omneparopa Ap ecTb COOCTBEHHBII W HPUCOEAUHEHHBI BEKTOpPA, COOTBETCTBYIOIINE
COOCTBEHHOMY 3HAYEHUIO \g, U OlleHKa (7) He BBIIOJHSAETCS B OKPECTHOCTH TOYKH Ag.

det(B — M(\)) = —ibys VA + det B — i + by

PaccmorpuMm Tenepnb ciydail, Korjga HOMb (DYHKIUN q(\ﬂ) IoraiaeT Ha HeNpPePbIBHbII
CIIEKTD.

IIpensoxenne 6. Ecm \g € R\ {0} u 29 = v/A¢ siBasiercst mysném nosmuaoma ¢(2), To st
oneparopa Ap onenka (7) He BBIIOJHACTCA B OKPECTHOCTH TOUKH \g.

Ecmu \g = 0 u 29 = /Ag = 0 siBisieTcst HyJIéM BTOPOro TOp#/Ka nojuHoMa ¢(z), To s
oneparopa Ap onenka (7) He BBIIOJHACTCS B OKPECTHOCTH TOUKH Ag = 0.
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Bameuanue 5. Ecim zp = 0 sBiagerca HYJIEM [epBOro MOpsijika HOJIUHOMA ¢(z), TO s
oniepatopa Ap oreHka (7) B OKPECTHOCTH TOYKH A9 = () OKa3bIBAETCST BEPHOIA.

IIpensioxkenune 7. [ljisi Toro arobbl oneHKa (7) BBIIOJIHSIACH IPH A — 00 HEOOXOANMO, ITOOBI
dbyukus ¢(z) umena nosroc Ha 6GECKOHEUHOCTH.

U3 npemoxkennit 1 — 3 cieyer HeOOXOAMMOCTD BBINOJIHEHUST yCa0BUil 1) - 3) Ha MOJTMHOM
q(2), mns momobus oneparopa Ap HOPMAaJILHOMY.

Ecmu A € C_, 10 vV/=X\/V/\ = —i, nostomy

: . 1 1 —=
det(B — M()\)) = —iby VA +det B +i — b“—A — —_\/Xq*(—\/X),

AnanornaupiM 06pa3oM MOKa3bIBaeM, 9T0 yejaoBus 1) - 3) Ha nosmHOM ¢*(z) HEOOXOUMBI,
JUI 11010018t oreparopa Ap HOpMAJILHOMY OIIEPATOPY.

JlokazarebCTBO JI0CTATOYHOCTH OCHOBAHHO Ha KPUTEPHUH IOJ00Ms 3aMKHYTOIO OIlepaTopa
camoconpsizkéanomy [10], [11].

CIIUCOK JINTEPATYPBI

[1] Beals R. Indefinite Sturm-Liouville problems and half range completeness // J. Different. Equat.—1985.—
V. 56, no. 3.— P.391-407.

[2] TIatkos C. T. Csoticmea cobemeennvr @yrkuul 00HOl CnEKkMPasvHol 3a0a4u U HEKOMOPHIE UL
npusosicerus // Hekoropble npusoeHus: (DYHKIMOHAJBHOTO aHAJIM3a K 3aJadaM MaTeMaTHIecKoi
duzuku.— Hosocubupck: M CO AH CCCP, 1986.—C.65-84.

[3] Harkos C. I. Hexomopwe ceolicmea cobcmeenmvir Pynkuyul aunelnwxr nyukos // Cubupckuii Mar.
xypraia—1989.—T. 30, no. 4.—C.111-124.

[4] Curgus B., Najman B. The operator —(sgmc)%Q2 is similar to selfadjoint operator in L?(R). // Proc.
Amer. Math. Soc.—1995.— V. 123.—P.1125-1128.

[5] Curgus B., Najman B. Positive differential operator in Krein space L*(R). // Oper. Theory Adv. and
Appl.,Birkhéuser, Basel.—1996.— V. 87.—P.95-104.

[6] Karabash I. M., J-selfadjoint ordinary differential operators similar to selfadjoint operators // Methods of
Functional Analysis and Topology.—2000.—V. 6, no. 2.—P.22-49.

[7] DPanees M. M., HIrepenbepr P. I. O nodobuu nexomopux cuneysapro oupPepenyuasohoi onepamopos
camoconpaicérnom // 3anucku Hayuneix cemunapos [IIOMU. —2000.—T. 270.—C.336-349.

[8] Curgus B., Najman B. Positive differential operator in Krein space L?(R"). // Oper. Theory Adv. and
Appl.,Birkh&user, Basel.—1998.—V. 106.—P.113-130.

[9] Bepesancknii FO. M., Ve I. ©., Hledrens 3. I. Qynkyuonasvrod anasus.— Kues: Beicmas mkosa, 1990.—
600 c.

[10] Haboko C. H. 06 ycaosusax nodobus ynumaphvim u camoconpastcénnowm onepamopam // OyHKI. aHamU3
u ero npmwiok.—1984.—T. 18, no. 1.—C.16-27.

[11] Magamyn M. M. Kpumeputi nodobus 3aMKHYMO20 ONEPAMOPA CaMOCONpAdHcerHomy // YKp. MaT. KypH.—
1985.—T. 37, no. 1.—C.49-56.

[12] Hepxkaa B. A., Manamyn M. M. Xapaxmepucmuueckue @GyHKUUU NOYMU PA3PEUUMBET PACUUPEHUT
apmumosvir onepamopos // Ykp. mar. xxypa.—1992.—T. 44, no. 4.—C.435-459.

[13] Axmesep H. U., Tnasmarm U. M. Teopus AunelHubr onepamopos 6 2uab0epmosom npocmpaHcmee. —
Xapsbkos: "Buma [Ikosa", 1978, T. 2.—287 c.

A. S. KOSTENKO, I. M. KARABASH, DEPARTMENT OF MATHEMATICS, DONETSK NA-
TIONAL UNIVERSITY, UNIVERSITETSKAJA 24, 83055 DONETSK, UKRAINE

E-mail: karabashi@yahoo.com



12 Section 1. Spectral Problems

CxkaJjigpHbIe onepaTopbl B KOHEYHOMEPHBIX HPOCTPAHCTBAX,
npeJicCTaBUMbIe B BUJIE CYMMBI IIPOEKTOPOB.

JI. JI. OPUIOPOTA
JIOHELIKNT HAILIMOHAJIbHBI YHUBEPCUTET
YKPAUHA

3ajaua 0 MPEJICTABICHUN CKAJSPHBIX ONEpaTopoB Al B ruibbeproBoM mpocTpanHcTBe H
HCCJIEIOBAIIICEH PA3JIMIHBIME aBTopaMu (cM., Harpumep, [1] u [2| u ciimcok smreparypbl B HUX)

Tak B [1| paccmarpuBatoTest MHOXKeCTBa A, — MHOYKECTBO A TaKuX, 9T0 A [ peJICTaBIAETCS B
BHJIE CYMMBI k& ITPOEKTOPOB U X — MHOXKECTBO A TAKUX, 9TO Al TIPEJICTaB/IAETCA B BUJIE CyMMBbI
k opTOIIPOEKTOPOB.

Uwmenno, B [1] mokazano, uro Ay = ¥ npu k < 4 u

3 2
Av={0.1}, A ={0.1.2}, As={0.1.5,2.3}, A={0,1,22+ .34}

Kpowme Toro, Tam xe, B 1], mokazano uro Ay, = C npu k > 5 u

n 1 1 n
X 0,1,1 1 k—1—-——, k—1—————F7-——- k- 1k
2 0L T e B Pl ni—g) 2k LH
upu k > 6. B |2]| mokazano Takxe, 410
1 1 1 1

upu k > 6.

OrmeruM erme pabory [3| B KoTOpoit mokazaHo, uto omeparop 0 MOKeT ObITh MpeJIcTaBIeH
B BUJIe CyMMBbI IIsITH (HO HE MOXKET OBbITh IIPEJICTABJIEH B BUJIE CYMMbI YeThIPEX |) HEHYJIEBBIX
IIPOEKTOPOB.

B mammoit 3amerke omnmcbiBatoTcst A" m X" — MHOXKECTBA TaKHX A, UTO CKaJSIPHBII
omeparop Al B m-mepHOM rmiasbepToBoM mpocTtpaHcTBe C" MoxKeT OBITH IPEJICTABICH B
BHJE CYMMBI HECKOJIBKHNX ITPOU3BOJIBHBIX IIPOEKTOPOB MJIM OPTOIPOEKTOPOB COOTBETCTBEHHO.
Jpyruvu cjioBaMu OMMCBIBAIOTCST MHOYKECTBA

k
At ={\: A=) P}, rie Py = P} (1)
j=1
n
k
St={\: A=) P}, e P;=P =P (2)
j=1

[Momuepkuém, uro npu roM B orauuuu or pabor [1] m [2| pacemarpusarorcs cyMmbl
[IPOU3BOJILHOTO YHC/IA IIPOEKTOPOB, T.e. k B dopmynax (1) u (2) mpoberaer BcE MHOXKECTBO
HaTYPaJIbHBIX YHUCEJ.

Jlemma 1. Ilyemv H — 26%4ud060 npocmpancmeo paszmeprocmu n.
IIyemv {P; : j=1,2,...,k} — cucmema npoexmopos, makas, wmo

Tozda aubo A = 0, aubo A = %, 2de m — yenoe um > n.
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HokazareabcTBo. 113 pasencrsa (3) ciemyer 4to

k
Zter:)\tr]:)\n:m. (4)
j=1
N nockosibky
tr P; = rank P; (5)
— IIeJIble 9UC/Ia, TO U M TaKkKe IeI0e 9nCiIo.
Kpowme roro u3 pasencrs (4) u (5) caemayer, 1aro

k k
m = Zter = ZrankPj.
j=1 j=1

N nockosbky
k

k
Z rank P; > rank Z P;,
j=1 j=1
To m > rank ] = n.

Tenepp mokazkeMm, 9TO €CJIM N W M YJIOBJETBOPSIOT YCJIOBUAM JIeMMbI 1, To oneparop [
MOXKET OBITH IPEJICTABJCH B BUJE CYMMBI OPTOIPOEKTOPOB. [IpuMep Takux OopTOIMPOEKTOPOB
OyJeT npeJicTaB/IeH B SBHOM BHUJIE.

[TycTb m 1 m — HATypaJbHbIC YUCIa, IPUIEM 1 < M.
[Iycrs Takke 0 < ky < ky < -+ < k, < m. U Bekropa 7; (0 < [ < m) oupejeseHb

CJIEJIYIONIUM 00Pa30M:
2miky I

e m
2miko
- ]- e m !
I — \/—
n
27riknl

Jlemma 2. ITycmv P, — opmonpoexmop Ha ;.

m—1
Tozda ) P, ="1.

1=0
HokazaTenabcTBo. O003HAYNM pj;; S7EMEHT MaTpHIlE! P, T.e.
P = (plij)ijl‘
[TockoIbKY BEKTOP £ HOPMHPOBAH, TO
P =ux -

[TosTomy .
B 1 2m(kfkj)l
bij = —€e ™ :
n

Ipuaém |k; — kj| < m u xpome Toro |k; — k;| = 0 Torga u ToJbKO TOrIa, KOrga i = j.

CilenoBaresibHO
m—1 m—1 Dk —kj) l m ;
S L5 () 2

1=0 1=0
m—1
A 310 u o3Hauaer, yro Y P = 2],
=0 "

S

Terteps J1erko MoxkeT OBITH JIOKa3aHa CJIeIyIolast TeopeMa, Jafolias OlncaHue MHOXKECTB 2"

n A",
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Teopema 1. [Ipu ecex n
m
YW=A"={0}U{—: meN&m>n}.
n
okazareabcTBo. 3 nemmbl 1 ciemyer, 94To
m
A" e{0tU{— : meN&m>n}.
n
N3 nemmbl 2 ciiemyer, 9TO
m
{0U{—: meN&m>n}eX"
n

[Tosromy u3 oueBuHOrO BKytoYeHusi 2" C A™ BbiTekaeT paBeHCTBO (6)

Hwxke npuBejienbl mpuMepbl HAOOPOB OPTOIPOEKTOPOB OIMUCAHHBIX B JIeMME 2.

IIpumep 1. (n =3, m=4; ky=1, k3 =2.)

o1 1 o1 ! o 11 o
Lo = —= , tr=—70= | 1t |, Z2=—4|—-1]|, 23=-—F
V3 \1 3\-1 3\ 1 V3
[Tpu sTom
L1 11 L1 -l
Po==(11 1], == 1 —i],
3\1 11 S\21 i1
1 -1 1
1 1
P==(-1 1 -1], Py= -
1 -1 1 3

HpHMep 2. (n:57 m = 6; ]{;2:17 k‘3:27/{}4:3, k5:4>

1 1 1
1 1+/3i —14++/3i
2 2
T)ZL 11, —izi —14+/3i 7 @:L —1—+/3i :
V5 | AR G
1 —1-v3i _14V3i
2 2
1 1
_1 —1—/3i
iy = 1 1 7 = L [Ty Ty =
) 2 bl
\/g -1 \/5 —1
1 —1-/3i
2

B sTom cirydae maTpunibl P, uMeoT BuU/I
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P =

| =
VS
L
ro|t
>
<
N——
/
—_
+
>
&
N——
[S—y
VS
—_
wl
w
3
N—
VS
L
ol |
S
3
N——

(—1)! <—1—;\/§i>l <1+§/§i>l 1 (1—5/31')[
(o) () ()

Jlerko yoeuThes, 9T0 CyMMa 9TUX MaTPHIL JIeHCTBUTE/IHHO paBHA, g] .
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Common invariant subspaces for commuting contractions

MAREK KOSIEK
MATHEMATICAL INSTITUTE, JAGIELLON UNIVERSITY,
CRrRACOV, POLAND

Keywords: Contractions, Dual algebras, Functional Calculus

The results presented here are contained in [6].

Let $ be a (complex, separable, infinite dimensional) Hilbert space and £($)) the algebra
of all bounded linear operators on . Denote by D the (open) unit disk in the complex plane
C and by T the unit circle. By the polydisk DY C CV we mean the Cartesian product of N
copies of D and by H*° (DY) the algebra of bounded analytic functions on the polydisk DV. A
set A C DV is said to be dominating for TV if

sup |h(2)| = ||h]|os, for all h € H=(DN).
zEA

Several authors (cf., [2], and [9]) have constructed representations of H>(DY). That is an
algebra homomorphism @ from H* (DY) into £(£). A representation ® is said to be generated
by an N-tuple of commuting contractions 7" = (11,...,Ty) if ®r(p) := ®(p) = p(T), for any
polynomial p in N complex variables. We shall say a representation is contractive if || ®r(h)|| <
||, for all h € H>(DY). Recall that the polydisk DV is a spectral set for the N—tuple
T = (T1,...,Ty) if it satisfies von Neumann’s inquality, that is if ||p(T)] < ||p|lw, for any
polynomial p in N complex variables. Note that if the N—tuple T generates a contractive
representation, then the polydisk D¥ is a spectral set for the N-tuple.

We define the class ACC™)(§) composed of those N-tuples T' = (T3, ..., Ty) that generate
a contractive representation of H>(DV). For an N-tuple to belong to ACC™)(8) it is sufficient
that the following two conditions are satisfied, first that the polydisk is a spectral set for the
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N-tuple and, second, that the N—tuple is absolutely continuous in the sense of [8] (see also
[5], and [7]). If T € ACC™)(£), then the first condition holds. Note that the first condition is
readily satisfied if NV = 2, thanks to a celebrated result of T. Ando proving existence of dilations
for any pairs of commuting contractions (see [1]) and, of course, if N = 1 by the standard Sz.—
Nagy-Foiag dilation theory. If N > 2, the first condition is essential for our techniques to work.
On the other hand, if the second conditions fails, i.e., if the N—tuple of commuting contractions
is not absolutely continuous, then it can be deduced from results in [5]| that there exists a
common nontrivial invariant subspace for the N—tuple. That is, a subspace 9t of §, which is
nontrivial ({0} # 9 # 9) and invariant for each 7 (7391 C M).

Let T = (Ty,...,Tn) be an N—tuple of commuting operators acting on $. We say that T is
left invertible if there exist an N—tuple of operators (not necessarily commuting) Aj, ..., Ay
such that

ATy + -+ ANTN =1,
where I denotes the identity operator on $). Similarly, we define right invertibility of an N—tuple.
The left (right) spectrum of T, denoted oy(T') (0,.(T)), consist of those N—tuples (A, ..., Axn)
of complex numbers such that (77 — A1,..., Ty — Ay) is not a left (right) invertible N—tuple.
Note that o,.(T)* = o;(T*), where o,(T)* denotes those A such that A € ¢,.(T). We define the
left essential spectrum of T' by

01e(T) :={(A1,..., An) € CY : there exist an orthonormal sequence of vectors
{en} C $ such that [[(Th — M)en)|| + -+ [|(Tv — Av)en)|| — 0,
asn — o0o}.

We define the right essential spectrum of T' by
O'Te(T) = O'le(T*)*.

The union of the left and right (essential) spectrum is called the Harte (essential) spectrum.
These definitions, and our notation so far, coincide with those given in [4]. Let us, for the sake
of simplicity, denote by g, the union of ¢, and o,. and, similarly, denote by oy the union of
o; and o,.

Our main result is as follows

Theorem 1. Let T = (T1,...,Tn) be an N-tuple of commuting contractions acting on $)
having the polydisk as a spectral set. If o (T)NDYN is dominating for TV then T has a common
(nontrivial) invariant subspace.

The hypothesis that DV is a spectral set is readily satisfied in the case when N = 2, by the
famous result of Ando [1] about the existence of a joint unitary dilation for pairs. Hence, we
obtain the following

Theorem 2. Let T = (T1,T3) be a pair of commuting contractions acting on §). If oy (T) ND?
is dominating for T? then T has a common (nontrivial) invariant subspace.

Since T is an N-tuple of commuting contractions the sequence T*™I™ is a nonincreasing
sequence of positive operators satisfying the equality

0<TT" < 1. (1)
We recall here that for two multiindices s,t the relation s < t means that s; < ¢; for j =
1,...,N. It is well known that any nonincreasing sequence of positive bounded operators has

a limit in the strong operator topology which is a nonnegative bounded operator. (Due to the
metrizability of the strong convergence on bounded sets of operators, we may pass from the nets
of multiindices to sequences.) So, we can define the following nonnegative bounded operator on
H:
B := lim T""T" = inf T*"T™.
n

n—oo
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Denote by E the spectral measure of the operator B. Since by (1) B is positive with norm
less or equal 1, we have the following spectral representation

1

B:/tdE.

0

By a completely nonisometric N-tuple of contractions we mean an N-tuple having no nonzero
common invariant subspaces on which the restriction of the N-tuple to such subspace would
be isometric.

Using the properties of the operator B and its spectral measure F, we get a theorem, which
says that for each fixed x € $ and each integer n we can find a sequence of multiindices
ki,...,k, such that the vectors 7%z, ..., T" x are "almost orthogonal.

Theorem 3. Let T = (T1,...,Txn) be a completely nonisometric N-tuple of commuting con-
tractions and let § > 0 be given. Then for a fived x € $ and an arbitrary n € N we can find a
finite sequence of real numbers 0 < t; < --- < t, < tpo1 < 1 and a corresponding sequence of
multiintegers ki < --- < k,, such that

1E([0,1]\ o) T"

| <9
fori=1,...,n and o; = [t;, tiy1).

As the consequence we obtain the following "vanishing property"which is an essential gener-
alization of Apostol Lemma (|2|, Lemma 4.3).

Theorem 4. Let T = (Ty,...,Ty), v > 0 and x € $ with ||z|| < 1 be given. Then there
exist 6 > 0 and 0 < r < 1 such that for each fized X\ = (A\1,...,A\n) € DY with |\;| > r,
j=1,...,N, and all vectors y € § of norm one, with ||(T; — X\;)y|| <6, for j=1,...,N, we
have |(Wz,y)| < v for any operator W in the commutant of T, ..., Ty such that ||W| < 1.

The obove theorem together with others, more classical "vanishing properties"or their genar-
alizations leads to the following

Theorem 5. Let T = (Ty,...,Ty) € ACC™N)($). Then in each of the following situations T
has a common (nontrivial) invariant subspace

(1) 01(T) NDY is dominating for TV .

(2) 0,.(T) NDY is dominating for TV.

(3) awe(T) NDY is dominating for TV and T; € Cy. for j=1,...,N.

(4) ope(T) NDY is dominating for TV and Tj € Cq for j=1,...,N.

(5) oue(T) NDY is dominating for TV and T; € Cy., Ty, € C.o for some j, k.

Recall that an operator S € Cy. if S"z — 0 forn — oo,z € H and S € Cy if S* € (..

Proof of Theorem 1. It is well-known that if A € 0y(T") \ 0;.(T), then X is an eigenvalue.
A similar argument works for the right spectrum and consequently also for Harte spectrum.
Thus, in terms of finding common (nontrivial) invariant subspaces, we can always assume that
o(T) = 01(T), 0,.(T) = 0,(T) and oy (T) = ope(T).

If for some j the operator Tj is not in Cy. U C, then, by the well known result of Sz.-
Nagy and C.Foias (see [10] or Theorem 2.2 of [3]), T} is quasisimilar to a unitary operator.
Consequently T; has nontrivial hyperinvariant subspaces unless it is equal to the multiplication
by a constant. But in the last case the problem is reduced to finding invariant subspaces for
the rest of operators in the N-tuple. So, we may assume that for every j, the contraction 7;
is either in Cy. or in Cy. The rest of the proof consists of reducing to the cases of Theorem 5
through the use of the results contained in [5] to eliminate the situation when the N-tuple T
is not absolutely continuous.
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ON OPERATORS COLLINEAR TO THE J-ISOMETRIES

E. I. IonvibDov
VORONEZH STATE TECHNICAL UNIVERSITY,
Russia

We consider linear operators acting in Krein space H with an indefinite metric [z,y] = [Jz, y],
J=P, — P, x,y € H where P, and P_ are mutually complementary orthoprojectors. The
symbol £ below denotes an arbitrary linear manifold in H, £ # 0, L C Drp, where Dr is
domain of the linear operator 7.

Theorem. Let operator (T|L) be collinear to the J-isometric one, i.e.
(T L) =p-V,
where pn € C, p # 0, and the operator V' satisfies condition
[V, Vy] = [z,y] Vr,ye L.

Then the three following conditions are equivalent:
1. The operator (T | L) is collinear to some uniformly J-nonexpansive operator, i.e.

(T1L)=X-1T,
where the operator U complies with condition
Uz, Uz] < [z,2] =6 || z |
Vee Ll (§>0.)

2. The linear manifold L is uniformly definite.
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3. The operator (T'|L) is collinear to some uniformly J-noncontractive operator, i.e.
(L) =v-W,
where the operator W satisfies condition
Wa,Wa] > [z,2] + 7 || @ ||
Vee Ll (r>0).

The two following statements make more precise the values of numbers A and v in the main
theorem.

Lemma 1. [f the linear manifold L is uniformly negative ([z,x] < ~y_-||z||* Vz € L (y- <0),)
then:
1) For any 0 > 0 the formula
-
A= A(6) =
(0) = pl o
18 true.
2) For any T € (0; —v_) the formula
_ — -
v=vtr) =l ul [

Lemma 2. If the linear manifold L is uniformly positive ([x,z] > vi|z|* Vz € L, (4 > 0)),

then:
T+
A= A) = .
@) =lnl 5

1) For any 0 € (0;7,) we have
T+

Vot T

1S true.

2) For any T > 0 we have

v=wv(r)=|p

E. 1. ToHvIDOV, VORONEZH STATE TECHNICAL UNIVERSITY, RUSSIA

Invariant and hyperinvariant subspaces of the operator J“ in the
Liouville spaces

G. S. ROMASHCHENKO
DONETSK NATIONAL UNIVERSITY,
UKRAINE

1. INTRODUCTION

It is well known ([B], [GLR/, [N]) that the Volterra integration operator defined on L, |0, 1]
by J: f — [ f(t)dt is unicellular for p € [1,00) and it’s lattice of invariant subspaces is
anti-isomorphic to the segment [0, 1].

Tha same is also true for the complex powers of the integration operator J:

o, et i
Jo: f 0/ o) f(t)dt, Rea >0 (1)
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More precisely, the lattice of invariant and hyperinvariant subspaces of the operator J are
of the form:

Lat J* = Hyplat J* = {E, := X[, Lp[0,1]: 0 < a < 1} (2)

E. Tsekanovskii |Ts| has obtained a description of the lattice Lat Ji, of invariant subspaces of
the integration operator Jj, := J defined on the Sobolev space Wx[0, 1].

I. Domanov and M. Malamud [DM1]- [DM2] have described the lattices Lat J;* and Hyplat Jg
of invariant and hyperinvariant subspaces of the operator Jg* defined on sz” [0,1] and investi-
gated the operator algebras Alg J, commutant {J¢}’, and double commutant {J2}".

In particular, it is shown in [DM1]-[DM2] that the operator J* is unicellular on WX[0, 1]
(with k£ > 2) if and only if o = 1.

It is also shown in [DM1]-[DM2] that Hyplat J* = Hyplat J, = Hyplat®J, U Hyplat® J,
where

Hyplat® J, = {E,: 0 < a < 1}, E,:={f: feW}0,1],f =0 for z € [0,a]} (3)
is a continuous chain and Hyplat® J, = {Ef}}_, with Ef := W}[0,1] and
Ef ={f e W;[0,1]: f(0) =--- = fE"V(0) =0}, 1e{01,....k-1} (4)

is a discrete chain.

The following description of the commutant {J2}: R € {J{'} <= R =1+ Ry, where R €
,>1 74 have been also obtained in [DM2].

In the paper under consideration we generalize several results from [DM1]-[DM2] to the case
of Liouville space L3[0,1] (s > 0). Namely, we describe the lattices Lat J& and Hyplat J¢' of
invariant and hyperinvariant subspaces of the operator J¢ defined on Liouville spaces L;[0, 1]
and investigate the operator algebras Alg J¢, commutant {J¢}’, and double commutant {J&}".
For integer s = k € Z, our results coinside with that from [DM2|. We follow the method
proposed in [DM2].

2. NOTATIONS

sz [0, 1] stands for the Sobolev space: f € W; [0,1] if f has k — 1 absolutely continuous
derivatives and f*) € L,[0,1].

Let s > 0. Then k —1 < s <k, k € Zy. L;[0,1] stands for the Liouville space: f € L;0, 1]
if f the fractional derivative of the order s — k + 1 belongs to W}[0, 1]. The space L}[0,1] may
be characterized by the following way: f € L3[0, 1] iff it admits a representation

k T

s—m

flx) = Z C’”F(s i m+1) + F(ls) /(:1: — )" g(t)dt

m=1 0

where c,, = f¢7™(0) and g(z) = f¥ ().
It is a Banach space with respect to the norm:

1/p

/]

k X
von = | 1P+ [ 17w ds
m=1 0

We denote by L 0[0,1] = {f € L5[0,1]: f&=™(0) = 0,1 <m < k}.
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3. INVARIANT SUBSPACES AND CYCLIC SUBSPACES OF THE OPERATOR J® IN W3[0, 1]
AND W3,[0,1].

Let Jg, and J¢ stand for the operator J* defined on L? ([0,1] and L;[0, 1] respectively. In
what follows we assume that either o € Z, \ {0} or Rea > k — i. Under this assumption the
operator Jg is well defined on [0, 1].

Lemma 1. The operator Jg, defined on L;VO[O, 1] is isometrically equivalent to the operator J§
on Ly,[0,1].

Definition 1. Let X be a Banach space. An operator T € [X] is called unicellular if its lattice
of invariant subspaces Lat T is linearly ordered. We will say that Hyplat 7" is unicellular if it is
linear ordered too.

Proposition 1. Let Rea > 0 and Jg; be defined on L;[0, 1]. Then
Lat J&o = {E;: 0 < a < 1}, B, ={f€L;,l0,1]: f(z) =0 for x € [0,al}. (5)
and thus J¢; is unicellular.

To present a description of Lat J¢ we recall a description of Lat () for a nilpotent operator () €

[CF].
Theorem 1 (|BF|, [GLR]). If Q is nilpotent of a finite-dimensional vector space V', then
Lat Q = | J{[M,Q"'M]: M € Lat(Q|QV)},
M

where [M,Q~*M] is an interval in the lattice of all subspaces of V. Each interval satisfies the
equation

dim Q! — dim M = dimker Q.

For each bounded operator T on Banach space X, (T € [X]) and E € Lat T we denote by Tg
the quotient operator acting on the quotient space X/FE according to the natural rule T'f =

(/T?), where f stands for a coset f = f + E.
Theorem 2. Let m be a quotient map,
T L;[O, 1] = Xy = LS[O 1]/LS [0, 1]
and J* be the quotient operator on Xy. Then Lat J¢ = Lat® J& U Lat® JZ, where
a)
Lat¢J¢ ={E?: 0 < a < 1}, By ={f € L,,0,1]: f(x) =0 for z € [0,a]}
is a “continuous part” of Lat J¢;

b)
Lat? J* = 7~ (Lat J%) Uw—l{ M]: M € Lat(J%|JoM)}

is a “discrete part” of Lat J¢.
Here [M,(J*)"*M] is a closed interval in the lattice ov all subspaces of Xy. Each interval
satisfies the equation
dim(J*)"'M — dim M = d,
where d = min{—[—a], k}.

One obtains the proof using Lemma 1 and Theorem 1.

Corollary 1. Let 0 < s < 1. The operator J¢ is unicellular in L;[0, 1] if Re o > 1—%. Moreover
Lat J& = Lat J&y U L;[0,1] = {E,: 0 < a < 1} U L]0, 1].
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Corollary 2. Let s > 1 (k—1< s <k) and either o € Z, \ {0} or Rea > k — %. Then:
1) the operator J¢ is unicellular in L;[0,1] if and only if o = 1;
2) Lat Jg = Lat® J, U Lat? J,, where Lat® J, is defined by (5) and

Lat! J, = {L,=E; C B} C--- C E} = L3[0,1]}

p,0
E; = span{L;,azs_17 L2 1<I<E.

Definition 2. Recall that a subspace E of a Banach space X is called a cyclic subspace for an
operator T' € [X] if span{T"E: n > 0} = X. A vector f € X is called cyclic if span{T"f: n >
0} = X. The set of all cyclic subspaces of an operator T is denoted by Cyc(T).

Definition 3. We set
pr = i%f{dimE: E € Cyc(T)}.

pr is called the spectral multiplicity of an operator 7" in X. Note that ur can be oco.

It is clear that the operator 7" is cyclic iff pur = 1.
The following result immediately follows from Proposition 1.

Proposition 2. Let Rea > 0. Then the operator J¢, defined on L; ,[0,1] is cyclic. Moreover
the following equivalence holds:

f€CycJdy & /\f(x)\pdx>0f0r all € > 0.
0

Proposition 3. Let k — 1 < s <k.
1) The spectral multiplicity jjo of J2 is

min{a, k}, a€Z 0

P O RN o
k> «Q ¢ Z+ \ {0}

2) The system {f;}{ of vectors f; € L]0, 1] generates a cyclic subspace for J if and only if:

)N >pu
ii) rank W, {f1,..., fn}(0) = p, where

f}(w) lev(x)
V@) )

Corollary 3. Let ju be befined by (6). Than a system { f;}{ generates a cyclic subspace in L;|0, 1]
for J& if and only if det W, { f1,..., f.}(0) # 0.

Definition 4 ([NV]). Let A € [X]. Then

discA:= sup min{dim E": E' C E,E € Cyc A}.
EecCycA

disc A is called a disc-characteristic of an operator A.

It is clear, that disc A > pu4. It is important to note that disc A as well as 4 depends not
of A itself, but only on Lat A.

Proposition 4. Let J be as above. Than
disc Jg' = puje.
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4. COMMUTANT {J&}' AND THE LATTICE Hyplat J¢

As usual, {T'} stands for the commutant of the operator T' defined on the Banach space X:
{T} ={R € [X]: RT =TR}.

Recall that an invariant subspace E C X of an operator T' € [X] is called hyperinvariant
for T if E is invariant for any bounded operator R that commutes with 7', that is for R € {T'}'.

As usual, Hyplat T stands for the lattice of all hyperinvariant subspaces of T

Proposition 5. Let Rea > 0 and Jg, be the operator J* defined on L3 ;[0,1]. Then R € {J¢,}’
if and only if R € [L; ,[0,1]] and

(B = 3 [ra-0f®d @) e L0167 4pt =1

Corollary 4. The lattices of the invariant and hyperinvariant subspaces of the operator J¢,
coinside:

Hyplat JJy = Lat J¢y = {E;: 0 < a < 1}, By ={f € L;,0,1]: f(x) =0,2 € [0,al}.

Theorem 3. Let either o € Z,\{0} or Reax > k—% (k—1<s<k)and J$ be the operator J*
on L3[0,1]. Then R € {J} if and only if

(RA)@) = 5 [re— 05w @) e WHo.1)

0

In particular, {J2}' is commutative algebra and does not depend on «.

Corollary 5. The double commutant {J®}" of the operator J coinsides wih it’s commutant:
{J0 =8 = {J} = {J}"
Proposition 6. The lattice Hyplat J¢ is unicellular. Hyplat J& = Lat J.
Corollary 6. Let a # 1. Then Hyplat J& = Lat J& if and only if 0 < s < 1.
Corollary 7. Let a € Z \ {0}, k —1 <s <k, a <k. Then
Hyplat? J& = 7~ (Hyplat J*(0; k))
iof and only iof k is odd and o = 2.

Example 1. Let o = 2 and J3;: L3°[0,1] — L3%0,1]. Then Hyplat®J3; = Lat’J3; =
{Ey°, B3, Ey°, B3°, E}°}, but ! (Hyplat J2(0;3,5)) = {Ey°, B3, E}°}.

Theorem 3 allows us to present a description of the algebra Alg J¢.

Proposition 7. The following are true:
1) If either « =1 or s < 1, then Alg J* = {J¢}";
Q) fl<a<k—-1<s<k,then AlgJY={T=cl+ R: c€ C,R e Alg, J}, where

. k—1
Algy JO ={R: Rf =rx fr e WF0,1,r9(0) =0 for j # io — 1, zg[T]};

3) IstQandReaZk—%, then
AMgJ¢={T=cl+R:ceC,Rf =rx*f,r e W0,1]};
Corollary 8. T' € Alg J2 if and only if the quotient operator
T € Alg(J(0;5)*) = {J(0;5)*}".
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We prove that in dimension two potential scattering the leading order singularities
(in some special cases - all singularities) of unknown potential are obtained exactly by
the Born approzimation. The proof is based on the new estimates for the continuous
spectrum of the Laplacian in the weighted LP-spaces and the new estimates for the
Green-Faddeev’s function in LP. Using these estimates, we prove the well-known Saito’s
formula, uniqueness theorem of the reconstruction unknown potential by the scattering
amplitude and recovering singularities in the general case, in the backscattering, in the
fized angle scattering and at o fixed energy. We prove also the new asymptotical formula
for the Fourier transform of the unknown potential. These estimates allow us to consider
the potentials with stronger singularities than in previous publications.

1. INTRODUCTION

Let H = —A + q(x) be a Schrédinger operator in R? with the real-valude potential g(z). We
assume in this article that the potential belongs to the weighted space LZ(R?) defined by the

norm

1/2

lallaw = / (1+ ) lg(@)2de | 1)

2

where o > 1.
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Below we also use the following notations. The space H! denotes the usual L?2— based Sobolev
space and the space Wlf denotes the LP— based Sobolev space in R?.

Under the above assumptions on the potential the Hamiltonian H is a self-adjoint operator in
L?(R?). The spectrum of this operator consists of a continuous spectrum, filling out the positive
real axes (without non-negative eigenvalues), and a possible negative discrete spectrum of the
finite multiplicity with zero as the only possible accumulation point. If in addition we suppose
the potential has some power decay at the infinity

lq(2)] < Cla[™", || > R,

for some p > 2, then the negative discrete spectrum can be only finite and zero is the point
of the continuous spectrum (see [3],[20]). That’s why for arbitrary k € R, k # 0, we define the
scattering solutions of the homogeneous Schrodinger equation

(H — Eu(z, k) =0

to be the unique solutions of the Lippmann-Schwinger equation

u(z, k,9) = e — /G$(1$ —yDa(y)uly, k,9) dy,
R2
where ¢ € ST and the outgoing fundamental solution of the Helmholtz equation G is defined
as

l
G (|2]) = 7Hg" (] |«]),

where Hél) is the Hankel function of the first kind and of order 0. The function G} is the kernel
of the integral operator (—A — k* —40)~!.
The solutions u(z, k, ) for k > 0 admit asymptotically as |x| — +oo the representation

. A 1
U(I’, k, 19) _ ezk(w,ﬁ) + Cezk‘x|kj—1/2|x|—1/2A(k‘719’719) +o0 <—| |1/2) )
T

where ¢ = é—| € S, C is a constant and the scattering amplitude A(k,’,4) is defined by

A0 0) = [ &M D(yuty. k. 0) dy. &)
R2
It what follows we extend A to negative k by A(k,v',19) = A(—k,,9) to obtain a well-defined
scattering amplitude for all k € R, k # 0. We use also the fact that A(k, v, 9) = A(k, =9, =10").
We will consider the problem of recovering the singularities of the potential and the potential
itself assuming that we know the scattering amplitude A(k, ;1) for certain data.
As a different data for the reconstruction of unknown potential ¢(x) we consider the kernel
G,(z,y, k) of the integral operator (H —k*—i0)~* which is the solution of the following integral
equation:

Golz,y. k) = G (jz — o)) - / Gt (|x — 2)a(2)Ga(zy, k) d=. 3)

Definition 1. We say that the Hamiltonian H has a resonance at zero if the homogeneous
Lippmann-Schwinger equation for k£ = 0

u(w,0,0) = = [ G5(le = atwuly.0.9) dy,
R2
where G{ (|z]) = & log Ell’ has a non-trivial solution from the space of the continuous functions
uniformly vanishing at the infinity.
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It follows from (1.2) that for every fixed point £ € R? (see, for example, [20])
(Fa)(©) = Jim A(k.0), €= k() — )

and also we have

_ £
[€1°

where I is the ordinary Fourier transform in R?. The latter formulas justify the following
definitions.

(FQ)(2§) = A(k7 _19719> + Ok(1)7 k= |§|7 v

Definition 2. The inverse Born approximation gg(z) of the potential ¢(x) is defined as follows:

1
4B(@) = 353

/ e~ RO=0"3) A (] 9" 90)|K||9 — | dk dO) 4. (4)

RxS1xS1t

Definition 3. The inverse Born backscattering approximation ¢%(x) of the potential ¢(z) is
defined as follows:

bigy e L [ item gl €€

R2

Definition 4. The inverse Born fixed angle scattering approximation qgo of the potential ¢(z)
is defined as follows:

1
Yo —
a5 (%) = 152

/ e~k O=90.2) (1 90 9) k|| — D] dk o, (6)
RxSt

where 9 € S! is fixed.

It is very easy to see that within the Born approximation, the scattering amplitude is simply
the Fourier transform of the unknown potential. The weaker the potential, the better is this
approximation. But even when the potential is not weak the Fourier transform of a scattering
amplitude contains essential information of the potential as was shown in [15] and [17] in two
dimensions and in [16] and [18] in three and higher dimensions. In a series of papers starting
from 1969 Prosser [19] has shown that the inverse backscattering problem has a unique solution
assuming the potential has a small enough weighted Holder norm. Generic uniqueness results
for the backscattering problem in two and three dimensions were obtained by Eskin and Relston
[4]-[6]: they proved that the nonlinear operator taking the potential to the backscattering data
is an analytic local homomorphism on an open and dense set of an appropriate functional space
(some subsets of Sobolev’s spaces). Without any smallness assumptions Stefanov [26] has shown
that if two compactly supported L*°— potentials ¢; and ¢, have the same backscattering data
and in addition he has assumed ¢; > ¢o, then in fact ¢ = ¢o. Stefanov [26]-[27] gave also a
simple proof in three dimensions for the generic uniqueness of the backscattering problem and
the fixed angle scattering problem in the case of compactly supported potentials belonging to the
Sobolev’s psace W2 . We recall that in the case of less singularity of the potentials (compare with
our case in the present paper) Sun and Uhlmann [30] -[31] have considered related problems
in two dimensions with the fixed energy data, while Greenleaf and Uhlmann [8] considered
related problems in R™ with the backscattering data. We have to mention here the articles of
Novikov [13] and Novikov and Henkin [14] where considered some similar problems for singular
potentials and also incoming article of Ruiz [21] about the reconstruction of singularities in the
fixed angle scattering problem in two dimensional case for the potentials with compact support
from Sobolev’s spaces H*(R?) for some non-negative s.
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In this paper we follow to the ideas of the articles [15]-[18]. The main role in these consider-
ations has played the estimates of the resolvent for the Schrodinger operator at the continuous
spectrum (see [24]):

|(H - ]{;2 ; ) fHL /2 |kj|1/2‘|f||L4/3’ Q(x) S L¢27<R2); (7)

where o > 1.

In fact we can obtain more sharp estimate of the resolvent for the Schrodinger operator for
such potentials (this estimate follows by interpolation from well-known Agmon’s estimates for
the Laplacian in the L?— weighted spaces [1| and the estimates for the Laplacian which are
contained in the Theorem 2.3 of [9] for n = 2):

2 -1
H(H — k7 — ZO) fHL‘fo/2 < |k|3/4HfHL§//Z

with the same o and ¢(z) as in (1.7).
But for our aims we need the estimate for the integral operator K

K :=[q|"*(=A = k* —i0)'q| g, q(z) € L2(R?),
in L? which it follows from the latter estimate

C
1K][z2—r2 <

TP (8)

Concerning the inverse problem of reconstruction of the singularities of unknown potential
by the knowledge of the scattering amplitude at a fixed energy (k2 > 0) we would like to say
that the crucial role in this problem plays the following Green-Faddeev’s function:

z(:c z+€)
/ ZETTE ©)

where z € C? is two dimensional complex vector and (z, z) = k2 and it’s mapping in some LP—
spaces (see [25]):

—i(x,z C
He ( ) )GZ * fHLoo(RQ) g ’ "Y HfHLQQLI(RQ) (10)
where v < 2/3.
Due to last estimate we can prove that there exists the special solution to the Schrédinger
equation:
(—A+ q(2) - K)ulx) = 0

in the form (this is the "non-physical"solution or the Faddeev’s solution [7]):
u(z, z) = (1 + R(x, 2)), (11)
where function R(x, z) satisfies the estimate
C
||R||L°°(R2) = ’ |’y
with v as in (1.10).
The most important fact here is the knowledge of the scattering amplitude at the fixed energy
uniquely determines as a function of £ € R? the following function (see [12])

T,(€) := /ei(“’g)(l + R(z,2))dz, €] >1, T,(6):=0, ¢ <1, (12)
R2
where z = %(zf + J¢) and J = ||a;i|| is the matrix with a3 = a = 0,412 = —ag; = 1 and for

the simplicity we took ky = 0. In that case the Born approximation can be has the following
form.
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Definition 5. The inverse Born fixed energy approximation qé(az) of the potential ¢(x) is
defined as follows:

ap(x) = F1(T,(€)), (13)

where F'~! is the inverse Fourier transform and the function T, from (1.12).

The fixed energy inverse problem is well understood in dimensions higher than two (see |7],
[10], [28] and [29]). The main result is that the scattering amplitude with a fixed energy uniquely
determines a compactly supported bounded potential. However, the problem is not solved in
the dimension two (see [11] and [32]). In the articles [30]-[31] Sun and Uhlmann proved that
the knowledge of the scattering amplitude at the fixed energy determines the location of the
singularity as well as the jumps across the curve of the discontinuity for a compactly supported
bounded potential and the reconstruction of singularities for the potentials from L’gomp(Rz)
for p > 2. We improve these results for the potentials with stronger singularities and without
assumption about the compact support of the potential.

The main idea of our considerations consists in the asymptotic expansion for the Born’s

potential (for all inverse problems which are presented here) in the form:

4B = Z q;
j=0

analogously to the symbol expansions in the pseudodifferential calculus. By noting that ¢ is
our unknown potential ¢(z) the problem is reduced to estimating the smoothness of the higher
order terms in the Born’s expansions. This expansions is merely the iterations of the Lippmann-
Schwinger equation. That’s why is so important the estimate (1.8) for to prove the convergence
of this series.

We are now in the position to formulate our main results about recovering of the singularities
for the Schrodinger operator with singular potentials.

2. MAIN RESULTS

Theorem 1. (/17]) Assume that the potential q(x) belongs to L:(R?) with o > 1 and Hamil-
tonian H has no resonance at zero. Then

q(x) — q(x) € W (R?) + HP(R?), (14)

where 6 < 2 and [ < 1/2 (if we use "better"estimate for the the resolvent then we can choose

g<1).

The latter relation allow us assert that the difference between gg(x) and ¢(x) belongs to the
"smoother"space than unknown potential. This fact means that the leading order singularities
of unknown potential are obtained exactly by the Born approximation (1.4). If we suppose that
our potential ¢(z) belongs to the "smoother"space L}, (R?) for p > 3 (and even for p > 2), then
we can prove that the difference ¢p(x) —¢(x) is a continuous function. It means that in this case
we can obtained all singularities of unknown potential by Born approximation. In particular

we can reconstruct the boundary of any unknown domain.

Theorem 2. ([15]) Assume that the potential q(x) has bounded support and belongs to the
space H*(R?) for some 0 < s < 1. Then

qp(z) — q(x) — q(z) € H'(R?), (15)

where t < % and the first nonlinear term qi(x) is a continuous function for 1/2 < s <1 and
belongs to the space H**(R?) for 0 < s < 1/2.

From this theorem we obtain the immediate corollary.



Subsection 1.1. Spectral Theory of Not Self-Adjoint Operators 29

Corollary 1. If a piecewise smooth compactly supported potential q(x) contains the jumps over
a smooth curve, then the curve and height function of the jumps are uniquely determined by the
backscattering data. Especially, for the potential being the characteristic function of a smooth
bounded domain this domain is uniquely determined by the scattering data.

A potential satisfying the assumptions of the last Corollary is in HS = (R?) for every s < 1/2.

comp

Thus by Theorem 2, ¢%(x) — q(x) is in HY(R?) for every t < 3/4. That’s why this Corollary is
satisfied.

Theorem 3. If q(z) as in the Theorem 1 then
(@) — qla) € H(RY) (16)
where t < 1/8.
Theorem 4. If q(x) as in the Theorem 1 then
ap(t) = q(z) — () € H'(R?), (17)
where t < 1/3 and first nonlinear term qx) (see [31]) is a continuous function.

Theorem 5. (Saito’s formula) (/20/,/22/,/23]) Under the same assumptions for q(z) as in
Theorem 1

koo |z —y|

lim / e~ 0= A 9) d d' = A / O,
R2

S1xSt
This limit is valid in the sense of the theory of distributions.

The next theorem is the uniqueness theorem of the reconstruction of unknown potential by
the scattering amplitude and it is a simple corollary from Saito’s formula.

Theorem 6. Assume that the potentials q(x) and qo(x) satisfy the conditions of Theorem 1
and the corresponding scattering amplitudes coincide for some sequence k; — +oo and for all
9,9 € St Then q1(x) = q2(x) (in the sense of the theory of distributions).

It follows from the Saito’s formula very interesting connection between the potential ¢(z)
and the scattering amplitude A(k,?,9) (see [20])

q(z) = lim — / e RO A (| 0" 9) |9 — 0| d) Y.
Stx st
This formula should be understood in the sense of theory of distributions.

It what follows from the proof of Saito’s formula in the case when we have the scattering
amplitude only with one fixed direction vy that

Jim k12 / e~ kO=00.2) A(k 90, 9) dY = 0.

Sl
This limit is valid in the sense of uniformly convergence with respect to x.

The new asymptotical formula for the unknown potential which contains the only Green’s
function of the Hamiltonian is presented in following theorem.

Theorem 7. (/20]) Assume that the potential q(x) satisfies the conditions (1.1) and has special
behaviour at the infinity: |q(x)| < C|z|™* for |z| > R with some positive C, R and p > 2. Then
the Fourier transform F(q) of the potential q(z) belongs to the space L°°(R?*) N C(R?) and in
every point & can be calculated by the formula

F(g)(€) = lm  8mik(|z||y))!/ e DGy (|2 — yl) — G (2, y. k),

2]yl k—+o0

where £ = —k(é—‘ + %) and the function G, satisfies the integral equation (1.3).
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Strong Hamburger Moment Problem

K. K. SimoNOV
DONETSK NATIONAL UNIVERSITY, UKRAINE

1. The strong moment problem was introduced in [3] and [4]. In this problem, moments
{sk}fz of all positive and negative orders are given. A full description of all solutions of the
strong Stieltjes moment problem was obtained in [5].

Let us state the strong Hamburger moment problem (SHMP). Given a sequence of real
numbers {s;,} 7. Find a Lebesgue-Stieltjes measure do on R such that

o = /tk do(t) (k€ ). (1)

The following questions are considered: solvability, uniqueness and description of all solutions
of the problem (1).
2. The answer to the first question is given by

Theorem 1. The problem (1) is solvable if and only if

n

Z Som+i+6i§j >0 (m €Z, n €N, & € R). (2)

i,j=0
3. It is possible that one of the forms

n

Z Som+i+i€i§;  (m € Z, n € N) (3)

1,J=0

is not strictly positive. Then the problem is called degenerated. It turns out that in the degen-
erated case all the forms (3) which order does not exceed some ng are strictly positive and all
the forms of higher order are degenerated. In this case Theorem 1 can be strengthened.

Theorem 2. Let SHMP be degenerated and ng is defined as above. Then the SHMP has a
unique solution do and the support of do consists of ng points.
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4. Henceforth we assume that all forms (3) are strictly positive. Let us set
ex(t)=t" (k€ Z, teR). (4)

Linear combinations of (4) are called quasipolynomials. Let Hy be the set of all quasipolyno-
mials. Let H be a completion of Hy with respect to the inner product

(ei,ej) = SiJrj (2,] < Z)
Let us define a linear operator Ag in Hy by the rule
Apey, = Ch41 (k? c Z)

The closure of Ag to H is denoted by A. Clearly, H is a Hilbert space and A is a closed
symmetric operator in H.
The following theorem describes solutions of the SHMP.

Theorem 3. Solutions of the problem (1) and spectral functions F; of the operator A (see [1])
are in a one-to-one correspondence by the formula

O'(t) = (Fte(), 60) (t S R)
5. Let the numbers D™ be given by

Sm Sm+1 RN Sm-+n
S S ... S
Dﬁbm) = |7+l mt2 it (m e Z, n € N).
Sm+n 5m+n+1 Sm+2n

The strict positivity of the forms (3) is equivalent to the inequalities
DEM >0 (ke€Z neN).
Let us define the quasipolynomials {P;}; of the first kind

S—2k  S—2k4+1 .- S0
(“2k) 1 (—2K) —1 S_2k4+1 S—2k42 .- S1
P = (DEZVDE) 7 | (k € N),
S_ S0 S2k—1
e_ e_ e
k k+1 k (5)
S_2k—-1 S—2 ... S0
_1| S—2k S—2k+1 ... S1
Porer = (DSIDLD) T (k € N).
S—1 So S2k
€_k—1 €_k c €L

Proposition 8. Quasipolynomials (5) form an orthonormal basis in H.

Let the quasipolynomials of the second kind {Qy},” be given by

Qr(t) = (A=t)" (Px — Bi(t),e0) (keN).
6. Decomposing the functions AP, by the basis {Py},” (cf. [2]), we obtain the following

Proposition 9. The functions {AP;};” can be reduced to the form
APy = agPy + by P + coPs,
APy, = by Py + a1 Py + b P,
APy, = oo Pop—o 4 bop—1 Pot—1 + G2 Pog + bop Popy1 + corPora (K =1,2,3,...),
APopy1 = bop Pop + aopy1 Pory1 + bopp1 Porra (B=1,2,3,...),
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where {a,}o, {br}y, {ck}y are sequences of real numbers such that

boxb
agk+1 = M, cor >0, copr1 =0 (keN).
Cok
7.
Proposition 10. The operator A is selfadjoint if and only if the following series is divergent
Do 1P(2)F (Imz #0). (6)
k=0

If the series (6) is convergent then A is a symmetric operator with deficiency indices (1, 1) and
its defect subspace I, is the span of the vector

8. Let the indeterminate case takes place, that is deficiency indices of A are (1,1). Let us
use the formula for the resolvent matrix W (z) of the operator A from [6]. If a € R\ {0} then
W (z) takes the form

W= (i) ) -
(= ) T Qula)Qu(z) 14 (- ) TF, R@Q())
(TECUNEEG IR RGRY) ceewm. o

Theorem 4. In the intederminate case the full description of all solutions of the strong Ham-
burger moment problem is given by the formula

+o0o

/ 1 wi1(2)7(2) + wiz(2)

t—=z do(t) = so- w1 (2)7(2) + wae(2)

, (7'67%).

Here R is a class of holomorphic functions 7(z) on C. such that Im7(z) > 0 for all z € C,
and R = R U {oc}.

REFERENCES

[1] N. I. Akhiezer and 1. M. Glazman, Theory of linear operators in Hilbert space, Nauka, Moskow, 1966,
(Russian).

[2] E. Hendriksen and C. Nijhuis, Laurent—-Jacobi matrices and the strong Hamburger moment problem, Acta
Appl. Math. 61 (2000), 119-132.

[3] W. B. Jones and W. J. Thron, Survey of continued fraction methods of solving moment problems and related
topics, Analytic Theory of Continued Fractions (Loen, 1981), Lecture Notes in Math., vol. 932, Springer-
Verlag, Berlin—-New York, 1982, pp. 4-37.

[4] W. B. Jones, W. J. Thron, and H. Waadeland, A strong Stieltjes moment problem, Trans. Amer. Math. Soc.
261 (1980), 503-528.

[5] I. S. Kats and A. A. Nudelman, Strong Stieltjes moment problem, St. Peterburg Math. J. 8 (1997), no. 6,
931-950.

[6] M. G. Krein and Sh. N. Saakyan, Some new results in the theory of resolvents of Hermitian operators, Dokl.
Akad. Nauk SSSR 169 (1966), no. 6, 1269-1272, (Russian).

SiMoNOV K. K., MATH. DEPT., DONETSK NATIONAL UNIVERSITY, UNIVERSITET-
SKAYA 24, DONETSK, UKRAINE, 83055

E-mail: kirill_simonov@mail.ru






Section 1

SPECTRAL PROBLEMS

Subsection 1.2
Spectral Theory of Operator Pencils







Subsection 1.2. Spectral Theory of Operator Pencils 37

ABYITAPAMETPNYECKUNE KOCUHYC - ®YHKIINN

['oBOPOB B. M.
HTYY "Kuesckuul ITOJIMTEXHUYECKNUT UHCTUTYT",
KUEB, YKPAUHA

Keywords: Kocunyc-dyHKIms,ycioBre 9€THOCTH

Odnonapamempuueckue KOD uau  "npocmo"KOD enepevie 6Oviau  u3yueHsv. 6
[1]. Ipunosrcenus KOD x meopuu abempaxmmuor Jupdepenuuarvror ypasrerud
6mopozo nopadka cucmemamuyecku usyuenve 6 2] u [4],umo daso snawumenvrvii
moavor paseumuto meopuu KOD. B [3] mootcno watimu ydawnyto cucmemamusayuio
OCHOBHBIX pesysvmamos. B amot cmamve npedaazaemc nodrod K MOCMpPoeHu u
UCCAed08aHUN 0B8YNAPAMEMPUNECKUT KOCUHYC-PYHKUUG (6 daavbHeliwem COKPAUEHHO
dsynapamempuueckur KOD).

[Iycrs - GanaxoBo mpocrpancTBo. L(X,X) - OpOCTPaHCTBO JIMHEHHBIX OTrPAHUIEHHBIX
orepaTopoB HaJ X C OIepaTOPHON HOPMOIi.

Onpenenieane 1. QOynxiua W : R? — L(X, X) nasbiBaercs JBylapaMeTPUUECKONl KOCHHYC-
dyHKIME, e BBIIOTHEHDI CJIELYIONE YCIOBH
i) Yoy, xo,y1,y2 € R
Wz + 22,51 + y2) + W(xy — 22,91 — y2) = 2W (21, y1)W (22, 92)
i) (0,0) = I, tae [-TOXKIeCTBEHHBI OIepaTop
iii) W(x,y) -cunbpao HempepbiBHast dyukims,T.e. Vu € X lim OVV(:zc7 Yy)u =u

z—0,y—

[IpuBeem mpocreiimue cBoiicTBa jaBynapamerpudeckunx KOO.
WWz,ye R W(x,y) =W(-x,—y)

2)Ve,y € R W(x,0), W(0,y) - omnonapamerpuueckune KOD.
3IVr,y e R W(z,y) + W(z,—y) =2W(z,0)W(0,y)

4 Vr,ye B W(x,y) +W(-z,y) =2W(0,y)W(z,0)

SlVa,y € R W(xz,0)W(0,y) = W(0,y)W(z,0)

Paccmorpum npumepsr aBynapamerpudeckux KO

IIpumep 1. Ilycrs C(t) - ommomapamerpuueckas KO®, C' : R — L(X,X) . Iocrponm
neynapamerpudeckyio KO® W cinenyronum obpasom. Va,y, € R omnpememnm W(z,y) =
C(az + By), tae a, B - HEKOTOPbIE JIEHCTBUTEIHHBIC THCIA.

IIpumep 2. Ilyers T(x) u S(y) - rpyumnbl JimHERHBIX — omeparopos. llocTponm
asynapamerpuiaeckylo KO® W(z,y) caegyromum obpasom W(z,y) = 3(T(ax)S(By) +
T(—ax)S(—Py)) , tae a, f - HEKOTOPBIE JIEHCTBUTEIbHBIE THCIIA.

Paccmorpum oo mpejcrasienne Bynapamerpudeckoit KO®. Uzsectno, [ro Ji00yio
JBYAPAMETPUIECKYIO TOJYTPYIIY JIHHEHHBIX ormeparopoB W (z,y) MOXKHO MPEICTABUTEH C
HIOMOITIBIO JIBYX OJIHOMAPAMETPUIECKUX MOIyTPYII ciaenytommm obpazom W (z,y) = T(x)S(y),
rae T'(x) u S(y) - HEKOTOpBIE OHONAPAMETPHICCKIE IOy TPYIIIIEL.

Bosaukaer Bompoc, cripaBeiyinBo Jiu 110100H0e mpejicTapienue st KOD ?

Oxka3sbIiBaeTcsd, 9TO B ODOIIEM cjiydae OHO HE MMEET MEeCTO, HO IMPU HEKOTOPOM CYyKEHUU
kinacca uzydaeMbix KO® Bce ke ymaercd 1oJyduTh aHagorudubiii (axt. C 3Toil 1e/bio
BBEJIEM JIONIOJTHUTEILHOE YCJIOBUE YETHOCTH, & UMEHHO IycTh Vo, y,€ R W(z,y) = W(—=x,y)
B pambueiiiiem Oyaem paccMaTpuBaTh TOILKO Takue aBynapamerpudeckue KO®D, koropbre
YJIOBJIETBOPSIIOT 9TOMY YCJIOBHIO.

ITo cyTn, ycinoBue geTHocTn Tpedyer, 4ToObI (DYyHKIN ObLIa Y€THO MO MEPBOMY apryMeHTY.
YunTeiBasi CBOHCTBO 1), HETPYAHO BHJETH, YTO W3 UYETHOCTH 10 MEPBOMY apryMeHTY
BBITEKAET YETHOCTb II0 BTOpOMYy, W HaobopoT. Takum oOpa3zoMm, B YCJIOBHH YETHOCTU HET
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HEOOXOIMMOCTHU YTOUHATH apPTYMEHT, 110 KOTOpoMy (hyHKIUs YeTHa. [[puBeieM nmpumep 1eTHBIX
nBymapaverpudecknx KOO.

IIpumep 3. Iycrs X = R3W : R? — L(R3 R?)

1 00
W(z,y) = 02 120
241

Teopema 1. /ljisa Joboii wernoit neynapamerpudeckoit KO® W(zx,y) cymecrByor Takue
onuonapamerprdeckne KO® T'(x) u S(y), aro W(z,y) = T'(z)S(y). ObparHoe yTBepKIeHne
HEBEPHO, T.e CyIIeCTBYIOT Takue ofnonapamerpudeckue KO® T(z) u S(y), uro dyHkuus
W(z,y) =T (x)S(y) ue aBrsercsa nynapamerpuieckoit KOD.

Eciu T'(x) u S(y) - nexkoropsie ogaonapamerpudeckue KO®, 1o HeoGXOAUMOE U JOCTATOTHOE
ycstoBue toro, arodsl by W(z,y) = T'(x)S(y) 6bura gernoit npynapamerpuaeckoit KOD,
dopMyupyeTcs CJIeLyIonmM 00pPa3oM:

) Ve,ye R C(x)S(y) = S(y)C(x)

2) Voy, x2,y1,52 € B (Cla1) — Ca2))(S(y1) — S(y2)) = 0.

Hng  ommonapamerpuiuecknx KO® onHUM n3 KJIOYEBBIX TMOHATHI SABJIAETC TIOHATHE
redeparopa. Crpape//iiBa CJIeyIONIEe YTBEP/ZKEHUE.

JlemMma 1.

[Iyctrb A u B - reneparopbl HEKOTOpbIX ojHomapamerpuueckux KOD T(x) u S(y)
coorBectBenHo, npudeM Vz,y € R C(x)S(y) = S(y)C(x) . Torna jBa ycioBusi SKBUBaJIEHTHBI

a)Vy, Ty, 41,92 € R (C(21) — C(22))(S(y1) — S(y2)) = 0.

b) ABlD(AB) =0

O606muM Terepsb norsaTue reaeparopa KOD na nBymapaMeTpudecKuii Cydaii.

Omnpenenenne 2. ['eneparopom jaBynapamerputdeckoii (Heobsizarenbho detHoit) KO W (z, y)
HasbIBaeTCsl Tapa onepatopo (A, B) | Koropble JeficTBYIOT B GaHAXOBOM TPOCTpaHCTBEe X
(BOODIIIE TOBOPSI , HEOTPAHUYEHHBIX ) U OMPEJIENISIFOTC CIIEYIONIM 06pa30M

D(A):{x €X: El}llii%}f (W(h,0)z — :c)} Ax= hm L (W(h,0)z — )
D(B)z{xéX:H}Ex{gf( (0, h)x — )} Az=lim % (W (0, h)z — )

IIpumep 4. Bepuemcs k aBynapamerpudeckoit KO® u3 nmpumepa 3. 'ereparopom takoit KO®

000 000
Oyner napa marpur, (A, B) , tie A = 000 | ,B =| 000
100 010

Tenepp MoxkKeM  cHOPMYIUPOBATL OCHOBHOW — PE3Y/IbTaT, MOJYYEHHBINH JIJId YETHBIX
nsynapamerpudeckux KO® (kpurepuii rereparopa detHoii npynapamerpudeckoit KOD)

Teopema 2. /list Toro, 4Tobsl mapa ornepatopos (A, B) , BooOIe roBopsi HEOrDaHUIEHHBIX,
KOTOpbIE JIEHCTBYIOT B OAHAXOBOM IIPOCTPAHCTBE , ObLIAa T'€HEPATOPOM HEKOTOPOIl YeTHO
nasynapamerpudeckoit KO® W (z,y), He0OXOAUMO U JOCTATOYHO, YTOObI BBIIOIHSIINCH
CTIeyTOIINe YCIOBUS

1) cymecrBoBamu Takue oxsonapamerpudeckne KO® T'(x) u S(y), arodbsr A u B Oblin ux
reHepaTopaMu COOTBETCTBEHHO;

2) PesosbBentsl A u B kommyTupoBasm Mexk ity coboi;

3) AB|pap) =0

Ecin 11 ycioBust BbImoHEHBL,TO cripaBenso npeicrasienne W (z,y) = T'(x)S(y).

Bosspamasgc, K npumepy 4, ybeammcs, HYTO OH  IOJHOCTHIO — COIVIACYETCA  CO

chopMyJIMpOBAHHBIM B TeopeMe Pe3yIbTaToM. JleficTBUTeIbHO, eC/In PACCMOTPETD CJIeIyIOIIIe
onHomapamerpuieckre KO®D
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1 00 10 0
T(z) = 0 1 0 , Sly) = 0 1 0 , TO UX TeHeparopaMu OyJIyT OIEpaTOPhI
0 1 0 £ 1
000 000
A= 000 |, B = 000 coorBercTtBeHHO. OueBmiaHO, 9T0 AB = 0 |, a moITOMYy M HX
100 010

pe3osibBeHThl KoMMyTHpYtoT. Herpynao Bugers, aro Wz, y) = T(x)S(y).
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Hcenedyemes  keadpamuunvie — OnepamopHvie  NYywku ¢ CAMOCONPAHCEHHBLMU
xoappuyuenmamu. Jaa nyuxa C. I Kpetina, npu 0onosHUmMeEsbHUT YCAOBUAL
HG €20 Koadpuyuernmot, HatideHa GopMYAa OAL UHOEKCH HEYCTOTHUBOCTIU, G MAKIHCE
uceaedyemcs, 3—0UTOMOMUYHOCTVG NYHKA.

[Iycte H- cemapabesbHoe THILOEPTOBO ITPOCTPAHCTBO.

B kuure Konauesckoro H./I., Kpeiina C.I. u Hro 3yii Kana [2| npu usyuenun 3anaun
O KOHBEKIIUM B COCYJE, YaCTHUYHO 3AII0JJHEHHOM JKUJIKOCTHIO, WCCJIEIYIOTCS CIEeKTpaJbHbIE
ceoiictBa myuka C.I.Kpeitna, To ecTh myvka Buja

1
LO) =M+ 1B+ ek 1. (1)

B [2] upeanosnaranocs, uto A u B-HeoTpunaresbHble KOMIAKTHbIE omneparopbl, K = K*
KOMIIAKTHBIN oriepaTtop B H, & £-TI0JI0KUTETbHBIN ITapaMeTp.

Hamomunm, aro Touka \g € C Ha3bIBaeTcsa cOOCTBEHHBIM 3HAUEHNEM ITy4IKa, L, e/l Hailaercs
HEHYJIeBOI BEKTOD =g € H Takoii, aro L(\g)xg = 0.

B [|2] mokazano, Wro coGCTBEHHBIE 3HAUEHUsI MydKa L,KOTOpbIE OTBEYAIOT HOPMAJbHBIM
JBIZKEHUSIM BHJIA exp(—AT), HAXOJATCs B MIPABOil TOJIYIIIIOCKOCTH, €CJIU € < ||—11<||

B ciiyuae, korja € > ||—11<H7 oneparop I —eK MOXKeT UMeThb KOHETHOE YNCJIO K OTPHUIATEIbHBIX
cOOCTBEHBIX 3HavUeHuit. B 3ToM cirydae, CIEKTp 3a/ladm yKe He 00A3aTe/IbHO JIEYKUT B ITPABOi
nostyttockoctu C,.. A nMeHHO, OKa3bIBaeTCs, 9TO B JieBoii nosrymiockoctu C; MoxKeT BOBHUKATH
He 0oJlee KOHEYHOTO YHC/Ia COOCTBEHHBIX 3HAYEHUi. ITO (hakT O3HAYAET HEYCTOWIMBOCTH
HOPMAJIbHBIX KOJIEOAHMIA.
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HanomuauM, 9TO0 KOJUYECTBO COOCTBEHHBIX 3HAUYEHUil Iydka L, pPACIOJIOKEHHBIX B JIEBOI
nosrymiockoctu C;, HA3BIBAETCS WHJIEKCOM HEYCTOWYIMBOCTH Irydka L n obosHadaercs k_(L).

B craree Komaduesckoro H.JI. u Iluoapumka B.H.([3]) 6buio mosmydeno mgocrarodsnoe
YCJIOBHE HEyCTOMIMBOCTH HOPMAJIbHBIX KOHBEKTHBHBIX JIBMYKEHUil, TO €CTh yKa3aHO YHUC/IO Eg,
onpejessiemoe oneparopavu A, B u K (npuuem ker B # {0}), takoe, 4to npu € > €9 UHJIEKC
neycroirausoctu k(L) > 0.

B pa6orax HIkammukosa A.A. [5] u [6] ucciemoBascs ornepaTopHblii y4oK BHIa

L(\) = F)N + (D +iG)\+T,

e F, D, G, T — oneparopbl B Tmib0€PTOBOM MpocTpaHcTBe H, jijisi KOTOPBIX BBIOJJHEHbI
cienyrorue ycaopus: F' = F* — orpanuveHn u orpanuydeHHo ooparum, 1 = T — orpaHuveHHO
obparum, D u G — T—orpaHndeHHble CUMMETPUYECKHE IIJIOTHO OIPeJEIeHHbIE OIepaTOpPh,
npudem D > 0. st takux my9akoB B [5] u [6], Ipu OMOJHUTEIBHBIX YCIOBUSIX HA OMEPATOPBI
F u T, nosydeHbl OlEHKE CBEPXY Jisl HHJIeKca HeycroiuuBocTr K (L).

Hawnbosee 6im3koit K Hacrosieil crarbe gpistercsa pabora Cyxouesoit JI.U.([4]). Vmenno, B
Hell ObLIN TIOJIyYeHbI JIOCTATOYHbIE YCJIOBUSA Ha KOIMPMUIMEHTH MATPUIHBIX [Ty9IKOB BUIA

L(A):AA+§B—O, @)

obeneunsarorue paBeHcTBO K_ (L) = 2k. 3necs A, B, C' — 5pMUTOBBI MATPUIIBI, JefCTBYOMNINE
B nipoctpanctBe H = C" u yI0BIE€TBOPAIONINE CJIEIYIONINM YCIOBUSIM:

A=aylij=1ms A>0, ay>Y lag|+', &'>0, (3)
5

B = bijllij=1,.0s B>0, bi>> |byl+el, & >0, (4)
E

C=J,=diag(l,—x,—1) . (5)

Teopema 1. [4] ITycmo spmumosv. mampuywv, A, B u C ydosaemeoparom ycaosuam (3) ,(4),
(5) u onpedeasrom mampuunwvii nywox euda (2). Ecau cnexmp nywka Lqa(X) codeporcumes 6
yene:

© =N {0 | tan Oy | < 2(ef'P) %), (6)
mo 2K cobemeennur snavenud nywka L aeorcam e omxpwmoti ae6ot noaynaockocmu, a 2(n—k)
— 6 0MKEPLMOL NPaAGOT NOAYNAOCKOCTIU.,

3nech Ly — quaronajib mydka L :
1
Ly(\) = Adiag A + 3 diag B — J, ,

e diag A — sT0 MaTpura, nogyderHas u3 mMarpuibl A "oOHyseHneMm'ee BHEIMATOHATBHBIX
9JIEMEHTOB.

Bynem npujiep:KuBaThCA CIEIYIONINX 0003HATCHUII:

C; (C,) — orkpbITas JeBast (mpaBas) MOJIYIIOCKOCTD,

k_(A)(k-(L)) — KoamgecTBO COOCTBEHHBIX 3HaUeHuil oneparopa A (mydka L), HAXOAIIMXCS
B (Cl.

B wmacrosiieit  pabore, HAXOJATCA IIPOCTBIE JIOCTATOYHBIE YCJIOBHs, OOECIHEUNBAIOINIIE
paBeHCTBO K_ (L) = 2K, a TakkKe 93— TUXOTOMUIHOCTH IIyIKa BUJA

L(\) = \2A— \C + B. (7)

HpI/I 9TOM Halll IIOAXOJ OTJIMYEH OT IIOAXOJ0B IPUMCHABHIINXCA B IIEPEYNC/ICHHBIX pa60TaX

(21, [3], [4], [5] u [6].
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HamomumM HekoTopwie ompejenenus: (cm., Hampumep, [1]). Omeparop A HasbiBaloT
OJIOZKUTENIBHO OIIPEJIeTIeHHBIM, ecsiu cymectByer 0 > 0 takoe, uro (Af, f) > o(f, f), Vf € H.
Ecim § = 0, 10 omeparop HasbBalOT HOJOKHUTETbHBIM. Omeparop (IydoK) Ha3bIBAIOT 3
JIMXOTOMHYECKNM, €CJIM €r0 CIIEKTP He MePeCeKaeTcs ¢ MHUMON OCBIO.

Cuestyronias TeopemMa — OCHOBHOM pe3y/IbTaT 3aMeTKH.

Teopema 2. Ilyemv A, B u C - ozpaHuyenHbvie CAMOCONDANCEHHIE ONEPATNOPHL 6
euavbepmosom npocmpancmee H, a L — xeadpamuuwnwd nywox euda (7). Iycmov makorce
onepamopu. A, B noaostcumenvrno onpedesenns, a C — obpamum u k_(C) = k. Ecau onepamop

Ry:=CA'C-B (8)
noaodcumenvHo onpedeser, mo nywox L asasemea s—duromomuveckum u k_(L) = 2k.

B cnenytoreit Teopeme MblI TIOKaxKeM, ITO B TeOpeMe 2 MOKHO OTKA3aThCsl OT MOJIOXKUTETbHOM
OIPEJICJICHHOCTH  ollepaTopa A, 3aMeHMB HOAXOIANMM 00pa30M YCJIOBHE IIOJIOKHTEILHOI
ompejieleHHOCTH oneparopa Ry Buja (8).

Teopema 3. I[Iycmv A, B, C' — ozpanudenmvie camoConpatcentvie onepamopsl, 0npedesitousue

nywokx euda (7), ydosaemesoparom caedyrouum ycrosuam: A — noaoocumesvnod, B -
noaoorcumenvro onpedenen, a C — obpamum u k_(C) = k. Ecau npu wexomopom gy > 0
OneEPAMOPHL

R.:=C(A+el)'C - B, (6 €(0,5)) (9)

nOAOAHCUMENLHO Onpedesetnl, Mo ny4wox L asasemcea o-duxomomuveckum u k- (L) = 2k.

Caenctsue 1. IIyemov A, B, C' - ozpanuuentvie onepamopol, Jelicmeyiouue 6 2uibbepmosom
npocmpancmee H, u L — keadpamuunond nywok suda (7). Ilycmo maxoice 6vinosnens Ycaio6ua:
C - obpamum, A= A*>0,B=B*> ] >0. Ecau k_(C) =K u
—1y2
[AL- Bl e < 1, (10)
mo k_(L) = 2k.
Sameuanue 6. [lycrb BbImoHEHBI BCe yCI0BHS TEOPEMbI 2, HO omepaTop A MOJIO0KUTEIHHO

omnpeiesieH, a B aBageTcs MOJOXKUTETbHBIM, TOT/Ia TeOpeMa 2 OCTaeTCs CIpaBeInBOi, TOIHKO
y4ok L mepecraer 6bITh 3—auxoromudeckuM (tak kKak L(0) = B, a 9ToT omeparop He 06paTum).

Ipumep 3. H = C?, B = diag(3, 3), J = diag(1,—1),

A:(l}Q 1{2>

Jlerko Bugers, uro ||A| = 1,5, ||B|| = 0,5, cregosarensuo ||A| - ||B|| < 1 Takum obpaszom,
npuMeHsist caencreue 1, noayanm k(L) = 2.

IIposepum yemosus Teopenmsr 1. Seno, uro o(Lg) = {(1+4)/2; (=1 +£iV3)/2} n & = {¢ :
| tan ¢| < \/g}

Jlerko Bujersb, uro Teopema 1 u3 [6] He mpumMennma, Tak Kak (1414)/2 & @ .

Ilpumep 4. H =C? B =1, J = diag(1, 1),
3 1
=(13)
(58 18
Fo= ( 1/8  —5/8 )

Takum obpazom, oneparop Ry He siBIsieTCS MOJIOYKUTEILHO OIIPeJIe/IEHHBIM, a 3HAYUT TeopeMa
2 He IpUMEHUMA.

Jlerko Bujern, uro det(A) =8 n
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B 1o ke Bpema o(Lg) = {(14+1iv/11)/6; (—1 £iv/11)/6}.
&= {6 [tand| < VIT6).

Jlerko Bugers, uro o(Ly) C ® u, 3naunt, mo reopeme 1 k_(L) = 2.

[IpuBejiernble TPUMEPDHI TTOKA3BIBAIOT, UTO Teopema 2 He MOKpbiBaeT Teopemy 1. B To ke
BpeMs OHa CIPABEJJINBA /I OMEPATOPHBIX (& He TOJIBKO MATPUYHBIX) [IYIKOB, & €€ yCJIOBHUS,
B OTJINYIUE OT yCJIOBUII TEOPEMBI 1, ABJIAIOTCS YHUTAPHO MHBAPUAHTHBIMU.

Aemop svipastcaem uckpenniorn daazodaprocms M. M. Manramydy 3a pyrxosodcmeo pabomot, a
maxoce C.M. Manramydy u JI.JI. Opudopoze 3a mro20uucaennvie noasedrvie 00CYHCOeHUA.
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1. B mpocrpanctee Lo[0, 1] pacemorpum my4dok L(A) o6bIKHOBEHHBIX i depeHIna bHbIX
OIIePaTOPOB

Wy, \) ==y + Xy, Ui(y) =iy (0) + sy (1) =0, i=1,5, (1)
e |ou| + 6] > 0,1 =1,5.

Onpenenenne 1. Byjnem nasbiBarh mydok (1) ewpoorcdermvim, ecim oH b0 umeer He GoJiee
KOHEYHOTO YhC/ia COOCTBEHHBIX 3HaveHuit (c.3.), smbo Bce A € C spistiorest ero c.3.

Teopema 1. Cnpasedausa caedyrowan arvmepramusa: Aub0 cucmema co6CmeeHHvT GYHKUUT
(c.dp.) nyurka (1) 5-kpammo noana 6 Ly|0, 1], aubo smom nywor evipoosrcoenivui.

lanpHeliee n3/102KeHNE MTOCBSIIEHO JTI0KA3aTeIbCTBY TOM TE€OPEMBI.

2. Ypasrenue [(y, \) = 0 umeeT QyHIaMEHTAIBHYIO CHCTeMY pernennii y;(z, A) = exp(Aw;x),
j = 1,5, tie w; = exp((2j — 1)mi/5). O6osnaunm Us(y;) =: uy(A) = (vij + eMiwyy), rae

_ i—1 _ i—1
Vi = QW -, Wij = 61""}]‘ )

V1 Qg Wiy
Vaj QoW Waj ngj
V}' = Ugj = ozgw]? R Wj = ng ﬁgw ,
Vy; oz4w? Wy ﬁ4w
Vs, asw; w5j ﬁ5w
Ag = det (VVBVRVIVE) =: [VaVaViVs|, Ay = [WiVaV3ViVil,

AQ = |‘/1W2‘/:3‘/;1‘/5|7 R AIQ = |W1W2VE;‘/4‘/5|, s 7A12345 = |W1W2W3W4W5|‘

OrMmeruM Ha pHUCYHKe Bce TOUKH (), Wj, W1 + W, W1 + W3, ..., w1 +Ws, ..., Wg +Wws, ...,
wi + ws + w3 + ws + ws (A1 KpaTkocTH Uepes j obozHadaeTcsa wj, depes 1 + 2 obosmataercs
w1 + we u T.1.). [lyers M ecth BbimyKJiast 000/109Ka OTMEIEHHBIX TOYEK.

XapakTepucTuaeckuii onpeeauTens mydka L(A) ectb

Uy ... Uls

AN =| 1 o [ =AW Vs T
Usy ... Uss

= MOL[A @+ Aggenten) 4o g A gerston)]
+ [A123e>\(w1+w2+w3) 1 Agggeerteatws) ¢y A1256)\(w5+w1+¢‘;2)}
+ [Are™ + Age? 4 -+ Age ]
+ [A1234€/\(w1+w2+w3+w4) + Aggype@rtwstwates) oy A1235€/\(w5+w1+w2+w)]
T [Agpe@ten) 4 Ay eMeaton) L Ay Arten)]
+ [A124e)\(w1+w2+w4) 1 AggseMertwatws) oy A1356A(W5+w1+w3)}

+A12345 + Ag }.
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Jlemma 1. Cnpasedausvl caedyroujue pasencmea

AND = Ay = Ay = Ay = Ais,
Az = Aoy = Az = Ay = Aggs,
Ay = Ay = A3 = Ay = A
Aigzs = Aozus = Aizas = Ajogs = Agoss,
ANP = Ay = Ass = Ay = Ay,
Ags = Agzs = Aizs = Aoz = Agss.

B cuny sToit jieMMBbl
A(N) = A0 {A12 [ek(wl-&-wz) 4 oeMwatws) 6>\(w5+w1)j|
FA gy [M@rFwates) o pMeatwsted) L eMestrte:)]
+A1 [e’\““ -+ AQQ)WQ 4+ -4 e/\ws]
_|_A1234 [GA(W1+W2+W3+¢U4) + eA(w2+w3+w4+w5) et ek(w5+w1+u;2+w3)}
+A 3 [e/\(lerws) + eA(w2+w4) I eA(w5+w2)]
+A124 [6A(M1+w2+w4) + 6A<w2+w3+“’5) 4+t 6)\(W5+w1+w3)}
+A19345 + Ao } .

OTMeTuM Ha PUCYHKE TOUKHU Wi + Wy, Wo +Ws, . .., Ws +wi, ecain Ajp # 0, TOUKHT Wy + wy + w3,
Wy + w3 + Wy, .., Ws + wy + we, eciit Aoz # 0, u 7.1, Ilyers Ma ecTb BbIyKjIasi 0007109Ka
OTMEUYEHHBIX TOUYEK. BO3MOXKHBI CIEIYIONINE CIIYIau:

(I) Ajp # 0A Aoz # 0. Baece Ma = M u, cieposaresbho, nydok (1) perymsipen [1]. 13
pesyibraToB [1]| ciemyer, uro B 3ToM ciaydae cucrema c.d. Imydka 5-KpaTHO MOJIHA B

L]0, 1].
(IT) (A1 AO0ANAp3=0)V (Aja =0A Ajs3 #0). 3uece Ma C M u Ma kacaercss M 6o
BToukax 1 +2,2+3, ..., 54+ 1, mubo B Tourkax 1 +2+3,2+3+4, ..., 5+ 1+

2. CrenoBatenbHo, my4ok (1) sBisiercss HopmasabHbIM (110 Tepmusosorun [1]). B sTom
ciydae cucreMa c.d. mydka Takxke S-KparHo mosma B Lo[0, 1] (em. [1]).

(IIT) A2 = A3 = 0. Bmece Ma C M u Ma we kacaercsa rpanutpbl M. CiieoBaTesibHO,
nyaok (1) me sBisiercss HOpMaIbHBIM (cM. [1]). DTOT ciywail cOAEpKHUT Kak IIydKH
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C pacHaJaloMMUMUCT TPAHUYHBIMEU YCJIOBUAMU, TaK U IYYKH C HEPACIAIAIONTUMUICS
FPAHUYHBIME yCJIOBUAMU. B rmepBoMm mojciaydae cucrema c.d. dBJIgeTCs S-KpPaTHOMN
nostHO# B L3[0, 1]. DTOT pesysbraT ecTh 4acTHBIN cirydail Teopembl Kespimma, KoTopast
6bu1a cchopmysupoBana 6e3 jokasarenabcTBa B [2]. Bo Bropom mojciydae Bompoc o
nosiHoTe ¢.¢. nyuka (1) g0 cux MOp 710 KOHIA He peIlleH.

3ameuaHnme 7. Tak Kak [J0Ka3aTe/IbCTBO TeopeMbl Kesiblia MOJHOCTHIO TaK W He ObLIO
oIyOJIMKOBAHO, TO OBLIO MHOIO IONBITOK JOKA3aTh PA3JUYIHBIE BAPUAHTBI ITOH TEOPEMBI.
Cepbe3Hoe TPOJIBIKEHHE B ITOM HampabjeHuun Obuio ciaegano B 1973 XpoMmMoBbBIM B €ro
JTOKTOPCKOit fuccepraruu [3]. Vim 66110 MOJIy9eHo JJoKa3aTeLeTBO TeopeMbl Kepina B cirydae
AHAJIMTHICCKUX KO3 uimeHToB auddepeHmaibHOr0 BbipakKeHus. AHAJTOTUIHBI pe3yIbTaT
JIPYTUM MeTOIoM OblT JoKazaH Dbepxapiom [5|. B ciaydae mpom3BOJIBHBIX CYyMMHPYEMBIX
k03dbuImenToB sra TeopeMa 6buTa jtokasana [lkammkossim B 1976 Tory [6].

Sameuanue 8. XpomoB [7| ObUT HEPBBIM, KTO PAaCCMOTDEN HEPEryJISpPHYIO 3a/ady Ha
cOOCTBEHHBIE 3HAYEHUS TPETHEro MOPsiKa (TO ecTh Ipu 1 = 3) BUjA

)y =0, a0 + 8y V1) =0, i=1,23. (2)

On JoKazaJi, 9TO ycjaoBue «ap + g + a3 = 0 B caygae B = (o = [3 = 1 gBiugercd
HEOOXOIUMBIM U JIOCTATOYHBIM I OOpalieHus B HYJIb KOI(MMUIMEHTOB IIPU IKCIOHEHTAX,
COOTBETCTBYIOIIUX TOYKAM Wi + W2, Wg + W3, W3 + Wi, B XapaKTEePUCTUIECCKOM OIIpe/ieiuTerie.
XPOMOB HCCJIEJIOBAJT BOIPOC O pa3joKeHuu (PYyHKIHUI B OMOPTOroHAJILHBIE PsJibl 10 C..
3aj1a4u (2) TpU BBIIOJHEHNH 9TOIO YCJIOBUs. Pelienne 9Toro Bompoca UMeJso IPUHIITHATBHOE
sHavYeHre, Tak Kak dyHkius ['puHa 3agaum (2) B JAHHOM CJIydae MMeeT SKCIIOHEHIHAJIbHbII
pocT 110 A\ Kak 1npu t < x, TaKk U Ipu ¢t > x, B OTJIMYUNE OT CJIydasi PACIaIaioNIuXcsd IPAHTTHBIX
ycaoBuit, korja pyHkIims [')puna mMmeeT SKCIOHEHITHAIBHDIN pocT win pu t < x, Wi npu t > x.
Ho ¢ Touku 3peHus Borpoca o moJTHOTEe CUCTEMBI ¢.b. 9Ta 3ajada He IPeJICTaB/IgeT TPYIHOCTH,
TaK KakK OHa ABJISIETCsI HOPMAJIbHOI B YKa3aHHOM BBIIIe cMbIcie. OTMeTUM, 9TO BCe BOZMOXKHbBIE
HEperyJIIpHBbIE CATYAIMH IpKU 1 = 3 Wik n = 4 b0 TaK»Ke HOPMAaJIbHbIE, JTUOO BBIPOK/ICHHBIE.

murpues [8] pacipocTpaHu pe3yibTaThl [7] Ha CJIydail 33/1a9u N-ro MOPsJIKa, aHAJIOTHIHOM
zagade (2), rme n = 4k + 1. B ciyuae 3; = 1, ¢ = 1,n on nak/iaapiBag Ha KO3MDMUIUEHTH
YCJIOBUSI, KOTOPBIE TIPU N = 5 UMEIOT BHU/T

3

2 4 :
a1 —wjog +wiag —wijoy +wias =0, j=1,2,34.

OTH YCAOBHUA SIBJSIOTCH JIOCTATOUHBIME JIIS TOIO, 9YTOObI COOTBETCTBYIOIIAs 3ajada Ha
cobcTBenHble 3nadeHns npuna/iexkana ciaydaio (III) (ewm. Bbime).

B sT0it crarbe Jaercs MOJHOE ONUCAHUE ITyYKOB, TpuHaexamux ciaydaro (I11T).
PaccMorpum cieyionyo MaTpuiLy

wl w2 ... w5
Q= . 7 . =M.,
Wb W

a TaKzKe TPAHCIIOHNPOBAHHYIO K HEW MaTpPUILY

1w - wi
1 wo -+ w?

QT = . ,2 X _2 = (212225)
1 wy --- w§

OueBnHo, crpasemBo paseHcTBO O = det ) = det Q7 # 0 u, cienoBaTe/IbHO, BEKTOPHI Y]
7 Y 9 Y
Y, ..., Y5 uBekTOpBI Z1, Zs, . . ., Z5 06pazyior 6azuckl B C". O6oznauum o := (aq, qa, . .., a5)7,
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B:= (B1, B, ..., 35)T u pazgoxkum 3TH BeKTOPHI 110 cucreme Zy, o, ..., s
a = 65121 + dQZQ + -+ CA¥5Z5 = fZTOAé7
B=BiZi+ BaZs+ -+ (525 = QB

rie & = (Gq, G, ..., 45) 7 u B := (B, P2, ...,05)T. Tak kak 0 # 0, TO COOTBETCTBUS MEKJLY
u G U MeXxIy [ u 5 B3aUMHO OTHO3HATHBI.
O603HaYNM 1T KPATKOCTH W = W1.

Jlemma 2. Hmerom mecmo caedyrousue pasencmea oas j = 1,5
Vi = a1Y; + aYimods(j+1) T+ + a5Yimods(j+4) = QV]‘)
I/Vj = bly; + bQYmods,(j—l-l) +ee bSYm0d5 (j+4) — QW

ede ap = apwt !, by = Bt k=15 u

R T
‘/j = (amod5(27j)a Qmod5(3—j5)7 - - - ’amOdE’(Gij)) !
. T
VVj = (bmod5(2fj)7 brnods B=g)s - bm°d5(67j)) '

BrisicHnM, npu KaKuX 3HAYEHUSAX NapaMeTpoB a;, b; peamusyercs ciaydait (IIT). Ouesnnmo,
A = [WiWaV3ViVs| = 0 [ WAV V5| = 6As,
Atz = [WAW2WsVVs| = 0 [ WA W V5| = 0415,

Ay = Wi VaVaViVa| = 0 Wl%%m%\ — 0A,,

Ajgzy = [WIW, W3 W, V5| =0 W1W2W3W4‘A/})’ = 0A 1234,

rue
by bs as az ay b bs by az ay
R bg b1 as a4 as R b2 b1 b5 as as
App=1|by by a1 a5 ay |, Apz=|by ba b1 a5 aq |,
b4 bg o a1 Qs b4 bg bg a; as
bs by a3 ay a bs by b3 ax a
by as as az az by bs by bz ag
R b2 a; as a4 ag R bg bl b5 b4 as
Ap=|bs az a1 as as |, Ausa=1|by bo b1 b5 a4
b4 as dag i as b4 b3 bg b1 as
b5 ay, asz as ap b5 b4 b3 bg aq

asee paccMoTpuM I onpeeaeHHocTu ciaydait 3; # 0, ¢ = 1,5. He mapymas obmnocru,

MOXKHO CUNTaTh, UYTO 31 = B = --- = 5 = 1. 910 maer by =1, by = b3 = by = b5 = 0, wm
1 0 0
) 0 R 1 ) 0
Wl = 0 ) WZ = 0 ) aW5 = 0 (3)
0 0 0
0 0 1
JIemma 3. Cayuwai (IIT) wmeem mecmo moeda u moavko mozda, xozda das eexmopa a =
(ay,aq, ..., as) umeem mecmo 00ro u3 caedyrouyux npedcmasaenud npu x,t € C\{0} vy, p,q €
C

(1) a = (tz, %z, 32, y,z) (30ect A1gzq # 0, a Ay = 0 mozda u moavko mozda, xoeda y = t*x
winy = 2);
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(2) a = (t*z, 3z, y, z,tx) (30ect A1gzq # 0, a Ay = 0 mozda u moavko mozda, xoeday = t'x
wy = 2);

(3) a=1(0,0,0,p,q), 2de q # 0 (3decv A1a34 = 0, a Ay # 0 mozda u moavko moeda, xkozda
p# 0, mo ecmv p =0 daem evipostcdennviti cayuai);

(4) a = (0,0,p,q,0), (3decv Aqaz4 = 0 u Ay # 0 moeada u moavko moezda, xozda p # 0 u
q # 0, mo ecmwv aroboe pasencmeo p =0 uau ¢ = 0 daem swvipostcdernuil cayyail);

(5) a=(0,p,q,0,0), 2de p # 0 (30ecv A4 = 0, a Ay # 0 mozda u moavko moeda, Kozda
q#0, mo ecmv ¢ =0 daem 6vipoostcdentoill cay ai).

Hasnee GyjieM cauTaTh, 9TO Jjisi BEKTOPA @ UMEET MecTO OjHOo u3 mupejcrasienuii (1)—(5)
JleMMBI 3, faroriee HEBBIPOKICHHBIH CITyJaii.

[pemonoxum, uto Bektop-byrkmus f = (fo, fi,..., f1) € L3[0,1] oproronansua cucreme
IPOM3BOJHBIX Tienouek mydka (1). Obosnauast depes ¢(z, A) MOpoKIAONLY0 (BDYHKIMIO s
cucreMbl c.d. u npejmnoaaras, 9to ¢(x, A) ecThb 1esas aHaJuTHIECKast (DYHKIM 10 A TE€PBOii
CTEIeHH, YCJIOBUE OPTOTOHAJIBHOCTA MOYKHO 3aIUCaTh B BUJIE

1

0— /g(x, N (fol@) + Mule) + - + M fu(x)) da
" . (4)
_ /g(x, Nf (2, A de = F(\), A€ A,

0

rie A ectb MHOXKeCTBO HyJielt Xapakrepucrtudeckoro ompenenutens A(M). UssectHo, [ro
MHOKECTBO A COBIAIaeT ¢ MHOXKECTBOM C.3. Iy4Ka (1) ¢ BO3MOXKHBIM HCKIOUeHneM A = 0.
Pacemorpum creyrontyio byHKITUIO

Ota QYHKIWMS, BOODOIIE TOBOpsi, €CTb MepoMopdHasi (DyHKIMS, TOJ0CAMUA KOTOPOH MOryT
OpiTh TOBKO Hymn A(N). B cmiy upennosnoxkenust (4) mosoca dbyskimn F () sBIsMOTCA
YCTPAHUMBIMHU, TO ecTh J(\) HA caMOM Jiejie eCThb Tiesiasi aHATUTHIecKast (DYHKIHS.

Beenem ciieftyronee ycsioBue Jist 1iesoii anaguTudeckoil yunkinuu F(\) mepBoil crereHn:

(A) Cywecmeyrom no kpatinets mepe mpu AY4a 6 A-NAOCKOCTAU, UCTOOAUUE U3 HAUAAG
KOOPOUHAM, MAKUE, YIMO Y2Abl MEHCIY COCCOHUMU AYHAMU MeHbWwe T U Pynruus F(N)
umeem we boaee wem CmeneHHot pocm Ha SMULT AYUAL.

Ecmu F(X) € (A) (1o ects F ynosnersopsier (A)), To Ha ocnoBannu npuniuina Oparmena-
Junneneda dynknusa F(A) mmeer He Gosee uem crernenHoii poct Bo Beeil C. Ilo reopeme
Jmysmwis orciofa ciaeyer, aro F(\) ectb moamHOM 10 A, KO3DMUIMEHTHI KOTOPOro €CTh
dbyukmonansl o1 f(x), MOPOXK/EHHBIE BIIOJHE KOHKDETHBIM KOHEYHBIM HAGOPOM (yHKIHi
us L5[0,1]. IIpeanonaras, aro f(z) oproroHanbHa 3TOMY KOHEYHOMY Habopy dyHKImii (310
[PEJIIOJIOKEHNEe He MPUBOJUT K KOHeUHOMY JiedbeKTy cucreMbl ¢.d., Tak Kak u3 9] ciempyer,
qro s mydka (1) crpaBejymBa Claedyionias aabrepHaTuBa: aubo cucmema c.@. nyuka (1)
5-xpammo moana 6 L3[0,1], aubo sma cucmema umeem 6eckorneunviti deerm), TOJLYIUM
F(A) = 0. Crenoaresibho, F(A) = 0, oTKyjia CTaHIAPTHBIME PACyKJICHUSIMU (CM., HAIIPUMED,
[6, 9]) BBIBOMMM, uTO f(2) = 0 m.B. Ha [0, 1], U 5-KpaTHas MOJHOTA TEM CaMbIM YCTAHOBJICHA.

3 u310KEHHOTO BWJHO, 9TO NpPOOJEMa 3aK/II0YaeTCd B  HAXOXKJICHHN  IIOJXOSIIEH
HOpOXKIAtoNIeil  pYHKINKM, TO eCcTh Takoii mopoxiawomeii dyukium, aro F(A) € (A).
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Tpaaurmonso (cMm., Hanpumep, |[10]) B kKadecrBe mopoxkparomux dbyHkuii 6epyres dbyHKIMN

yl(',)\) y5(,)\) U1t U1s
U21 ce Ugs . . .
g1<'7)\) = . . . ) e 795('7)\):
: . : U471 U45
Us1 Uss yi(5A) o ws(hA)

Hekoropble u3 3mux QyHKIM X0poIio paboTaioT B CIyuae PACIAANIUXC KPAEBbIX yCIOBHUi
(em. [3, 6, 9]), HO B caryuae myuka (1) musa kaxoit u3 stux Gynknuit F(A) € (A).

B [11] upemraraercss MCKaTh TOAXOIAILYIO MOPOXKIAMONLYI0 (DYHKIUIO B BHUJE JIMHEHHOM
kombunannn dbyukmmit g;(x, \), j = 1,5,

gz, ) = mgi(x, ) + - + ¥595(x, A)

_ )\10 0 eAwlm eAwgm o eAw5x
T Vi+eMW, Vo+eW, .. Ve+esWs |’
rae BEKTOP I' = (’71, Y2, .- - ,’75>T ABJIAETCA ITapaMeTpPOM. ].—[OKEL}KGM7 YTO 3TOT BEKTOP

MOXKHO TI0/106paTh Tak, 4ro coorBercrByiomas dbyuknus F(A\) € (A). YTobbl moguepKHyThH
3aBUCUMOCTH 910l dyukiwu ot [, 6ygaem nucars F(A;T).

Bammmmem  g(x, \;T')  mogpobro. [asa  KparkocTHm OyjieM  HCHOJIb30BATH  CJIE/YIONIIE
obo3HavuEHN

X1 = TV VaViVs|, X3 = [TWLVaVaVs|, ... , X3, i= [WiWLT W, V5|, ...,

rJie BEpXHUI MHIeKC 0003HATaeT IMO3UINI0, Ha KOTOPOI HAXOAUTCsI BeKTOP I, a HUXKHUE UHIEKChI
0003Ha4AIOT MO3UIINH, Ha KOTOPBIX HaxojdTca BeKTopel W;. IMeer mecTo npejcTasienue

g(@, A1) = N0 (X1 4 X2 Xg 4 M8 X] 4 M X + 0 X] + eMentes) X
+ e)\(w2+w4)X214 + e)\(w2+w5)X215 + e/\(w3+w4)X§4 + e)\(w3+W5)X§5
+ 6A(w4+w5)Xi5 + 6A(w2+W3+w4)X2134 + 6)\(W2+w3+w5)X2135

AMwo2twstws) 1 AMwstwstws) 1 Mw2tws+ws+ws) y1
te Xogs t€ X5 t€ X2345)

+ A0 (X2 4 MXT 4+ M XF + XG4 XS 4 Mt X
TN Mt X Mt XE) g eMentes) X
4 eratws) Y2y pMurtwatws) X2 4 pAwrtwstes) X2
+ e)\(w1+w4+w5) X1245 + e)\(w3+w4+w5) X§45 + eA(wl+w3+w4+w5) X12345)
+ \OHwse (X3 + e’\““Xi3 + e’\”XS + e)‘w‘*Xff + e’\“’“”Xg + e’\(w1+w2)Xf2
4 ertwa) X8y pMwrtws) x84 pAlwatews) 8 1 hlwetws) X3
et et x| orterton) X
+ 6/\(wlJWALJFL‘)S)X1345 + e/\(WJFMJFWS)Xg’45 +e/\(wlJFWJFMWS)Xf)245)
+ A0t (X1 4 XY 4 X 4 e X+ M XS+ eMwrte) x4
+ el Xy At i g eMenten X, eAlerten) X

A 4 A 4 A 4
te (w3+w5)X35 te (w1+WQ+w3)X123 te (w1+w2+w5)X125

AMwitws+ws) 4 AMwotws+ws) v 4 AMwiHwe+w3+ws) y4
te Xiss +e Xoss te X1235)
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+ )\106)\w5m (X5 + eAleiﬁ + e>\w2X25 + eAngSS + 6)\w4X45 + €>\(w1+w2)X152
+ e)\(w1+w3)ng + e)\(wl+UJ4)X]E:)4 + e/\(w2+LU3)X§)3 + e)\(w2+uJ4)X§)4

+ e>\(w3+w4)X§4 + 6)‘(w1+w2+w3)XfQ3 + 6>x(W1+w2+w4)X5

(5)

AMwitws+ws) 5 AMwotws+wa) Y5 Mwi w2 twz+ws) yv4
+e X5t € Xosq te X1235)
Amamzupya g(xz, \; '), moxxkno 3amernThb, dTo "twroxmMmm'ciaraeMbpIMH (C TOYKHM 3pPCHUAA
) ) ) )
yenosust F'(\;T) € (A)) sBagiores ciaraemble ¢ Koaddunnentamu

L R I I | 7 7
(1) Xo X5 Xgy Xo5 Xg Xy Xogu Xiss
R I R T T
(i9) X3 X7 X3, Xi Xi Xis X3 Xiss
L T I I 7 7
(ii9) X§ XJ X& X3 Xis Xih Xip Xiys (6)
L R I I T T
(iv) Xg Xél Xf}, X§5 XfQ X§3 szs Xil23
[ R 7 7
(v) Xir) Xfi’ X152 Xi:’4 X§3 X§4 Xi:’23 X§’34
L A R | T T

(11st maTbHeIIero n3JoKeHus y06Ho pa3outh 3mu KoadduimenTsr Ha nath rpymi (1) — (v)).
CMBICJI CTPEJIOK OyJIeT siCeH U3 JaJbHERINero n3/ao0KeHusl.

Baegem Bekrop I = Q71T = (44,4, ..., %5)7. Hdamee Gymnem macars X2 (T), X2
IOIIEPKHY Th, KaKoil BekTop I’ memomb3yercs. Anamorndno Gymem micarb X (
Kpowme Toro, BBejieM orneparop S MUKJIXIECKOTO CJBUTA BBEPX

)y .., ITOOBI

(r
D). XN, ...

I'= (31,92, 45) " — ST = (30,93, - -+, 35, 5) -

Jlemma 4. /s a06ozo sexmopa I cnpasedauew pasencmeéa (em. empearu 6 mabauye (6)):

(3([) = X3(ST), X}(I) = XI(ST), ..., X%s(l) = X345(ST);
X3(0) = X3(81), X3(0) = X2(ST), ..., Xihs(D) = X2,5(ST);
XU(T) = XHST), Xi(T) = X3(ST), ..., Xin(D) = X3 (ST);
RP(1) = XA(SD), K3(0) = XD, ... K3y, (1) = Xiby(ST);
R3(F) = XP(ST), XI(T) = X3(SD), ..., Xiys(D) = X (ST)

B kaxgom ciryaae (1)—(5) Jlemmbr 3 (u gazxe mojciydae) gajabHeidIne paccyKIeHus 6yayT
PasIMYHBIME. BBHY OrpaHHueHHOCTH 00'beMa CTaThH, PACCMOTPUM TOJILKO IOJCTyHdail iy # ta
uy # ¢ caydad (1). B arom momciydae Ay # 0 m Ajpsy # 0 (M. pUCYHOK). .

[MoscunThiBast B paccMaTPUBAEMOM MOJCAyYae KO3(MQUIUeHTbl Tpynibl (), MOIyIuM
CJICIIY IO PE3yJIbTaT

Jlemma 5. Cnpasediuesvr caedyroujue coommoueHus

() th =9 =0 <= X3 = X35 =0;
('7) 3 — 4 =0 <— X51 :X215:0;
() s = =0 <= X3 =0;

u 6cezda X33 = 0 Oes xaxuz-aubo ycaosuli na sexmop L.
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A

Haiinem Bekrop I' m3 ycioBusi, uto Bce paBeHcTBa cucteMbl (@) — (€) BBIIOJHSIOTCH.
OueBuino, i CyHIeCTBOBAHMS TaKOTO BEKTOPA, HEOOXOAMMO U JOCTATOYHO, 4TOOLI t0 = 1,
TO €CTb t = €, j = 1,5, TJe €, eCcTb pa3iau4IHble KOPHHU IATOi crenenu u3 1. CiegoBaTesbHO, B
cayqae t° = 1 umeercs 5 mHEIHO He3aBUCUMBIX pertenuii cucrembl () — (€), HOPMUPOBAHHBIX
ycaoBueM ;= 1,

fg:(lej,e eehHt =15

3053055
[To mocrpoenuio Bce KodbdumenTer rpymnnsl (4) Ha BeKTOpax F? paBubl Hysm0. C yaerom
9TOro M Ha ocHOBaHWUM JIeMMbI 4 1ojTydaeM Cjieayroniuii pe3yabrar.

Jlemma 6. (Vj =1,5) F(A\TY) € (4).

Ecyu t5 # 1, To umem BexkTop ' u3 ycioBus BbINOIHEHHsT BeeX paBeHCTB cucteMbl (o) — (€),
KpOMe OJIHOrO. B 9TOM cilydae CyIIeCTBYIOT TakyKe D JIMHEHO He3aBUCHMBIX perreHnii (c
TOYHOCTBIO JI0 YMHOXKEHHs HA OTJMIHYIO OT HyJis KOHCTAHTY )

1, 4 3, 2, t,
A t, A 1, A 4 3, A 2,
=1 ¢ [, t, |.Ti=1 1, |, Ti=1 ¢t |.Ti=] &,
3, t? t, 1, 4
tt t3 t2 t 1

IIpu sTom

1) as Tl we Bomonmsiercs pasencrso (€), to ects Xl (I1) # 0, a Bee ocraibble
KOS(bd)I/ILLI/IeHTbl rpynmsl () paBHBI HYJIIO;

2) st T} me Bomommsercs pasencrso (o), To ecrs X, (T') # 0 u X1, (T}) # 0, a Bce
ocrasbhble Ko3bdduImenTr rpynnbl () paBHbI HYJIIO;

3) s [} me Bomommsercs pasencrso (B), 1o ecrs XL (I'L) # 0, a Bce ocrampHbe
KO3 pUImeHTsl rpynisl () paBHbL HYJIIO;

4) mnst T} e Bomommsiercst pasencrso (), 1o ects X3 (I}) # 0 u XL (T1) # 0, a Bce
octasibable Ko3hMUIMEHThl TPYIIbI (1) PABHBI HYJIIO;

5) wisr [} me Bemommsercs pasencrso (8), o ects X3(I'}) # 0, a Bce ocrambHEe
Koacb(bI/IuI/IeHTbI rpynmsl () paBHBL HYJIIO.

. . 1 )
Jlerko Bujyietn, uto |I'y, ..., 5] = (1 —5)" # 0, oTKyaa ciejyer JuHeiiHAsS HE3aBUCHMOCTh
BekTOopos I';, j = 1,5.

Jlemma 7. (Vj =1,5) F(\T}) € (4).

JokazareabcTBo. Paccyx)iaenns mpoBeseM TOJBKO i ciaydas j = 1. OcrajbHble ciydan
paccMaTpuBaioTcd aHaJorudHo. QueBuiHo,

Srl=ri sri=r!, sSri=r}, Sri=rl sSTl=rl (7)
Bousicaum, kakne kosddunuents uz tabiunsl (6) wma Bextope ['f me pasmbl mysmo. Ilo
noctpoennio Xg,,(I'1) # 0. Manee, ucnonssys coornomenus (7) u Jlemmy 5, Gyjiem umersb
0 # X3,(D3) = X3,(ST3) = X5,(I) X5(07) # 0;
0 # X345( 3) = X5)34(SF1) - X§34(F%) X234(F1) 7 0;
0# Xis(l3) = X3u(13) = X5(TD) X5 (I #0;
07 X5(I) = X3(I'y) = X5(I'5) = X3(I'), X5(T) #0;
0 # )§215(F411) - %(ir’zxfrzla) :AX§5A(F§) XSA (I'7) . )934(?%) # 0;
0# X3(3) = XP(D) = X3(1}) = X(Iy) = X3(IY) X3(I'y) # 0.
CretoBaTeibHO, Bce KOI(DDUITUEHTHI 13 Ta6JH/ILLb1 (6) Ha BeKTope '} obpamaiorcst B HyJb, KpoMe

kosdbpmmerton Xk, (T1), X2,(TY), X3,,(TY), X4,(Th), X3(Th), X3,(Ih), X3(r).

Hﬂﬂﬂﬂﬂ
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[Tycrs M(T'}) ecTb HaMMEHbBIIHI BBITYKJIbI MHOTOYTOTLHUK, COJEPZKAIIUI MHOTOYTO/IbHUKN
My, 0,y) 1 My, 1., nae obosuadero gy (z, \) := g(x, \; I'1). Cpaausast maoroyronsauku M (I'])
u Ma, mosydaeM yTBepzK/I€HUE JIEMMBI.

B 3zaksmodyenue chopmymupyem JeMMy, KOTOpasd HeOOXOJuMa Ha 3aBepllaionieil crajiun
JOKaszaTebcTBa TeopeMbr 1.

JIemMma 8. Ecau eexmopoI';, 7 = 1,5, aunetino nesacucumol, mo gynxyuu g(-, \; L), j= 1,5,
maxoice aunetno nezasucumo, YA € C\ (o J{0}).

Ucnonb3ysa Jlemmbr 1 — 8 m npuMensiss MOIUMPUITUPOBAHHYIO CXEMY PACCYXKJIEHUI Tpu
JIOKA3aTe/IbCTBE KPATHOM MOJIHOTHI C.(., KOTOpas 00CyK/1a1aCh BBIIIE, ITOJIyIaeM YTBEPXK JIeHUE
Teopewmsr 1.
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OnepaTopHbIil TOAX0/, K 3aaYaM COIIPSI2KEHUS

IT. A. CTAPKOB
TABPUYECKUI HAIIMOHAJIBHBIM YHUBEPCUTET UM. B. 1. BEPHA/ICKOT'O,
CUM®EPOIIOJIb, YKPAUHA

Keywords: Omneparopublii my4ok, ypasaenue [egbMrosbia

B pabome wa npumepe nepsoti cnexmpasvrolti 3a0a4U CONPANCEHUA OAA YPAGHEHUSA
Teavmzoavya nokasano npueedenue 3a0a4u K UCCAEA0BAHUIO NUHETHO20 ONEPATNOPHOZ0
nywKa.

1. IIOCTAHOBKA TIEPBOU 3AJIAYU COIIPAYKEHUA.

[Iycts 21 u {25 — orpanudennabie 00J1aCTH B JIEHCTBUTEIHLHOM 1M-MEPHOM IIPOCTPAHCTBE:

O C Rm, Oy C Rm,

Takme uto U N Qy = 00, Q) ommocasna, Qs C R™\Q, n gara moboit Toukn w € O
CYIIECTBYET OKPECTHOCTH COJleprKalliasd TOAbKO ToUkM u3 21 u 2. 3mech u gastee 0€); — rpaHuIa
obnactu €21, 0{dy — rpanuma obsactu {2y. ITomaraem, uro 0€); u 0§y JOCTATOYHO TJIAJIKKE.
PaccmoTrpuMm creyromnryio KpaeByio 3aa4dy g ypaBHeHuii ['eIbMrobia:

ul—Au1+/\u1=O(BQl), UQ_AU2+)\U2:0(BQQ)a (1)
ou ou
8—7;_8—712:Nu1(HaF)’ up=u; (ma '), wuy =0 (nas). (2)

3nech 1 — enuHUYHas BHelmHAA HOpMash K (11, A € C — ¢dukcuposannoe unciao, u € C —
CIIEKTPAJIBHBIN mapamMerp, QyHKIWMs u; onpejesnena B y, dyHKIus uy onpejenena B g, ' =
0y, S = 0Q\I'. Mb1 6yzem HasbiBaTh 3ajady (1)—(2) nepsoit 3ana4eit conpsikenns [1], [4].

2. IIPUBEJJEHUE 3AIAYU K JIMHEMHOMY OIIEPATOPHOMY IIVUKY U NCCJIEAJOBAHUE
CBOWCTB OIIEPATOPHBIX KOY®PUIIMEHTOB.

IIpusBegem 3amaay (1)—(2) K WCCIEIOBAHUIO JIMHEHHOIO OHEPATOPHOIO IIYYKa COIJIACHO
IO/IXO/TY, N3JI0KEHHOMY B [5].
BBesém ncxomuelit 00bEKT — mapy

u = (ui(x), z € Qp;us(z), x € Q)

u rusibbepToBo npocrpanctso H = Hy @ Ho, tine Hy = Lo(1), Hy = Lo(£2), co cKasIpHBIM
IPOM3BEICHUAEM

2
(09)i= " [ et do 3
k=1
Umem perenne 3ajgaqn (1)—(2) B Buge
U =7v+w,

riae v = (v1;vy) € H — perrieHre nmepBoit BCIoMOraTeIbHOl 3aa4m (M. HuKe), a w = (wy; we) €
H — pemenune BTOPOil BCIIOMOTaTEILHON 3a1a40.
Ilepsyro ecnomozamenvryro 3adayy nomydaem u3 (1)—(2) npu pu = 0:

(v1 — Avgy vy — Avy) = f = (f1; f2) = (—Aug; —Aug), %—% =0 (mal), (4)

ve=uv; (HaT), v =0 (nas).
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Jlnst 9Toit 3aa4u OnpeIe TMM BCIIOMOTaTeIbHBIN orepaTop As CIeIyronuM 00pa3oM:
Asv = (v — Avg; v — Avs)
81}1 (%2
D(A3) = {veH:Avie H, Avoe Hy, — — — =0 (nma
vo=v; (Ha ), vy =0 (nmaS)}.

Ompeiesienne 0000IMERHOTO pertienust 3aa4un (4) ocHoBaHO Ha dopmysie ['prHa U moHATHN
SHEPTETUIECKOTO IIPOCTPAHCTBA orepaTopa As.

Umeem ciepyromnyto dhopmyiny ['puna (¢ yuérom yesioBust cimnanus Ha ['):

2 2
_ 0 0
E /(Uk: — Avy,) Py dS, = E /[W@Jr Vo - Vi dQy, — / (—81;11 — —817}12) ypdS  (5)
=g

k=1q, r

JL1st 0DOOIIEHHOTO PeIleHus IePBOil BCIIOMOTATEIbHON 38144 TIOJIyIaeM TOXKJIECTBO:

2 2
Z / Jror dSy, = Z /[vk@ + Vo - Vi | d€2.

k:IQk k:lﬂk

Beejém oneparopsr Ay, A, y1 1 Yo

Ajv =0 — Av, D(Al)::{veﬂl:AveHl,g—v:O(HaF)},
n
Ayv :=v — Av, D(AQ)::{UEHQZA/UEHQ,?:O<HaP)7 v=0 (maS)},
n

vi, (i =1,2) — oneparopsl ciena Ha [ dyHKIwmit, 3agauubx B {2 1 {3 COOTBETCTBEHHO.

Onpenenenue 1. OOOOMIEHHBIM pEIIEHIEM IIEPBOI BCIOMOTaTEIbHON 3a/ladi Ha3bIBAETCS
TaKol sj1eMeHT v € H 44, JIIs1 KOTOPOro IpH JII0O0M ¢ € H 4, BBIIIOJIHEHO TOXKJCCTBO

(U7 @)Ag = (f7 90) (6)
J—_[eMMa 1. HMeem MECTNO OPIMO20HANDHOE PA3AOHCEHUE
Ha, = Hfh S HSXQ ® Us, (7)

2de
HY o= {(u1;0) € Hay : iur =0}, HY, = {(0;u2) € Ha, : 72us = 0},
Us := {(wi;we) € Hay s w; — Aw; =0 (§), i = 1,2;7w; = Ywe}.
JIemma 2. Onepamop Az, sadarnwiii na D(As) C H, asasemesn noaoscumenvio onpedeiéHmvim

CCLMOCOTlp.ﬂQfCéHHbLM onepamopom ¢ (?UC%’p@mH?)LM cnexkmpom, €20 cobcmeerHvie 3HAYEHUS
UMEIOM ACUMNMOMUYECKOE NOGeIEHUE

672

) —2/3
An(Ay) = <M> n*P(1+0(1)) (k—oo, 2,2 CRY). (8)

IIpu smom H 4, — aHepeemuueckoe npocmparcmeo onepamopa As, 2de ckaaaproe npouseederue
umeem 6ud

2
(v, )4, = Z /[Uk@ + Vg - Vi dSy,

k=14,
NPUYEM

2
Ha, ={u e H:|jul}, = Z/HWP + | Vg 2], < 00, yuy = yus}.

k=1 Q

Onepamop Agl ABAACTICA NOAOHCUIMENDHOIM U KOMTLAKITVHOIM.
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Jloxasameavcmeo mposogutTcss 1o o0bramoit cxeme |[2|. TpebGyercsa b obocHoBamme
ACHMITOTHIECKON (HhOpMYIBI (8). DTO yCTAHABINBAECTCS CIIELYIOMIM 00PA3OM.

Bocnonbsyemest oneparopom A, n3 BTOPOit 3ajadul COLPsKEHUs (HUCC/IeI0BaHEE KOTOPOil B
JIAHHOM CTaTbhe HEe MPUBOIUTCS) :

Ay = (v1 — Avg;vg — Avy)

D(A4):{U€HA’UZEHZ, %:O(F>, 221,2, UQZO(S)}

CootsercrBytomiee H 4, mupe, deM Hy,.

Ma, = HY, @ HY, @ Uy Hay— H, & HS, 60,
, ov vy
U={veHs  vi—Av;=0(2)i=1,2; a—nlz% ()}
Orcrosia numeem
Hx(‘)h () HE\Q C HA3 C HA4 = HAl ©® HAQ-

OHako TpHM WCIOJB30BAHUM MaKCHUMUHUMAJIBHOIO MPHUHIAIA MOYKHO YCTaHOBHUTDH, UTO
KpaiiHue sHepreTudeckue MpoCcTPAHCTBa MTOPOXKIAIOT OJIHY M TY K€ aCUMIITOTUKY COOCTBEHHBIX
3HAYCHUI, TPUIEM COOTBETCTBYIONIAsl KOHCTAHTA B AaCUMTOTHYECKONH OopMy/ie BXOJIUT
ajyimtuao. Orcioma u  cieayer dopmyna (8) (OcHOBHast wjess COCTOUT B TOM, HTO
BapralMoOHHbIE OTHOIEHUS JIJIs Hgi u Hy,, t = 1,2, 1. e. nia 3agaa Jdupuxie u Heiimana,
[OPOXKJIAIOT OJIHY U Ty YK€ aCUMIITOTHKY COOCTBEHHBIX 3HaveHuii). [

Bmopyro ecnomozamenvryro 3adawy nomydaem u3 (1)—(2) mpu A = 0, ¢ 1= puyuy:

0 0
(w1 — Awy;wy — Awy) = (0;0), %—%:Qﬁ(Ha I, 9)

wy=w; =0 (mal), wy=0(mas).

Bsegiem cransiproe npoussegenue (¥,1) == [ Y7 dl' 8 npocrpanctse Lo(T'), a Takaxke, Ha ero
ocHoBe, JmHelHbI dynkmmonan (Y, n)o Vi € H-Y3(T), n € HY*(T) [3].

Onpegenenne 2. OOOOIIEHHBIM PEIIEHNEM BTOPOIl BCIIOMOTATEIbHONW 3a1a9li HA3BIBAETCS
Takoil ameMeHT w € H 4,, /I KOTOPOro IIpHU JII000M ¢ € H 4, BBIIIOJHEHO TOXKJIECTBO

(w790)z43 = <77ZJ7'71901>0- (10)

Jlemma 3. 3adaua (9) npu aobom 1 € H2(T) umeem edurcmeennoe obobuénmoe pewenue
w = Tglb € HA3.

Ommpasich Ha ToxkaectBa (6) u (10), g 3amaun (1)—(2) momyunm
(13 + )\Bgl — ILLBgz)U = O, u € HA3, (11)

rie I3 — equHWYHBIN omepaTop B Hy,, a B3y n Bsy 3aaHbl cBOMME OMIMHENHbIME (hopMaMn
coryIacHO popMyIaMm:

(B31u7¢)z43 = (u790) = Z/U,k@ko, (12)

(Bsau, ) 4, = (71u1, 711)0 = /71“171901 dar. (13)
T

Bseném onepatop 73 1o 3aKOHY

VU 1= YU = YolUs, Yu € Ha,. (14)



Subsection 1.2. Spectral Theory of Operator Pencils 5}

Jlemma 4. Onepamopot
Y3 Ha, — HYXT),  T3: HV3T) — Ha,

B3AUMHO CONPANCEHBL U 0ZDAHUYEHBL KAK ONEPamopsl, deticmayousue u3 001020 NPOCMpPaAHCMEn
6 dpyeoe.

Jlemma 5. Onepamopot
Qs = Ay H = Lo(D), Q5= ATy« Ly(T) — H, (15)
ABAAIOMCSA KOMNAKMHOLMU ONEPAMOPAMU, KOMOPYLE B3AUMHO CONPANCEHDL.
Jlemma 6. Onepamop Bz umeem npedcmasaenue
By = AyPA;YAY?, D(Bsy) = Ha,, (16)

MO NOAOAHCUMENLHBIT KoMnakmuwul onepamop, deticmeyrowul 6 Ha,. Eeo cobemeenmuie
anavenus A, (Bs1) pasnol A\,(Az'), noaosrcumenvho, umerom nepieavhyto mouky HyAb U
acumnmomuueckoe nogedenue, ciedyrousee ud Gopmyavi (8).

Jlemma 7. Onepamop vs : Ha, — Lo(T') umeem caedyrowee adpo
ker 73 = Hgl @ Hz(iQ?
€20 cyocenue

3 1= 3 . Us — HYX(I') € Ly(T)
3

uMeem 02paHUMeHHLT 00pamMbLl ONepamop
()"« HYA(T) — Us.
Jlemma 8. Pasnooicenue (T) nopostcdaem opmozoranbHoe pasiodtcenue
H = Hy & Vs,
HY = AP(HS, @ HS,), V= Ay°Us,
H3 = {n € H: (A5 n)1 = 345" *n)2 = 0},
Va={CeH : w=A"% wy—Aw,=0 (), k=1,2;
wy =0 (5), (A5 = 12457702}
JlemMma 9. /[as onepamopa Q3 == 7314:,:1/2 : H — Ly(T"), cnpasedausn, coommowerusn
ker Q3 = HY, Q;: Ly(T) — V3 C H.
Jlemma 10. Onepamop Bz umeem npedcmasaerue
Bsy = A;'Q3Q345°,  D(Bsy) = Ha,. (17)
IMom onepamop ABAACMCA HEOMPUUAMEALHOM KOMNAKIMHBIM ONEPATMOPOM C A0POM
ker B3, = Hy @ HYy,.

Feo cyocenue wa  nodnpocmparcmeo Us  ABAAEMCA  KOMNAKMHBIM — TOAOHCUMENDLHBIM
ONEPAMOPOM, 4 COODCMBEHHBLE SHAMEHUSA IMO20 CYNHCEHUL UMENM, ACUMNIMOMUYECKOE NOGeJeHUe

mes[’
167

1/2
M@@z%@@ﬁz( ) w204 o(1) (k> o0).
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Teopema 1. Cnexmpasvnan 3adava (1)—(2) pasnocuarvha zadavwe (11) 6 npocmparncmee Ha,,
a ama 3adava 68 c6010 0uepPeds PAGHOCUNHA 3a0aYE

. -1 _
Ls(p)n = (Is + M3~ —uBs)n =0 n € H,
ede Iz — edunuunvit onepamop 6 H, a
— O _ 170 0
Bg = Q3Q37 O§B3€§(H), keng—HAl@HAQ.
IIpu amom cobemeernnvie U NPUCOCOUHEHHDBIE IAEMEHMDBL IMUL 30004 CEA3AHDL COOMHOUEHUECM
12
A3 U =1,
a CneKmpovl, 68 YACMHOCTU, COOCTMEERHBIE 3HAYEHUA, COBNAAIOM.

Asrop Beipazkaer 6siaromapaocts H. /1. KomageBckoMy 3a pyKOBOJCTBO pabOTOIA.
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HAILIMOHAJIbHBIN YHUBEPCUTET M. B. n. BEPHAJICKOTO, KADEJIPA
MATEMATUYECKOI'O AHAJIN3A

E-mail: pstarksci@aport.ru

YcjioBue 0-KOMIIAaKHOCTH B K-HpOCTpaHCTBe

B. M. [IIEPBUH

B nacrosimeit 3aMeTke paccMaTpuBalOTCA MHOXKECTBA, IIpUHAJIeKaIe K —IpocTpaHCTBY.

Cuavajia jjaeTcs omnpejie/iecHrne KOMIIAKHOCTH MHOXKECTBA, 3aTeM OIPEJIe/IIeTCs KOHeTHas
npoekionHas (£])—cerb, HaKOHEI[ (GOPMYIUPYETCsS TeopeMa O HEOOXOIUMOM U JIOCTATOYHOM
YCJIOBUU O—KOMIIAKTHOCTH.

Ounpenenenne 1. Ilycte M C X — K-npocrpancrso, u € X1\{0} — dukcupoBanubiii
seMenT. MuoxkecTBo M Ha3bIBaeTCd O-KOMIIAKTHBIM, €CJIM U3 JIIOOOW TOC/IeI0BATETbHOCTH
{X,} C M MOXKHO BBLIEINTH IMOJIOCTIEI0BATENBHOCT { Ty, } — O—~CXOAANLYIOCA K JEMEHTY
9TOr0 MHOYKECTBA.

Onpenenenne 2. Muoxectso N C X HasblBaeTCs KOHEUHOI TPOEKIMOHHOI (€1, )— ceTbio jiyis
MHO)kecTBa M C X, ecm jiyist jiioboro x € M, ¥V g.re. [, Jy € N, dg.r.e. I, : 0 <[, <l Takue
aro Pri_|x —y| < El..

Teopema 1. (0 Heo6X00UMOM U DOCTNAMOUHOM YCAOBUU 0—KOMNAKMHOCTIU MHONHCECMEA,). [Tk
mozo, 4mobwv, mrootcecmao M 06vi.a0 0—KoMNAKMHBM HEODTOOUMO U AOCMATOYHO, 4MOOBL NPU
mobom € > 0 cywecmeosana xKoneunas npoekyuonnan (E1)—cemo.
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Certain Problems Of The Spectral Theory Of Linear Relations And
Degenerate Semigroups Of Operators

A. G. BASKAKOV
VORONEZH STATE UNIVERSITY, RUSSIA
K. I. CHERNYSHOV
VORONEZH STATE FORESTRY ACADEMY, RUSSIA

Certain problems of the spectral theory of linear relations on Banach spaces are con-
sidered. Linear generalized differential equations in a Banach space are studied. Con-
struction of a phase space and solutions with the help of the spectral theory of linear
relations, ergodic theorems and degenerate semigroups of linear operators is carried out.

§ 1. Introduction

The present paper? is devoted to the investigation of certain questions of the spectral theory of
linear relations (multivalued linear operators) as well as to the construction of solutions of linear
generalized differential equations in a Banach space with the help of degenerate semigroups of
linear bounded operators. The extensive bibliography on the indicated topics is contained in
monographs [1, 2|, which successfully complement each other. At the same time the theory of
linear relations is covered insufficiently in the Russian mathematical literature. Let us draw
attention to paper [3], in which linear relations on Hilbert space are considered.

Let us introduce principal notions of the theory of linear relations used below. We do not
adhere to the terminology of [1, 2| (for example, we avoid the notion of the multivalued linear
operator) and consider linear relations on one Banach space, as usual.

Let X and Y be complex Banach spaces. Every linear subspace A C X x Y is called a linear
relation between X and Y. If A is closed in X x Y, then it is called a closed linear relation.

The subspace D(A) = {z € X | Jy € Y such that (z,y) € A} from X is called the domain
of relation A C X x Y. The sets {y € Y | (z,y) € A}, {x € D(A) | (x,0) € A},

{y € Y | 3z € D(A) such that (x,y) € A} = U Az are denoted by Az (where z € D(A)),
z€D(A)

Ker A, Im A, respectively. Note that D(A) and Im A is the projection of A on X and Y,

respectively; Ar =y + A0 Vy € Ax.

The linear subspace A+ B = {(z,y) € X xY | x € D(A)ND(B), ye€ Ax+ Bz} is called
the sum of linear relations A, B C X x Y. So D(A+ B) = D(A)N D(B), and the algebraic sum
of sets Az, Bz is understood as Az + Bz for x € D(A) N D(B).

Let Z be a Banach space. The linear subspace BA = {(z,z) € X x Z |3y € D(B) C Y such
that (z,y) € A, (y,z) € B} is called the product of linear relations A C X XY, BCY x Z.

The relation A~!, which is defined by equality A~ = {(y,z) € Y X X | (x,y) € A}, is called
the inverse relation with respect to A. N

Each linear relation A C X x Y is a graph of multivalued operator A : D(A) C X — 2V,
where Az = Az € 2¥. Further they are identified and the same symbol A is used for their
notation.

Let us denote by LR(X,Y) the set of closed linear relations from X x Y7 if X =Y, then we
suppose that LR(X) = LR(X, X). Moreover, set LO(X,Y") of linear closed operators, acting

>The work was carried out with a financial support of The Russian Foundation for Basic Research
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from X to Y, is considered as a subspace of LR(X,Y’). Besides, LR(X,Y’) contains Banach
space Hom (X,Y) of linear bounded operators (homomorphisms), defined on X with values
inY. If X =Y, then LO(X) = LO(X, X), and End X is Banach algebra of linear bounded
operators (endomorphisms), acting in X. Thus, End X C LO(X) C LR(X).

Definition 1.1. The relation A from LR(X,Y) is called injective, if Ker A = {0}, and
surjective, if Im A =Y.

Definition 1.2. The relation A from LR(X,Y) is called continuously reversible, if it is
injective and surjective, simultaneously, and then A~ € Hom (Y, X).

The symbol I is used for the notation of the identity operator in any Banach space in the
following definition and later on.

Definition 1.3. The totality p(A) of all A € C for which (A — AI)™! € End X, is called
the resolvent set of relation A € LR(X). The set o(A) = C \ p(A) is called the spectrum of
relation A € LR(X).

The set p(A) is open, set o(.A) is closed.

Definition 1.4. The mapping

R(.,A): p(A) — End X, RO\ A) =(A—X)"" Xep(A)

is called the resolvent of relation A € LR(X).

The resolvent of relation A € LR(X) is the pseudoresolvent in the generally accepted sense
[4, p. 140], and also Ker R(Ao, A) = A0, Im R(X\y, A) = D(A), Y\ € p(A).

If B € End X is the quasinilpotent operator, then o(B™1) = @ (see § 2). To avoid problems
connected with the possible emptiness of the spectrum of the relation let us use the following
notion.

Definition 1.5. The subset of the extended complex plane C = C U {oo}, coinciding with
o(A),if 1) A0 = {0}, i e. A € LO(X); 2) the resolvent R( . ,.A) of relation A admits
the analytic extension into point oo; 3) p\l|im R(\, A) = 0, and coinciding with o(A) U {co}

in the opposite case is called the extended spectrum o(A) of relation A € LR(X). The set

p(A) =C \ 7(A) is called the extended resolvent set of relation A € LR(X).

Note that if X # {0}, then d(A) # @ VA € LR(X), besides, co € (A), when dim A0 > 1,
i. e. when A € LR(X) \ LO(X).

The definition of the extended spectrum of the linear operator is found in monographs [4, 5|.
Note that the results from §§ 2 — 5 demonstrate that the definition of the extended spectrum
of the linear relation is of primary importance.

Urgency of investigation of linear relations is demonstarated by the examples of the problems
given below. The presentation will be accompanied by the introduction of new notions and
definitions.

1.If A€ LO(X) and Ker A # {0}, then A" is a relation from LR(X) \ LO(X).

2. Let A € LO(X) be a linear operator with a nondense domain, i. e. D(A) # X. Then
the conjugate operator is not defined. Nevertheless one may define (see also [2, p. 1.5]) the
conjugate relation A* C X* x X* to A, where X* is a dual Banach space to X, in a natural

way:
A" ={(n,€) € X* x X" [ £(y) = n(x) V(z,y) € A}. (1.1)

It is clear that A*0 = {n € X* | n(x) =0 Vz € D(A)} = D(A)*.

It is significant that this definition of relation A* is appropriate for A € LR(X) \ LO(X).

The definition of a conjugate linear relation was first given by von Neumann J. in [6], and
his paper has given impetus to the development of the theory of linear relations, evidently.

3. Any pseudoresolvent R : U C C — End X, defined on open set U C C, is a resolvent of
relation A = (R(X\g)) ™ + AoI, where )y € U, and also p(A) D U, and the definition of A does
not depend on the choice of number Ay from U (see § 2).
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4. The operator sequence A, from LO(X) is called convergent, if resolvent sets p(A,), n > 1

have a nonempty intersection, besides, ﬂ p(A,,) contains an open connected set U, and for
n>1

certain A\g € U sequence R(\g,A,), n > 1 is fundamental with respect to the operator norm

in End X. Then for any A € U there exists lim R(\,A,) = R(\) € End X, and function

R : U — End X is a pseudoresolvent, but it does not need to be a resolvent of a certain
operator from LO(X). With regard to p. 3 we conclude that limit Ay of the sequence of closed
linear operators is, generally speaking, a linear relation.

5. The linear operator A : D(A) C X — X is called admitting a dense extension (see [8, ch.
III, § 1, p. 3]), if from conditions: 1) lim z, =0, =z, € D(A); 2) there exists lim Az, = v,

it follows that y = 0. The equivalent definition: linear operator A : D(A) C X — X admits
a dense extension, if closure I'(A) of its graph I'(A) = {(x,Az) € X x X| x € D(A)} is a
graph of a linear operator. Generally, the closure I'(A) of the graph of operator A is relation
A€ LR(X).

6. Let A, B € Hom (X,Y). The function P(A\) = A+ AB, X € C is called a linear bundle.
It is known that many problems of mathematical physics are reduced to the study of the
reversibility conditions of operators P(\), A € C. Linear bundles appear also after special
transformations of polynomial bundles and S.G. Krein bundle, while the investigation of linear
bundles is reduced in many cases to the study of spectral properties of relations B~' A, A B!
from LR(X), LR(Y), respectively (see § 6).

7. Let us consider Cauchy problem

z(0) =29 € X (1.2)
for homogeneous linear differential equation
Fi(t)=Gx(t), teRy=][0;+00) (1.3)

with the pair of linear closed operators mapping from Banach space X to Banach space Y
under condition Ker F # {0}.

In the questions of the solvability and of the construction of solutions to equation (1.3) two
approaches are used. The first is founded on the spectral theory of ordered pairs of linear
operators (see, for example, [9 — 12]). The second is based on the use of the linear generalized
differential equation

gty e Ayt), teRy,  y(0) =y € D(A), (1.4)

where A € LR(X) and it is written in the form A = F~'G. This technique is used in monograph
[2] (see also [13]).

In this paper certain questions of the spectral theory of linear relations are considered, which
are poorly dealt with in monographs [1, 2|. However, they are very useful in applications to
the theory of generalized differential equations of form (1.4). In § 2 certain results concerning
pseudoresolvents are contained, which one may obtain using linear relations, as well as theorems
are proved about the spectral resolution of the linear relation and about the spectrum of the
inverse relation. In § 3 isolation conditions of point oo in the extended spectrum of the linear
relation are obtained. In § 4 with the help of ergodic theorems the description of the phase
space for the generalized differential equation (1.4) is obtained, and also strongly continuous
degenerate semigroups of operators with respect to linear relations with the use of certain
analogs of Hille — Phillips — Yosida — Feller — Miyadera (HPYFM) theorem conditions [4] are
constructed. In § 5 analytic degenerate semigroups are constructed with respect to sector linear
relations. Applications of the spectral theory of linear relations to the spectral theory of ordered
pairs of linear operators are given in § 6.
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§2. On pseudoresolvents, the spectral resolution of the linear
relation and spectrum of the inverse relation

The widest class of strongly continuous for ¢ > 0 semigroups of bounded operators, which is
considered in monograph [4], are semigroups of class F (see |4, definition 18.4.1]).

The pseudoresolvents, the construction of which was carried out in [4| with the help of Laplace
transform of semigroups, give the total information about semigroups of class F. Sufficiently
great attention is focused on the investigation of pseudoresolvents in [4, ch. 18, theorems 5.8.3 —
5.8.6, 5.9.1 — 5.9.3] as well as in a number of modern papers (see [1, 2, 7, 14, 15]). The spectral
theory of linear relations may provide an essentially useful guide to the study of pseudoresol-
vents, since they are resolvents of linear relations, which were not considered in [4].

Let us describe this approach more explicitly. Let us appeal to a number of the well-known
results and obtain them in a simple way and at times make them more precise.

Definition 2.1. The function R : € C C — End X is called a pseudoresolvent, if for all
A1, Ay € 2 the equality (Hilbert identity)

R(AM) = R(A2) = (M1 = A)R(M)R(N2)

is fulfilled.

Note that definition 2.1 admits the case, when € = {)} is a singleton, and then R(\o) may
be an arbitrary endomorphism from algebra End X.

Definition 2.2. The pseudoresolvent Ryax : Qmax € C — End X is called a mazimal
extension of pseudoresolvent R : Q C C — End X, if it is the completion of any extension
R. Such pseudoresolvent is called mazimal. Set Sing R = C / Qpa is called a singular set of
pseudoresolvent R.

Definition 2.3. Let Q € End X, \g € Cand R : Q C C — End X be a pseudoresolvent.
Operator @ will be called embedded into R at point Ao, if Ag € Q and Q = R(\o).

Directly from definitions 2.1 — 2.3 it follows that the question of the embedding of a certain
operator into the set of values of the pseudoresolvent may be reduced to the question of the
construction of the maximal extension of the pseudoresolvent.

Theorem 2.1. Every pseudoresolvent R : 1 C C — End X has the unique mazximal
extension. It is a resolvent of a certain linear relation A, and Sing R = o(A). In particular,
if Q@ € End X and \g € C, then the unique mazimal pseudoresolvent Ry : Q2 C C — End X
exists such that \g € Q, and operator () is embedded into Ry at point \y.

The statement of theorem 2.1 about the existence of the maximal extension was obtained in
[4, theorem 5.8.6]. The statement about the embedding of the bounded operator into a certain
pseudoresolvent is proved in |7, theorem 3.6]. Since the estimate

IR, A = r(R(A, A)) > (dist(A, 0(A) ™" VA€ p(A)

is valid (see corollary 2.1 of theorem 2.4), then theorem 2.1 contains also proposition 3.5 from
[7] about the increase of the pseudoresolvent norm under the approach to Sing R.

The notion of a pseudoresolvent singular set was introduced in [15]. By virtue of theorem
2.1 it coincides with the linear relation spectrum, the resolvent of which is the extension of the
pseudoresolvent under investigation.

The following theorem defines more exactly statement 5.8.4 from [4], and it easily arises from
theorem 2.1.

In its conditions let us denote by symbol Sp 2 the spectrum of the commutative Banach
algebra 2 with the unity, i. e. Sp 2 is a compact topological space of nonzero continuous
complex homomorphisms of algebra A, @ : Sp A — C, a(x) = x(a), x € Sp A is Gelfand
transform of element a from Sp A (see [16]).

Theorem 2.2. Let R : Q C C — End X be a mazimal pseudoresolvent and 2 be the least
closed subalgebra from Banach algebra End X, which contains all operators R(\), A € Q and
operator I. Then its spectrum Sp 2 is homeomorphic to the extended spectrum o (A) of linear
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relation A € LR(X), for which function R : Q = p(A) — End X is the resolvent. Further,
homeomorphism o : Sp A — 7(A) exists, for which

— 1

RN A) (x) = /\——OZ(XV

Besides, a(x«) = 00 for the character xo € Sp U, defined by conditions: R(\, A) €
Ker xoo YA€ p(A), xoo(l)=1

Due to theorem 2.1 the definitions, introduced further, and the staements, proved on their
basis, are quite correct.

Definition 2.4. The closed linear subspace Xy, C X is called invariant for relation A €
LR(X) with nonempty p(A), if Xy is invariant with respect to all operators R(\,.A), A € p(A).
The restriction of relation A € LR(X) on subspace Xy is called relation Ay € LR(X), the
resolvent of which is the restriction Ry : p(A) — End Xy, Ro(A) = R\, A) | Xo, A € p(A) of
resolvent R( ., A): p(A) — End X on X, and it is denoted by Ay = A | Xo.

Definition 2.5. Let

xESpA  Nep(A).

be a direct sum of invariant with respect to A € LR(X) subspaces, Ag = A | Xy, A1 = A X;.
Then relation A is called a direct sum of relations Ay and A, and it is written as

A=Ay A (2.2)

In addition, A 0 = Ay 0 & A; 0, and equalities (2.1), (2.2) mean that set Ax for every
x € D(A) is defined by formulae

Ax = Agxg + A1z, =20+ 71,

where z; € D(A;) C X;, i = 0,1 and Az is an algebraic sum of sets Apxg, A;21.

Lemma 2.1. If for relation A € LR(X) equalities (2.1), (2.2) take place, then o(A) =
a(Ap) Ua(Ay), where A; is the restriction A on X;, i =0, 1.

Lemma 2.2. Let A€ LR(X). Then oo ¢ 0(A) <= A € End X.

Note that in [1] the condition oo ¢ &(.A) for relation A € LR(X) means, in the definition,
that 0 ¢ o(A™1).

Theorem 2.3. Let A € LR(X) and its extended spectrum o (A) be represented in the form

F(A) = 0y Uy, (2.3)

where oy is a compact set from C, oy is a closed set from C and oqg Noy = &. Then expansions
(2.1), (2.2) exist, in which invariant with respect to A closed subspaces Xy, X1 and restrictions
Ao = A Xo, A1 = A | X1 possess the following properties:

1) Ay € End X, 5(./40) = O'(.A()) = 0yp;

2) A0=A0=Ker R(.,A)=Ker R(.,A;) CXi, D(A) =Xo® D(A), d(A) =o0.

Theorem 2.4. If A € LR(X), then the extended spectrum o(A~1) of the inverse relation
At € LR(X) to A is represented in the form a(A™") = {\7!| A e a(A)}.

Corollary 2.1. If A € LR(X) and p € p(A), then o(R(u, A)) ={(n—N)""| Xea(A)}.

The conclusion of corollary 2.1 is obtained in |1, theorem V.4.2].

Note that the definition of the linear relation spectrum was introduced by A. Favini, A. Yagi
in [17], however, they do not use the notion of the linear relation extended spectrum neither
in [17], nor in monograph [2]. The definition of the extended spectrum for linear relations on
normed spaces was introduced in monograph [1| by R. Cross, but, essentially, it was little used.

Corollary 2.2. For A € LR(X) the following conditions are equivalent:

1) Ac Bnd X;  2) cod 5(A);  3) 0¢ (A

Corollary 2.3. For A € LR(X) equality 6(A) = {oo} is valid iff A~ € End X is a
quasinilpotent operator.
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Corollary 2.4. If A € p(A), A # 0, then equalities
(A= ATD T = A= NA-AD)T, (A=A =TT =AU =) T (24)

take place.

Corollary 2.5. If A = B!, where B is a quasinilpotent operator from End X, then 6(A) =
{oo} and (A= XI)™' = B+ AB? + X\?B3 + ... . In particular, R( . ,A) is a polynomial, if B is
the nilpotent operator from End X.

Theorem 2.4 and correlations (2.4) allow us to state that for the extended spectrum of linear
relations all points of the extended complex plane C, including oo, have the same rights in
a sense. If point oo is contained in the extended spectrum of the linear closed operator and
is isolated there, then it may only be an essential singularity of its resolvent (see |4, theorem
5.9.4]).

Let A be an open set from the extended complex plane C containing the extended spectrum
d(A) of the relation. The algebra of complex functions, defined and analytic on A, will be
denoted by symbol F(A). Let v be a certain closed Jordan curve, surrounding 7(.A), and

function f € §F(A) be such that integral / FAN)R(A, A)dX converges absolutely. Then formula

F(A) = 6£(00)] — = / A (2.5)

271

defines the bounded operator from algebra End X, where 6 = 1 or = 0 depending on whether
A = oo is inside 7 or outside of 7. Moreover, it belongs to commutative subalgebra 2, introduced
before theorem 2.2. This fact allows us to obtain the following statement:

Theorem 2.5. For A € LR(X) the equality o(f(A)) = f(a(A)) = {f(N)| X € 5(A)} takes
place.

§ 3. Compactness conditions of the linear relation spectrum

In the remaining part of the paper it is supposed that the following condition of nonsingularity
of linear relations is fulfilled.

Assumption 3.1. Resolvent set p(.A) of linear relation A4 € LR(X) is not empty.

Immediately from the definition of the inverse relation and from the properties of linear
relations formulated in § 2 (see also the properties of relations, enumerated in § 6) follows

Lemma 3.1. Let A € LR(X). Independent of the choice Ay € p(A) equalities

Ker (R(M\, A)*=AF 0, Im (R(\, A)*=D(A"), keN

are valid.

This lemma ensures the correctness of notations Ker R¥ and Im R*, k € N for the degrees
of the resolvent of relation A € LR(X).

Definition 3.1. Relation A € LR(X) is said to possess the property of degrees stability in
infinity, if the number m € N exists such that

A" T0Cc A™0=A"T 0, DA™Y D DA™ = D(A™M), (3.1)

where inclusions are strict. The number m is called the order of the stability.
Note that for m = 1 it is assumed that {0} C A0 =A% 0, X D D(A) = D(A?%).
Assumption 3.2. Relation A € LR(X) possesses the property of degrees stability in infinity
of the order m.
Theorem 3.1. Let m > 2 be a natural number. For relation A € LR(X)\ LO(X) the
following conditions are equivalent:
1) point 0o is the pole of function R( . ,A) of the order m — 2 for m > 3, oo is the removable
singularity of function R( . ,A) for m = 2;
2) Banach space X is represented in the form of the direct sum X = Xo @ X of invariant
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with respect to A closed subspaces Xo = D(A™), Xo =A™ 0, and also the restriction Ay

of relation A on Xq belongs to End Xy, 0(Ao) = o(A), and, besides, 0(Ax) = {0}, AL €

End Xo, (A)™ =0 for the restriction Ay of relation A on X and (AZL)™ # 0;

3) conditions of assumption 3.2 are fulfilled.

Results from [18, ch. 6] and [19, theorem 2.2| are used in the proof.

Let us introduce into consideration eigenvectors and adjoint vectors of linear relations, cor-
responding to point co. Here the results of theorems 2.4 and 3.1 will be taken into account.

Definition 3.2. An arbitrary nonzero vector xy from A 0 C X is called the eigenvector of
relation A € LR(X), corresponding to point co. Vector z; € X is called the root vector of
relation A, corresponding to point oo, if the number k& € N exists such that z; € A¥ 0. The
number k from N is called the height of the root vector z1, if ; € A* 0\ A*1 0.

Immediately from definition 3.2 it follows that the closed subspace A* 0 = Ker (A1)
consists of root vectors of relation A, corresponding to point oo, with the height not exceeding
k.

Definition 3.3. The relation A € LR(X) is said to have the finite Jordan chain
Xo,T1, ..., Tr_1 of the height k, corresponding to point oo, if xg is the eigenvector for A, corre-
sponding to point oo, and z;, 2 < i < k — 1 are root vectors, corresponding to the same point,
for which the following correlations

ZL‘()E.AO, $i€Al’i_1,1<i<k—1, ZL’]C_1¢.AICO

take place (and, consequently, every vector z;, 0 < ¢ < k — 1 has the height 7). Vectors
X1, ..., Tp_1 are called adjoint to eigenvector xg.

Lemma 3.2. The relation A € LR(X) has the finite Jordan chain xy, ..., x;_1 of the height
k, corresponding to point oo, iff for certain \g € p(A) (and hence for all Ay € p(A)) equalities

R()\(),A).f() = 0, To € A 0, R(/\(),A)l’l = T, 0 < 1 < k—1

are valid, and vector x is absent such that R(Ag, A)x = xp_1.

Definition 3.4. The relation A € LR(X) is called Fredholm in infinity, if D(A) is a closed
subspace in X, and, besides, A 0, X/D(A) are finite-dimensional linear spaces. The number
ind A= dim A0—dim (X/D(A) is called the index of Fredholm relation A, corresponding to
point oo.

Directly from definition 3.4 it follows that relation A is Fredholm in infinity iff operator
R(Xo, A), Ao € p(A) is Fredholm, and their indices coincide. skip0.lcm

The following statement arises from theorem 3.1, definitions 3.2 — 3.4 and lemma 3.2, and it
deciphers the notions contained in them. Let us take into account that if the relation index is
equal to zero, then indices of all its degrees are the same.

Theorem 3.2. Let m € N. For Fredholm in infinity relation A € LR(X) \ LO(X) of zero
index the following conditions are equivalent:

1) all Jordan chains of relation A, corresponding to point co, have the height which does not

exceed number m € N, moreover, Jordan chain exists with height m;

2) A™710 € A™0 = A™H0;
3) DA™Y D D(A™) = D(A™);
4) point oo is the pole of resolvent R(X\, A), X € p(A) of relation A of the order m — 2, if

m > 3, and point oo is the removable singularity, if m = 2.

Corollary 3.1. If A € LR(X)\ LO(X), X is a finite-dimensional space, then o(A) consists
of a finite set of points, the number of which does not exceed n = dim X, and also for relation
A the following spectral resolution

A=Y AP +Q+Ax, m+1<n

i=1
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takes place, where P; € End X are Riesz projectors, constructed on singletons {\;}, 1 < i <
m, o(A) = {1, .. A}, 0(Ax) = {00}, Q, AL are nilpotent operators from algebra End X,
which are commutative between themselves and with projectors P, 1 <1 < m.
§4. On certain analogs of conditions Hille — Phillips —
Yosida — Feller — Miyadera for linear relations

Let A be a relation from LR(X). Let us consider Cauchy problem for the generalized differ-

ential equation
z(t) € A x(t), t e R, =[0;+00), (4.1)
x(0) =z € D(A). (4.2)

Differentiable function x : Ry — X, for which x(0) = zo, z(t) € D(A) VYVt > 0, is called the
solution to Cauchy problem (4.1) — (4.2), if it satisfies inclusion (4.1).

Definition 4.1. The closure in X of initial conditions set of the form (4.2), for which the
solution to problem (4.1) — (4.2) exists, is called the phase space of the generalized differential
equation (4.1), and it is denoted by symbol ®(A).

In this paragraph the relations are considered, for which oo is not necessarily an isolated point
in the extended spectrum. With the help of ergodic theorems the subspaces are formed, con-
taining the phase space for the generalized differential equations, and thereupon with the help
of certain analogs of Hille — Phillips — Yosida — Feller — Miyadera (HPYFM) theorem conditions
degenerate semigroups of linear bounded operators are constructed for linear relations.

It is provided, as before, that assumption 3.1 holds.

Definition 4.2. Let m € N. The degree m of resolvent of relation A € LR(X) is said to
possess the property of the minimal growth in infinity, if sequence {\,} C p(A) exists such that

) lim A =00 2) sup (A7) (RO, A)" [} < o0, (43)

Assumption 4.1. The resolvent of relation A € LR(X) satisfies conditions (4.3) from
definition 4.2.

Theorem 4.1. If for relation A € LR(X) assumption 3.2 is fulfilled, then for it assumption
4.1 s fulfilled too.

Lemma 4.1. If assumption 4.1 s fulfilled, then lengths of all Jordan chains of relation
A € LR(X), corresponding to point co, do not exceed m, and all chains lie in X = A™ 0.

Under the conditions of assumption 4.1 let us introduce into consideration the bounded
sequence of operators from algebra End X of the form

Ay =1—(=\R(\, A))™, neN (4.4)

and the closed subspace N
X={reX: 3 lim A, z}.

For the construction of the phase space ®(A) of the generalized differential equation (4.1)
let us use ergodic theorems from paper [20], applied to the consequence A,. At first let us
formulate certain notions and results from [20], used here (not in the most general form).

Let 2 be the least closed subalgebra from Banach algebra End X, containing all operators
R(A; A), X € p(A) and the identity operator I. Then 2 is a commutative Banach algebra with
the unity and sequence (A,,) belongs to . Let m € N. Let us consider the least closed ideal
J = Jm from algebra 2, containing operators (R(\;.A))™, A € p(A).

Definition 4.3. The bounded sequence of linear operators (A4,,) from algebra 2 is called J —
sequence, if the following two conditions are fulfilled:

1) lim |A, F||=0 VFeJ; A, rv—xcJo={Fx FeJ} VveX.

Let (A,) be J— sequence. By symbol Erg (X, (A,)) we denote (closed) subspace
Erg (X,(4,)) ={r e X : 3 lim A, =z},
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and it is called the ergodic subspace, corresponding to J — sequence (A,).

Lemma 4.2. Under the conditions of assumption 4.1 sequence (A,) is J — sequence, and,
hence, X = Erg (X, (4A,)).

Since subspace X is invariant with respect to all operators RN\ A), XA € p(A), then it is
invariant with respect to relation A, and so one may consider the restriction A of relation A
on X (sce definition 2.4).

The following statement arises from |20, lemma 1] and is the concrete realization of the
properties, formulated there.

Theorem 4.2. Under the conditions of assumption 4.1 subspace X admits the ETPansion

mto the direct sum _
X=X0 X (4.5)

of two closed invariant with respect to A subspaces Xo, Xoo, and also Xg = D(A™), X =
A™ 0, and the corresponding expansion of relation A € LR(X)

A=Ay ® As (4.6)

possesses properties: 0(Ax) = {00}, (A)™ =0, Ag: D(Ay) C Xo — Xy is a linear closed
operator with the spectrum o(Ag) = O(A) = o(A) and with the dense in Xy domain D(AZ") of
operator Af'.

REMARK 4.1. The projector P,, which realizes the expansion (4.5) of space X , is defined by
correlations

Pyz=lim (I —A,) z= lim(=\,R(\,, A)" z, x€ 55, Im Py=X,, Ker Py= X,

n—oo n—oo

and it does not depend on the choice of sequence (A,) from p(A), satisfying conditions of
assumption 4.1 (see |20, lemma 2|). Besides, D(A%) is dense in X, for every k € N (see [20]).

Corollary 4.1. Under the conditions of assumption 4.1 relation A € LR(X) is a linear
operator, if domain D(A™) of relation A™ is dense in X.

The following statement arises from [20, theorem 1].

Theorem 4.3. Let assumption 4.1 be fulfilled. In order that X = X, 1t 1s necessary and
sufficient that the vectors from subspace A™ 0 should separate functionals from subspace (A*)™ 0
of the dual to X Banach space X* (A* C X* x X* is the conjugate to A linear relation; see
§1,p. 2) N

In particular, X = X, if one of the following conditions is fulfilled:

1) X is a reflexive Banach space;
2) R(Xo, A) € End X is a weakly compact operator for certain Ay € p(A);
3) dim A™ 0 = dim (A*)™ 0 < 0.

Note that the statement of theorem 4.2 for a reflexive Banach space and for m = 1 is given
in [2, p. 1.3] and in [13].

Corollary 4.2. If relation A € LR(X) has a compact resolvent under the conditions of
assumption 4.1, then X = Xo @ Xoo = A™ 0@ D(A™).

Assumption 4.2. There exist such numbers M > 0, w € R, m € N, that for all A\ € C with
Re A > w and for all n € N estimates

mn M
I(ROLA)™| < o, e (4.7
take place.

Let us carry out the construction of the phase space ®(A) and degenerate semigroups of
linear operators, with the help of which the solutions to problem (4.1) — (4.2) are defined. The
constructions are realized under the conditions of assumption 4.2 and for dim A 0 > 1, i. e.
A € LR(X) \ LO(X). Assumption 4.2 implies assumption 4.1, so according to lemma 4.1

one may consider an ergodic subspace X = FErg (X, (4,)), constructed with the help of the



66 Section 1. Spectral Problems

bounded sequence (A4,) € End X. It is defined by formula (4.4), where (\,) is an arbitrary
sequence from R, N p(A) with the property lim A, = oo. Thus, the statement of theorem 4.2

about the decomposition of subspace X is valid. Besides, subspaces X, = A™ 0, Xq = D(A™)
are invariant for relation A. For the restriction A4y = A [ Xy € LO(Xy) of relation A on X
assumption 4.2 remains fulfilled. It allows us to construct on X, semigroup {7p(t); ¢t > 0} of
class Cy with the generator Ay, having, according to theorem 4.2, the dense domain D(A4) in
Xg. For the construction of such a semigroup let us use the analog of Yosida approximation
(see [4, theorem 12.3.1]) of the form:

A% = (=X, /m)(I — (= MR\, Ag))™) € End Xy, n > 1.

Lemma 4.3. Under the conditions of assumption 4.1 for every u € p(A) the estimate

1(AD = (= AR (Ay Ao))™ Ao) (R(p, Ao))™ || < const - [Au|7!, m>1 (4.8)
is valid.
Theorem 4.4. Let for relation A € LR(X) assumption 4.2 be fulfilled and dim A 0 > 1.
Then

®(A)N X = D(A™) = X,,

and the unique degenerate semigroup of operators {T(t), t > 0} C End X exists, the gen-
erator of which is relation A € LR(X), defined by equalities A = Ay on X,, D(A) =
Xo N D(A), A 0= X.. Semigroup {f(t), t > 0} possesses the following properties:
1) its restriction {Ty(t); t =0} C End Xy on Xq is a semigroup of class Cy, and any
solution z : Ry — X to problem (4.1) — (4.2) with xzo € D(Ay) C Xo is written as
x(t) = To(t) xo, t > 0;
2) f(()) € End X is a projector on subspace X, parallel to X .

If vectors from subspace Xoo = A™ 0 C X separate functionals from subspace X7 =
(AH)™ 0 C X* (for example, if one of three conditions of theorem 4.3 is fulfilled), then X = X,
and P(A) = X.

REMARK 4.2. Statements of theorem 4.4 for m = 1 are contained in monograph |2, ch. II|.
If A is a linear relation on finite-dimensional space X, and also A2 0 # A 0, then results
from [2] are inapplicable even in this case. The expansion X = D(A) @ A 0 was obtained
in [2] only for a reflexive Banach space. For m > 1 generalized differential equations of the
form (4.1) are considered in [13] by the n— integrated semigroups method. However, principal
results are announced in [13] under a priori assumption about the existence of the expansion
X = D(A™)®A™ 0; its presence was marked for a reflexive Banach space X under the condition
of m=1.

Corollary 4.3. Let for relation A € LR(X), satisfying assumption 4.1, numbers M > 0, w €
R exist such that for all x € Xy, A € C with Re A\ > w and all n € N estimates

M |||
(Re A —w)™

take place. Then all statements of theorem 4.4 are valid.

Directly from theorem 4.4 follows

Theorem 4.5. If for linear operator A € LO(X) with D(A) = X conditions of assumptions
4.2 are fulfilled, then A is a generator of a semigroup of class C.

From theorems 3.1 (condition 2)), 4.1 and 4.4 arises

Theorem 4.6. If relation A € LR(X) satisfies one of the condition of theorem 3.1, then
O(A) = Xy, and every solution x : Ry — X to problem (4.1) — (4.2) with xo € X, is defined
with the help of the analytic group of operators {exp Aot, t € R} and it is written in the form
z(t) = (exp Aot)xg, t € R.

ICR(A A))"™ ]| <
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Note that semigroup {7'(¢); t > 0}, constructed in theorem 4.4 according to expansion (3.2)
of space X, has the form T(t) = exp Aot ® 0. It may be written as Ty(t) = (exp Aot) Py, t = 0.
Every solution x to inclusion (4.1) for all ¢ > 0 is represented in the form z(t) = To(t) xg, o €
Xo = D(A).

REMARK 4.3. Subspace X under the conditions of assumption 4.2 is the phase space ®(.A)
(subspace of initial data) for mild solutions [14].

REMARK 4.4. Subspace X, appearing under the conditions of assumption 4.1, according
to theorem 4.1 does not contribute to the phase space ®(A) by virtue of the nilpotency of
operator A!. However, if 5(A) = {0}, i. e. A™' € End X is a quasinilpotent operator, then
it may appier that ®(,A) = X. An arbitrary operator A € LO(X), which is a generator of a
semigroup of class Cy with o(A) = {00}, may be such an example. In particular, the generator
of a nilpotent semigroup of class Cj (see [14]).

§5. Sectorial linear relations and analytic degenerate semigroups of operators

In this paragraph sectorial linear relations are defined and the construction of degenerate
analytic semigroups of linear operators for them is carried out. In obtaining principal results
the ergodic theorems are also used essentially.

Definition 5.1. The relation A € LR(X) is called sectorial with angle 6 € (w/2, ), if for a
certain a € R the sector

Q=Q,9={NeC| |argA—a)| <0, I#a}

is contained in the resolvent set p(.A) of relation .4, and for every § € (0,60 — 7/2) the numbers
m € Nu Ms > 1 exist such that
sup ||[((a = AN)R(N,A))™| = Ms < . (5.1)
AEQq 05

Further in this paragraph it is assumed that holds

Assumption 5.1. Relation A € LR(X) is sectorial.

To construct the analytic semigroup of operators, whose generator is a sectorial relation A,
we need

Lemma 5.1. For the resolvent of a sectorial relation A € LR(X) the constant C' > 0 exists
such that for all 6 € (0,60 — 7/2) the estimate

IR A< CA+AD™2 A€ Qupos (5.2)

is valid.
Definition 5.2. Let A be a sectorial relation from LR(X) with the angle 6.

Let us assume for z € Q g5, where § € (0,0 — 7/2), that

T(z) = —2%, e R(N, A)dA. (5.3)
ol

The union of three curves v4(r,e), k = 1,2,3 of the form

71<T7 8) = {_p eii(eis) ’ — 00 < —p < _T}a ’}/2(7“, 5) = {T eia | - (0 - 5) Sa< 0 — 5}7

v3(r,e) = {p €09 | r < p < oo}, where e = (6 — 0)/2, o =60 —7/2 and r = 1/|2],
can be used as the curve v = 7(r, ) in definition 5.2.

The convergence of the integral from (5.3) in the uniform operator topology for all z €
Qo,5, 0 € (0,00) follows from lemma 5.1.

Further it is assumed that dp = 6 — 7/2.

Theorem 5.1. Let A € LR(X) be a sectorial relation (condition (5.1) from assumption 5.1
is fulfilled). Then equality (5.4) assigns the analytic in the sector Qo s, C p(A) and bounded for
t > 0 semigroup of operators from algebra End X.
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The investigation of the semigroup {7'(t); ¢ > 0} is conducted with the help of two operator-
valued functions

AN =T1—((=AR(N\,A)™), A>0, Bt)=I-T(), t>0. (5.4)
Further two arbitrary sequences (\,), (t,) V n > 1 from R, with the properties
M €QCp(A), lim A\, =00, limt,=0

and the corresponding bounded sequences of operators A, = A(\,), B, = B(t,), n € N from
Banach algebra End X are considered.

Lemma 5.2. Under the conditions of assumption 5.1 for any fized \g € Qo 9 C p(A) the
following properties are valid:
1) Im (I —A,) CIm (R(X,A)™, Im (I —DB,)CIm(R(\,A))™;
2) lim A, (R(Xo, A)™ =0, lim B, (R(X\,A))"™ =0.

Thus, according to the terminology from § 4 (definition 4.3) both sequences (A4,) and (B,)
are J — sequences for the ideal J C 2 considered in § 4.

Theorem 5.2. Under the conditions of assumption 5.1 the equalities

Erg (X,(Ay) = Erg (X,(B,) = X = X0 ® Xeo (5.5)

are valid, and all subspaces from the right parts in (5.5) are closed. The equalities

Py r=1lim A, r = lim B, z, zeX

define the bounded projector Py, € End X with the following properties:
1) |Pol| € min{ lim ||A,||, lim ||B,||}; 2)Im Py = Xs, Ker Py = Xj.

n—oo

All statements of theorem 5.2 arise from [20, lemma 1], provided lemma 5.2 is used for its
application.
Let us denote Fy = I — P, and note that

Pyz = lim (=\,R(\,, A))™ z= lim T(t,) =, z€X.

The indicated limits exist and are equal independent of the concrete form of the sequences
(An), (tn), n € N with the properties determined earlier. By the same token the representation

of the subspaces Xy and X, from X is provided in the form
Xo={reX| lim T(t)r=u}, Xo= () Ker T(t). (5.6)
>0
From this representation it follows that the restriction {Ty(t); t > 0} of the semigroup 7'(t)
on the subspace X is a semigroup strongly continuous in zero and analytic in the sector €2 s, .

The restriction {T(z); z € Qqg,} of the function T : Qys, — End X on the subspace X is
analytic on the subspace X too.
Let us denote by O, = 03! the inverse relation to zero operator on X.

Theorem 5.3. Let A € LR(X) \ LO(X) be a sectorial relation. Then {T(t); t > 0} C
End X is a semigroup of the operators analytic in sector Qg s,, and it is a degenerate semigroup
with the generator A = Ag®Ou € LR(X), where On € LR(Xo), D(Os) = {0}, O 0 = X,
the operator Ay = A | Xy € LO(X,) is a generator of the semigroup of operators {Tp(t):; t > 0}
strongly continuous and analytic in the sector Q s,, and ®(A) N X = Xo. An arbitrary solution
to problem (4.1) — (4.2) with xo € D(Ay) has the form x(t) = To(t)xo, t > 0.

If the vectors from the subspace A™ 0 C X separate functionals from the sub;space (A*)™ 0 C

X* (in particular, if one of three conditions of theorem 4.3 is fulfilled), then X = X, and then
§6. On the spectral theory of ordered pairs of linear operators
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In this paragraph applications of the spectral theory of linear relations to the spectral theory
of ordered pairs (G, F') of linear closed operators F': D(F) C X — Y, G: D(G) C X =Y,
mapping from complex Banach space X to complex Banach space Y, are obtained.

Domains D(F'), D(G) will be considered to satisfy one of the following conditions:

(i) D(F) = X, D(G) # X;

(i) D(F) # X, D(G) = X

(iii) D(F) =X, D(G) = X.

The subspace D(F) N D(G) is denoted by D = D(G, F) and is called the domain of the
ordered pair of operators (G, F).

Definition 6.1. To the resolvent set p(G, F’) of the ordered pair of operators (G, F') we refer
all numbers A # 0 from C, for which G — AF : D C X — Y is a continuously reversible
operator and, besides, point A = 0, if G : D — Y is a continuously reversible operator and
D(F) = X. The set (G, F) = C\ p(G, F) is called the spectrum of this pair.

The operator-valued function

R(.;G,F): p(G,F)CcC— Hom (Y,X), R(\G,F)=(G-\F)"', XepG,F)

is called the resolvent of the ordered pair (G, F'). It is defined on the open set p(G, F') and it is
analytic there.

REMARK 6.1. If the condition 0 € p(G, F') is understood only formally as the continuous
reversibility of the operator G, then point 0 is isolated in p(G, F) in case (ii), and so the set
p(G, F) is not open. Also a variety of other problems arises.

Here the introduction of the notion of the extended spectrum of the ordered pair provides
an especially useful guide as well as in the case of linear relations.

Definition 6.2. The subspace o(G, F') from C, coinciding with o(G, F'), when the function
R( . ;G,F) admits the analytic extension at point oo provided lim R(X\;G,F) = 0, and

[Al—o0
0(G,F) = o(G,F)U{oo} in the opposite case is called the extended spectrum of the ordered
pair (G, F). The set p(G,F) = C \ &(G, F) is called the extended resolvent set of the pair
(G, F).

When the reducing of problem (1.3) — (1.2) to problem (4.1) — (4.2) takes place, two relations
A =F1GcXxX, A, =GF ! CY xY arise naturally and are called the left and the right
relation for the ordered pair (G, F'), respectively.

From the definitions it follows that for the left A; and the right A, relation, constructed on
the ordered pair (G, F'), the following representations are valid:

DA)=G ' (ImF), ImA=F"*'UImQ),
D(A,) = F (D(G)), Im A, =G (D(F)),
RMA) =(G—=XF)'F,  Xep(G,F),
RMA) =F (G-XF)™,  Xep(G,F).
Formula (6.3) is true only if D(G), D(F) obey one of the conditions (i) or (iii).

If condition (ii) is fulfilled, then formula (6.3) is incorrect, since D(F') # X. In this case one
may apply formula (2.4) to G™'F for 0 # X\ € p(G, F), as a result we obtain the correlation

ROVA) = - AT =22 A = A D) =N A 2GF -\ =
=-AYI—-(G-\F)'G). (6.5)
From representations (6.3)—(6.5) it follows that if co € p(G, F), then co ¢ (A;) Ua(A,),

and so A; € End X, A, € End Y. Thus, we obtain the following
Lemma 6.1. The inclusions

p(G, F) Cp(A)Np(Ay),  a(G,F) D a(A)Ua(A) (6.6)

(6.1)
(6.2)
(6.3)
(6.4)

take place.
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The resolvents of relations A; and A, are called the left and the right resolvent of the ordered
pair of operators (G, F') and they are denoted by symbols Ri( . ;G,F) and R,( . ;G,F),
respectively. The values of these functions, by definition, are in algebras End X and End Y,
respectively.

Further it is supposed that the following condition of nonsingularity of the pair (G, F)) is
fulfilled.

Assumption 6.1. For the ordered pair (G, F') the set p(G, F') is not empty.

REMARK 6.2. In monograph 2] the conditions D(F') C D(G) C X =Y are fulfilled. In papers
[11, 12] operators F, G with the properties F' € Hom (X,Y), D(G) = X were considered. The
most general case is studied in 23], where D(F'), D(G) cannot coincide with X, simultaneously.
However, the investigation was carried out under the assumption that D = D(F)ND(G) # {0}
and, moreover, under our assumption 6.1. It allows us to introduce the norm ||z|, =
= |[(G—=XoF) z||, © € D, where ) is a certain number from p(G, F'), on D. With respect to this
norm D is a Banach space isomorphic to Y. Considering D instead of X, one may regard that
condition (iii) is fulfilled and take one of the subspaces D(F'), D(G) with the corresponding
graph norm as a Banach space containing D.

Let us select, along with conditions (i)—(iii), the following conditions:

(iv) D(F) C D(G) # X;

(v) D(G) C D(F) # X.

Then, if condition (iv) is fulfilled, then on D(G) a graph norm of operator G : ||z|. =
||| + |G z||, x € D(G) is introduced, and considering D(G) instead of X, one may regard that
condition (ii) is fulfilled. If condition (v) is fulfilled, then on D(F') a graph norm of operator F
is introduced, and we have the conditions, when (i) is fulfilled.

Theorem 6.1. For the ordered pair of operators (G, F') the following properties take place:

1) 5<G’ F) = 5(-’41)’ 2) g(Gv F) \ {07 OO} = 5(-/47‘) \ {07 OO}; 3) 5<G’ F) = a-/(-/Lll) = 8(-/47")7
if D=X; 4)0€p(A) < G'FeEndX; 50€pA,) — FG'eFEndY;
6)0€p(A) N p(A) < 0€p(G,F); Tooep(A) — A =F1GeEnd X,
8)oo€Ep(A) = A =G F1'eEndY; 9) o€ plA)NpA,) < ocoepG,F).

Corollary 6.1. If points 0,00 are contained in p(G, F'), simultaneously, then D = X and
operators G, F € Hom (X,Y') are continuously reversible.

Corollary 6.2. The ordered pair (G, F') possesses the following properties:

a) 0(G,F) ={0} <= operator F': D —Y is continuously reversible, D(G) = X and

operators Ay = F7'G € End X, A, = GF~' € End Y are quasinilpotent;

b) 6(G, F) = {o0} <= operator G : D — Y is continuously reversible, D(F) = X and

operators A;' = GTIF € End X, A;' = FG™!' € End Y are quasinilpotent.

Let us denote Sp(0) = {0 # A€ C: |\ <0, § > 0}.

REMARK 6.3. The following two conditions are equivalent:

a) D(F)=X and G: D(G) C X — Y is a continuously reversible operator;
b) 6 > 0 exists such that Sy(d) C p(G,F) and sup ||[(G — AF)7!| < oo.
AES0(8)

Note that the sets o(G, F') = o(A;) and 7(A,) can be distinguished.

Example 6.1. Let ‘H be a complex Hilbert space and let T : H — H be an irreversible
isometry. Then operator T* has a nonzero kernel, moreover, TT* 2 I, T*T = I. Let us consider
at first the ordered pair (G, F), where G =T* € End H, F =T"': Im T C H — H. Then
0 € 0(G, F). At the same time A, = TT* # I and A, = T*T = I, consequently, 0 € o(A,),
but 0 ¢ o(A,) = {1}. Further, let us consider the ordered pair (F,G). Since the left and the
right relation coincides with Al_l and A !, respectively, then according to theorems 2.4 and 6.1
we obtain co € 7(F,G) = (A '), but oo ¢ 5(A-1). At last, both the cases are united by the
consideration of a suitable pair of operators in ‘H x H.
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Theorem 6.2. The extended spectrums of the ordered pairs (G, F) and (F,G) are connected
by the correlation
o(F,G)={1/XA| Nea(G,F)}. (6.7)
Definition 6.3. The ordered pair of subspaces (X1,Y7), where X; C X, Y} C Y, is called
invariant for the pair (G, F), if GX; C Y] and FX; C Y.
Definition 6.4. Let
X=Xy0X,, Y=YV (6.8)
be direct sums of closed subspaces provided (Xg, Yy), (X1,Y)) are invariant pairs of subspaces
for (G, F). Let G;, F; : D(G,F)N X; =D; — Y;, i = 0,1 be restrictions of operators G, ' on
X;, 1 =0,1. Then we shall use the notation

(G, F) = (Go, Fv) ® (Gi, F1) (6.9)

and we shall say that the ordered pair of operators (G, F') assumes the representation (6.12)
according to expansions (6.11) of spaces, and it is a direct sum of pairs (Gy, Fp) and (Gy, FY).

Theorem 6.3. Let the extended spectrum o(G, F) of the ordered pair (G, F') be represented
in the form

5(G,F)20'0U0'1, (610)

where set oy 1s compact, set oy is closed and oy N o1 = &. Then the pairs of subspaces
(Xo,Y0), (X1,Y1) invariant for (G, F) exist such that expansions (6.8), (6.9) take place and,
besides,

1) projectors P; € End X, @Q; € End Y, i =0, 1, realizing expansions (6.8) (i. e. Im P; =

=X;, Im Q;=Y;, i =0,1), are defined by the formulae

1 1
po_ Ll - 11
v= o [BOAY B Qo= [ROVA) ax (6.11)
Yo Yo
PIZI_P(M QIZI_Q(b i:0717 (612)

where o is a closed Jordan circle (or a finite number of such circles), placed in p(A) so
that oo lies inside it, and oy lies outside of it;

2) 5(G0,F0) :O'(G[),Fo) = 0y, b’v(Gl,Fl) = 01,

3) D(Gy) = Xo, Fy: D(Fy) = D(F) N Xo C Xy — Yy is a continuous reversible operator,

and A" = F;'Gy € End Xo, AY = GoFy" € End Yy,

4) the left Ri( . ; Go, Fy) = R( . ,AEO)) and the right R.( . ;Go, Fo) = R( . , A\ resolvents

of pair (G, Fy) are similar, and E(Al(o)) = O(Al(o)) = 5(AY) = o(AY) = 5(Go, Fy):;

5) D(Fy) = Xi, G1: D(Gy) = D(G) N Xy C X1 — Y] is a continuous reversible operator,

if 0 ¢ o1, and then R)(0; Gy, F1) = GT'F) € End X, R.(0;Gy, F\) = F,G{* € End Y3,
and Rl( . ;Gl,Fl) = O, Rr( . ;Gl,Fl) = 0, Zle = Al 0.

REMARK 6.4. If subspace D(F') or D(G) with the corresponding graph norm is chosen as
space X according to remark 6.2, then in theorem 6.3 instead of (6.11) the expansion of subspace
D(F) or D(G) is realized.

Theorem 6.3 was unknown to us in such a general formulation. Many of its statements were
obtained earlier under specific conditions on the domain D(G, F') of pair (G, F'). Thus, in paper
[24] A.G. Rutkas formulated without proof a portion of statements 1) — 3) of theorem 6.3 in
the case, when D(G, F') = X. The case 0o = {0}, D(G, F) = D(F) was explicitly considered in
[25] and further in [26]. In paper [27] the result was obtained by V.V. Ditkin, which is contained
in statements 1) — 3) of theorem 6.3 provided D(F) C D(G) C X and X =Y (see remarks
6.2, 6.4). The most general result for the pair (G, F') of the closed operators was considered by
N.I. Radbel in [23] (see remark 6.4). However, in formulae of the form (6.15) the resolvent of

relation 4; was replaced by the right part of formula (6.3), but it is possible only in the case
D(F) = X.
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In the papers, mentioned above, possibilities and advantages, connected with the invoking of
a extended spectrum of the pair, were not properly used.

In example 6.1 it was noted, that the sets (G, F') and &(.A,) can be distinguished by the
presence or absence of points 0, co. Their distinction is characterized more exactly by

Theorem 6.4. The following two statements take place:

1)0eo(G,F)\o(A,) < Ker G#{0}, Y =Im G, D(F)=D(F) u X =

= Ker G @ D(F);
2) 0 €d(G,F)\d(A,) < Ker F£{0},Y=ImF, D(G)=D(G) uX =
= Ker F & D(G).

Theorem 6.5. Let By € Hom (X,Y), By € Hom (Y, X), and also Ker By = {0}. Then
0(B1By) \ {0} = o(ByBy) \ {0}. Moreover, 0 € o(ByBy) \ o(B1B2) <= Ker B, #
{0}, Im By =Y, Im By =1Im By and X = Ker B; & Im Bs.

Note that the statement of theorem 6.5 for the elements of Banach algebras is contained
in many monographs (see, for example, |16, ch. 1, § 1]). The detailed analysis of the spectral
properties, corresponding to the second part of theorem 6.5, was not carried out there.

Let us formulate the results, which are closely connected with the results from § 3 and are
their direct corollary.

With the help of the left A; and the right A, relation of pair (G, F') let us introduce into
consideration sequences of linear subspaces

Xp=A7 0, XP =D(Af), Vp=A0, YP =D(AF), keN. (6.13)

From properties 1) — 3) of the relations, given at the beginning of this paragraph, we obtain
the representation of subspaces in terms of images and preimages of operators F' and G :
Xy ={0}, Xi=Ker F,..., X, = F}(GX,_1),... n€N,
X0 =x xW=GtImF),. . . X" =g FX" D) . neN,
Yo={0}, i =G(Ker F),... Y, =G(F 'V,1),... n€N,
YO =y, YU =F(D(@),... Y =FGY"Y) ... neN.
It is clear that the pairs of subspaces (&,,),), (X, Y®) are invariant for the pair of
operators (G, F').
Under the conditions of the following theorem m € N, m > 2, and inclusions are strict.
Theorem 6.6. If Ker F' # {0}, then for the ordered pair (G, F') the following conditions are
equivalent:
1) point 0o is a pole of the resolvent of the left relation A; of pair (G, F') of the order m — 1
form = 2, oo s its removable singularity for m = 1;
2) invariant pairs of subspaces (Xo, Yo), (X1,Y1) exist, for which representations (6.11),
(6.12) are valid, and
a) 0(Go, Fo) = 0(G, F), o(Gy, Fr) = {oo};
b) D(Gy) = Xo, Fy' € Hom (Yy, Xo), D(Fy) = X1, G7' € Hom (Y1, X1);
c) (GTTR)™ 1 #0, (GrHF)™ = 0;
3) the stability of subspaces takes place: X1 C Xy = Xppq, XM7Y D xm = X+,
To obtain the analogs of theorems 4.3, 4.4, 5.3 in terms of operator pairs one may take
subspaces (X*),, = (A)™ 0 C X*, which are described by analogy with (6.13), as

X =10}, XF =G (Ker F), ..., X* = G*(F")'X*,),..., neN.
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Small Fluctuations of Viscous Magnetizable Fluid

Borisov I.D., YATSENKO T.YU.
KHARKOV NATIONAL UNIVERSITY, UKRAINE

Let us consider a closed vessel at rest in a uniform gravitational field filled with a homogeneous
incompressible fluid and gas, which is also placed in a magnetic field. We assume that the fluid
and gas are non-conductive and their ponderomotive interaction with the magnetic field is
caused by magnetization of the substances. We neglect any motion of gas.

We shall denote €2; and €2 to be the volumes occupied with the fluid and gas at the equi-
librium state, Q3 = R3\ Q to be the unbounded volume outside of the vessel Q. Let " be a
free surface of the fluid at the equilibrium state; S be the closed surface of the vessel 2; S; and
S5 be the surfaces of contact, respectively, of the fluid and gas with the vessel walls, such that
S = 51US;. We assume I' and S to be smooth enough surfaces, which cross one another at
each point of the boundary OI" of the surface I' at a nonzero dihedral angle.

For simplicity, we assume that magnetic permeability of substance in the volume €23 is con-
stant. The relations between the magnetic induction B and magnetic field strength H in each
of the volumes €, k = 1,3 are supposed to have the form:

—

0 - 0 0 —
B® =, HY, =y ([HY)), k=173,

0
where (4, is the absolute magnetic permeability of the k’s substance. The intensity of the
magnetic field H*) (%) is considered to be a smooth enough function in each volume Qy, k = 1, 3.

0 _
Let us also suppose that (1, (H), k = 1,3 are smooth functions, which satisfy the conditions

0 o (k) _
mo <ty (|[H®)) £ iy [[HP| <m®  V|H®| >0, k=13,

where mo and m? are some positive constants.

Let ©(t, %) be the field of fluid velocities, ((t,£',€?) be the deviation, counted along the
normal 77 to ' (¢! and &% are the curvilinear coordinates on T'), of the free surface I"(¢) from
the equilibrium state I'. ¢ (t, &) is the potential of perturbation of magnetic field caused by the
motion of the fluid.

In the linear approximation the motion of capillary fluid near the equilibrium state is
described by the following system of equations, as well as the boundary and initial condi-
tions |1, 2, 3|:

p% = —EVp + VAT + f, divt = 0, (in ©4), (1)
P
% =v,(:=n-7), (onl), Va3 +v3qa=0a=12  (onl), (2)
0 .
—p+2prvgs = o (—Ar( +aC) + {Bna—g — B, - pr} , (on T, (3)
(=0, (on AT), 7 =0, . (on 9), (4)
divp, Vi)™ = 0, k=13, (in ), (5)
B W\ (. =
Wh = {H}C {50} =—{amci) @, ©
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Wl =0 {u5e} -0 ). 1)
P(t, @) — 0, if |7 — oo, (8)
7(0,2) = (), C(0,6) = Gole), )
V() = (v - ’f—HHw v>> (), (@) =i (H (@),
() = LI, M) =90
g@’ i — (k7 + k3) + % { > v H.Hg — (ki + kQ)Han} :
a,B=1 r

Here p and v are the density and coefficient of kinematic viscosity of the fluid; o is the coefficient
of surface tension on I'; H,, and H, are the projection on the normal and the tangent component
of the magnetic field strength at I'; k1, ko and b*? are, respectively, the main curvatures and
the components of the second fundamental form of the surface I'.

For simplicity, we assume that the fluid completely moistens the vessel walls, so that 0€; =
I'YS and TS = 0. We set a Hilbert space H := Lo(T") © {1}. In the Hilbert space H we
shall define the operators

L( = o(=Ar +a(@)¢, B¢ = Pyl = L((mesT) ™" / (£Q)dr,  D(Bo) := H* () N'H,
r

where Py is the operator of orthogonal projection on the subspace H in Lo(I"). One can prove
that B, is a bounded operator from H*~/2(I") to H3/2=5(T"), its low bound depends on physical
parameters of the system [4].

We note in passing that the trace operator ¥*) and operator 4*)y( N k=13
are bounded operators from H*(€,) to H*~V/2(I") and H*~3/2(T'), respectively, [4]. Under the
made assumptions the equation (5) is of uniform elliptical type in Q, k = 1, 3. For an arbitrary
function ¢ € H*~1/2(T") there exists a unique solution, ¢» = M( (M is the resolving operator),
of the boundary-value problem (5)—(8). For what follows we define the operator

Blg::PH{Bn(f“ynMC)—ET-VF(VMC)}F:{B Z”‘? B, va}
—(mesF)l/{ g@f} B, va}r. (10)
r

It is easy to show that B; is a bounded operator from H*~1/2(T") to H*~3/%(T"). Also is possible
to prove that the operator B; : H*?(I') N'H — H is an unbounded symmetric one.
Let us define the potential energy operator, B, of the system by the relations

B = BO + Bl, D(B) = D(BO) = H2(F) NH. (11)

Using the Eringen-Nirenberg inequality [5], one can show that B is a self-adjoined semi-bounded
operator in H. In the remaining part of our contribution we shall also use the standard "hy-
drodynamical” operators A and T [4]. Note that there exists a decomposition Jys(£21) =
Mo(1) & No(Q1), where No(Q) = AYEN (), N () = {@ € Tig() : vt = 0} is the
kernel of the operator 7, [4].
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With the help of defined operators the initially-boundary problem (1)—(8) can be presented
as a Cauchy problem in the Hilbert space & = Jy s(21) & Mo (€):
dy(t
W () = 1), (12)
y(0) = o, Yo € €. (13)

The operator A has the form

(VA O v Q*BQ —vtQ*BQ
-’4_ ( O 0 ) + ( V—IQ*BQ V_IQ*BQ ) (14)

where Q = 1, A2 Q = AVET, y(t) = (£(t). ()" € & yo = (£(0),n(0))" and f(t) =

(AY2£(t);0)%. Tt turns out that the operators A and A%, respectively, have the estimates

Re(Ay,y)e > cllyllz,  (y € D(A)). (15)
Re(A"y,y)e = c*[lyllz,  (y € D(AY)). (16)

It follows, that the operator —. A+ cl is a maximal dissipative one and, therefore, an estimation
holds

U@ || < exp(—cmt), Cm = max{c, c*}. (17)
for a semi-group U(t) generated by the operator — A [6].

We then infer that the homogeneous Cauchy problem (12)—(13) is uniformly correct and for
its solution y(t) = U(t)yo an exponential estimation ||y(t)|| < exp(—cmt)|lyol| holds. If f(¢) is a
continuous function, which takes values in £ and yy € £, then the non-uniform problem (12)-
(13) has the generalized solution y(t) given by the formula

t

mwzu@m+/ﬁ@—nﬂnm. (15)

If f(t) is a continuously differentiable function, which takes values in &, and yo € A, then
the non-homogeneous problem (12)—(13) has the classical solution y(¢) which is defined by the
formula (18).

Let the following conditions, ?° € Jj (), ¢° € Hii/ () and f(t,z) is a continuous function
of t with values in J ¢(€1), hold. Then, the initial-boundary problem (1)-(8) has a unique
generalized solution, which is continuous in ¢, with values in J; g(€1).

For f = 0 the solution of the problem (12)—(13), which depends on ¢ by the law exp(—At),
describes the normal fluctuations of the system

Ay = \y. (19)

We draw the reader’s attention to the main properties of the spectrum of the problem under
investigation. The problem (1)—(8) has a discrete spectrum {\;}72,, which is located in the
right half-plane with a unique accumulation point A = co. For any ¢ > 0 all the eigenvalues
Aj, with exception of, perhaps, their finite number, are located in the sector |arg A\| < ¢, i.e.
are adjoined to the positive half-axis. The system of the eigen- and adjoined vectors of the
problem (19) is complete in the Hilbert space &.
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In the present paper we continue the study of the structure of a Banach algebra B(A,Ty)

generated by a certain Banach algebra A of operators acting in a Banach space D
and a group {Tg}gcq of isometries of D such that TgAT;1 = A. We investigate the
interrelations between the existence of the expectation of B(A,Ty) onto A, metrical
freedom of the automorphisms of A induced by Ty and the dual action of the group G on
B(A,Ty). The results obtained are applied to the description of the structure of Banach
algebras generated by ‘weighted composition operators’ acting in Lebesgue spaces.

AMS Subject Classification: 47D30, 16W20, 46H15, 46H20
Keywords: Banach algebras, isometries, automorphisms, metrically free action, dual action, Banach algebras
generated by weighted composition operators, Lebesgue spaces

1. INTRODUCTION

This article should be considered as a 'measurable counterpart’ of [1]. As in [1] the principal
object under consideration here is a Banach algebra B(A,T,) generated by a certain Banach
algebra A of operators acting in a Banach space D and a group {7} },e¢ of isometries of D (a
representation g — T, of a discrete group G) such that

T AT, = A, geG (1.1)
which means that T, generates the automorphism Tg of A given by
Ty(a) = T,aT, ", a€ A (1.2)

In [1] we obtained some principle characteristics of the structure of such algebras and also
considered a number of examples where the role of A was played by algebras of continuous
operator valued functions. In the present article we continue this investigation and present the
results on the structure of the corresponding algebras in the situation when as A are taken
algebras of measurable operator valued functions acting in Lebesgue spaces. Therefore roughly
speaking the material of the paper describes a passage from the ’topological’ picture given in
[1] to a 'measurable’ one.

We recall that in the Hilbert space situation (that is in the C*—algebra theory) the analogous
objects are closely related to the crossed products (see, for example [2]) and description of their
structure is the theme of numerous investigations. In particular, Landstad [3] presented the nec-
essary and sufficient conditions (in terms of duality theory) for a C*—algebra to be isomorphic
to a crossed product (of an algebra and a locally compact group of automorphisms). In the case

3Research is partially supported by the Fundamental Research Fund of the Republic of Belarus
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of a discrete group in [4|, Chapter 2 there were found the conditions for a C*—algebra to be iso-
morphic to a crossed product in terms of the group action (the so called topologically free action
(see 1.3)) and also in terms of satisfaction of a certain inequality (property (*) (1.3)) guarantee-
ing the existence of the expectation of the algebra B(A,T,) onto the algebra A (see (1.4), (1.5)).

In [1] we have shown that the mentioned properties (topologically free action, property (*)
and dual action of the group) play an exceptional role in the general Banach space situation
as well. By means of these properties there were established a number of results describing the
structure of of B(A,T,) up to isomorphism.

In this paper we show (in Section 2) that in the 'measurable’ situation the natural substitute
for the topologically free action is the metrically free action (see 2.2). We investigate the
interrelation between these notions and in particular find out that from a ceratin point of view
they are equivalent. This enables us to transfer the main structural results of [1] from the
"topological’ to the 'measurable’ situation.

Since in the general Banach space situation we do not have a universal object like the
crossed product in the Hilbert space situation to describe the structure of B(A,T,) we have
to specify the algebra A and the isometries T},. Sections 3-5 are devoted to the applications
of the results obtained in Section 2 and in [1] to the description of the structure of concrete
Banach algebras associated with automorphisms, namely the algebras generated by 'weighted
composition operators’ acting in Lebesgue spaces.

We establish a number of isomorphism results for the algebras investigated and in addition
find out that the arising algebras are in a way qualitatively different. In particular when
considering the operators in Ly*(, E) and in L, (2, E) we can calculate their norms (see
Theorems 8 and 10) while for the operators in LF(€2, ), 1 < p < oo we have nothing like
this. Moreover to obtain the isomorphism theorems for the algebras B(A,T,) in L°(S, E),
L;(Q, E) we do not need any information on the structure of the group of operators generating
automorphisms while this structure (namely the amenability of the group G) is vital when we
are investigating the operators in L? (€2, '), 1 < p < oo (see Theorem 7 and Remark 6.1).

To make the presentation selfcontained we have to recall a number of notions and results
from [1].

1.1. Property (*). It was shown in 1] that one of the most important properties of the
algebra B(A,T,) in the presence of which one can obtain the deep and fruitful theory of the
subject is the next property (*):

for any finite sum b= a,T,, a, € A the following inequality holds

1ol = 1) agTll = lacll, (1.3)
where e is the identity of the group G.

If an algebra B(A,T,) possesses the property (*) then for every gy € G there is correctly
defined the mapping

Ny, Z%Tg — Qygo (1.4)
which can be extended up to the mapping
N, : B(A,T,) — A. (1.5)
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1.2. Property (**). One more important property is the following.
We shall say that an algebra B(A,T,) which possesses the property (*) also possesses the prop-
erty (**) if

B(A,T,) 2b=0 iff Ny(b) =0 for every g € G (1.6)

where Ny is the mapping introduced above.

In fact the presence of the properties (*) and (**) makes it possible to ’reestablish’ an
element b € B(A,T,) via its 'Fourier’ coefficients N,(b), ¢ € G and we shall find out further
that in many reasonable situations this 'reestablishing’ can be carried out successfully.

If A is a C*—algebra of operators containing the identity and acting in a Hilbert space H
and {7, },ec is a unitary representation of a group G in H then the C*—algebra generated by
A and {T}},e¢ will be denoted by C*(A,T,).

In the C*—algebra situation we have (see [4], Theorems 12.8 and 12.4):

if G is a discrete amenable group and C*(A,T,) possesses the property (*) then C*(A,T,)
possesses the property (**) as well.

The main reason why in the C*—algebra case the property (**) (1.6) follows from the
property (*) is that

the presence of the property (*) implies (|4], Theorem 12.8)
CH(AT,) = A xz G

where by A x; G we denote the crossed product of the algebra A by the group {T v }eea of its
automorphisms (here G is considered as a discrete group).

Since in a Banach space case we do not have anything like the isomorphism mentioned above
we have to check the property (**) even when B(A,T,) possesses the property (*). In a general
situation (that is for an arbitrary discrete group of isometries {T},},ec with T, AT, = A)
the verification of the property (**) may be very sophisticated. The next Theorem 1 (proved
in [1]) shows that in the case of a locally compact commutative group G and under a special
assumption (which as it will be seen later is in fact rather common) the algebra B(A,T,)
possesses the properties (*) and (**) simultaneously.

Theorem 1. Let G be a locally compact commutative group. If for any finite set F C G and
any character x € G there is satisfied the equality

1> agTll = 1) agx(9)T| (1.7)

ger geF
then the algebra B(A,T,) possesses the properties (*) and (**).

In [1] we have also established a close relation between the property (*) and the so-called

topological freedom of the action of the group of automorphisms {Tg}. So let as recall the latter
notion.

1.3. Topologically free action. Observe first that if {T,},cc is a group of isometries satis-
fying (1.1) then evidently
T,Z(A)T, ' = Z(A) (1.8)
where Z(A) 1is the center of A.

Let A be a certain Banach algebra isomorphic to C(X, B) where X is a completely reqular space
and B is a Banach algebra then

Z(A) = C(X,Z(B)). (1.9)
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Henceforth in this subsection we confine ourselves to the case
Z(B) = {cl} (1.10)

The reason justifying this choice was discussed in [1|. Obviously if B = L(F) is the Banach
algebra of all linear bounded operators acting in a Banach space E then (1.10) is satisfied.

So let A C L(D) be a Banach algebra of operators isomorphic to C(X, L(E)) where X is a
certain completely reqular space and E and D are Banach spaces (thus Z(A) = C(X)). Let

{T,}4ec be a group of isometries satisfying (1.1). According to (1.8) the automorphisms T,
(1.2) preserve the center and henceforth we assume that their action on the center is given by

T,(2)](x) = 2(t;"(2)), 2 € Z(A), x € X. (1.11)

where ty, : X — X are some homeomorphisms of X.

Denote by X,, g € G the set
X, ={r e X :t,(x) =z} (1.12)

We say that the group G acts topologically freely on A by automorphisms Tg (or on X by
homeomorphisms t, mentioned in (1.11)) if for any g € G, g # e the set X, has an empty
interior.

One can observe that G acts topologically freely iff for any finite set {g1,...,gn} C G (g; # €)
the set Ul X,,] has an empty interior.

Just as in [4], 12.13 and 12.13’ it can be shown that the foregoing definition is equivalent to
the next one: the action of G is said to be topologically free if for any finite set {g1,...,q1} C G
and a non empty open set U C X there exists a point x € U such that all the points
tg:(z), i=1,...,k are distinct.

Since X is Hausdorff the latter definition is also equivalent to the following: the action of G
is said to be topologically free if for any finite set {g1,...,gr} C G and a non empty open set
U C X there exists a non empty open set V. C U such that

In [1] we proved the following
Theorem 2. If G acts topologically freely then B(A,T,) possesses the property (*).

1.4. Regular representation of an algebra and a group of automorphisms. Let us
also recall one more algebra (examined in [1]) where the properties (*) and (**) can be checked
easily — the regular representation of an algebra A and a group of automorphisms {Tg}geg.
Namely let A C L(D) be a certain Banach algebra and {Tg}geg be a certain group of its
automorphisms (G is an arbitrary group that is not necessarily commutative ).

Denote by H any of the spaces IP(G,D),1 < p < oo or lo(G, D) (here lo(G, D) is the space
of vector valued functions on G having values in D and tending to zero at infinity (with the
sup-norm)).

Set the operators Vy, : H — H by the formula

(V) (9) = &(990), 9,90 € G (1.14)
and consider the algebra A C L(H) isomorphic (as a Banach algebra) to A and given by

(@&)(9) = Ty(a)é(g), a€ A (1.15)
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Routine computation shows that with this notation we have

V;,dvg_l = Tg(a)

which in view of the isomorphism between A and A means that the operators Vg9 € G given
by (1.14) generate the automorphisms T, of A.

The algebra B(A,V,) C L(H) is called the (right) regular representation corresponding to the

algebra A and the group of automorphisms {Tg}geg (in fact we have the series of representations
depending on the type of the space H chosen).

In [1] we have proved that

the algebra B(A,V,) possesses the properties (*), (**) and (1.7) (for every H considered).

2. METRICALLY FREE ACTION AND TOPOLOGICALLY FREE ACTION

2.1. Let (Q,p) be a space with a o—additive o— finite measure p, H be a certain Banach
space and L (Q, H), 1 <p < oo be the spaces of (equivalence classes) of measurable functions
f:Q — H bounded with respect to the norms

P

1l = /\f(x)\pdu(x) C1<p<oo
Q

If] = esssupq| f], p =00

where | - | is the norm in H (for details see, for example, Dunford, Schwarts [5]).

Consider an algebra A C L(D) isomorphic to LY (S, L(E)) where D and E are Banach spaces.
If {T,}gec is a group of isometries of D satisfying (1.1) then the automorphisms Tg (given by
(1.2)) generate the mappings o, : X — X (3 is the set of (equivalence classes) of measurable
subsets of Q) defined in the following way.

Observe that for the algebra considered the center Z(A) = Li°(Q2). Let xa be the element of
Z(A) corresponding to the characteristic function xa(w) of a certain set A € X.
Since xa? = xa it follows that Tg(XA) is a projection belonging to Z(A) (non zero iff xa #0)
and we have

~

Ty(xa) = xa (2.1)

for some A € 3.
We set

ay(A) = A (2.2)

The substitution for the topologically free action of G (see 1.3) in the situation under consid-
eration is the so-called metrically free action. Here it is.

2.2. We say that the group G acts metrically freely on A (considered in 2.1) by automorphisms
Tg (or on X by the mappings o) if for any finite set {g1,...,9x} C G and any A € X with
p(A) > 0 there exists a set A" € ¥ such that

(i) p(A') >0,

(1)) A" C A,

(i) 10 () Mg (A) =0, 3,5 € T F, i # .
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It is worth mentioning that from a certain point of view the notion of the metrically free
action of GG just introduced ’'coincides’ with the notion of the topologically free action.

Indeed.
The algebra L°(Q2) is a commutative C*—algebra (with the natural involution). Let M be its
maximal ideal space then

LZ"(Q)QC (M)

where the isomorphism is established by means of the Gelfand transform. The mentioned ’co-
incidence’ between the topologically and metrically free actions is established in the next

Theorem 3. The metrically free action of the automorphisms Tg on L,‘j’(Q) corresponds to the
topologically free action of the automorphisms Tg on C(M) (induced by the automorphisms Tg
and the isomorphism L7 (Q)=C(M)).

Now the analogue to Theorem 2 for the measurable case considered is

Theorem 4. Let A and T,, g € G be those considered in 2.1. If G acts metrically freely then
B(A,T,) possesses the property (*).

3. EXAMPLE 1. OPERATORS IN LP(Q, E),1 < p < o0

3.1. Let (2, ) be a space with a o—additive o— finite measure p. Consider the space D =
LP(Q,E), 1<p<oo. Let A= L3 (Q, L(E)) C L(D) be the algebra of multiplication operators
defined by

(af)(x) =a(z)f(z), a€A, feD (3.1)
and let oy : 0 — ), g € G be a group of measurable mappings preserving the equivalence class
of u. By T, we denote the isometry of D defined by

1
do ' (W)]7 ,, _
10w = | <5 reg o) (32)
1L
where daii;(“) 1s the Radon-Nikodim derivative of a;l(,u) with respect to .

One can easily verify that T, satisfies (1.1) and the mentioned mappings o, coincide with those
described in 2.1.

Let B(A,T,) C L(D) be the algebra generated by A and {T},}ecc-

Theorem 5. Let B(A,T,) be the algebra described in 3.1 and B(A,V,) be the corresponding
reqular representation in the space H = IP(G, L7 (Q, E)). If G acts metrically freely then the
mapping

B(A,T,) — B(A,V,)

defined by
a—a, a€A
T,—V,, ge€G
1s norm. decreasing.
Theorem 6. Let B(A,T,) be the algebra described in 3.1 and B(A,V,) be the corresponding
reqular representation in the space H = IP(G, Lﬁ(Q, E)). If G is amenable then the mapping
B(A,Vy) — B(A, T)
generated by the mappings
a—a, acA (3.3)
Vo—=1T,, g€G (3.4)
15 morm. decreasing.
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We can summarize the results obtained in

Theorem 7. Let B(A,T,) and B(A,V,) be those considered in the lemma.
If G is amenable and acts metrically freely then

B(A,T,) = B(A, V)
where the isomorphism is given by (3.3) and (3.4).
In particular the algebra B(A,T,) possesses the properties (*) and (**) and (1.7).

4. EXAMPLE 2. OPERATORS IN L°(Q, E)

4.1. Let D = L(Q, E) (where 0 is a space with a o—additive o—finite measure p) and
A= LY (Q, L(E)) be the algebra of multiplication operators (see (3.1)) and ay: Q2 —Q, g € G
be a group of measurable mappings preserving the equivalence class of p. By T, we denote an
wsometry of D given by

(T, f)(x) = flag" (). (4.1)

Let B(A,T,) be the algebra generated by A and {1} ec-
For any fized finite set F C G we denote by Bp(D) and Sgp(D) respectively the sets
Bp(D) ={{/fstger : fy € D, |lfyll <1, g€ F}, (4.2)
Sp(D) = {fo}ger: fo €D, fyl =1, g€ F} (4.3)

Theorem 8. Let B(A,T,) be the algebra introduced above. If G acts metrically freely then for
any finite ' we have

I Z%TgH = sup : | Zagng = sup Zagng (4.4)

I
geF {fa}eer€Sr(D)  cp {fo}eer€Br(D)  cp
where Brp(D) and Sp(D) are defined by (4.2) and (4.3).
Remark 1.

(1) If E = C (that is D = L?(Q) and A = L*(Q)) then (4.4) implies

if G acts metrically freely then

| Z agTy|l = esssupg Z |ag(z)]
F F

Indeed on the one hand

sup (|3 gy | < esssupg 3 lag ()]

I
{fg}eBF(D) geF F

and to obtain the opposite inequality just set

argag(z)]™t , if ay(z) #0
fg(x)Z{[ ° 1( ) . if %Exgzo

(since ag € L2 (S2) we have that f, € LY (S2) as well).

(2) The equality (4.4) also shows that

if G acts metrically freely then

1> agTll = bl
F



84 Section 1. Spectral Problems

where
bp: Dy X Dy X ... X Dijpj — D, D;y=D
is given by
br (&1, s &) = g, &1+ o+ agip§ r (4.5)
{91, g} = F).

(3) The preceding remark leads in turn to the next observation.

Since ag € L*(Q, L(E)), g € F it follows (by the structure of br) that
br € LY(Q, L(E, E))

where E = Ey x By x ... x Bjp|, E;=E.
But this means that

1br ()] € L ()
and
[br[| = esssupgl|br(z)||

which along with the preceding remark (2) implies

if G acts metrically freely then

| Zang” = €SSSupgq sup Zag(x)fgn =
F

|
{s)eBr(B) 4

esssup,  sup || Z ag(z) foll (4.6)

{fQ}ESF(E) geF
thus strengthening the statement of Theorem 8.

Theorem 9. Let B(A,T,) be the algebra described in 4.1 and B(A,V,) be the corresponding
reqular representation in the space

H=1y(G,Ly(Q,E)) (or I™(G,L7(Q,E))).
If G acts metrically freely then
B(A,T,) = B(A,V,)
where the isomorphism is generated by the mappings
a—a, a€c€A

T,—V,, geG
and in particular B(A,T,) possesses the properties (*) and (**) and (1.7).

5. EXAMPLE 3. OPERATORS IN L} (2, E)

Our final example deals with the space L'. By means of duality this case can be reduced to
the L> situation already studied.

5.1. Let (Q, ) be the space considered in 3.1, D = L,(Q, E) and A = L (2, L(E)) be the
algebra of operators defined by (3.1) and T, be defined by (3.2) (withp =1).
Let B(A,T,) C L(D) be the algebra generated by A and {T,}yec-
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Theorem 10. Let B(A,T,) be the algebra introduced in 5.1. If G acts metrically freely then
| ZangH = ©8SSUpq sup H Z ag(og(2))]" foll =

geF {fe}eBr(E geF

esssupg sup H Z ag(a(x))]* f4l] (5.1)
{fg}ESF geEF

Remark 2. (¢f. Remark 1 (1)).
If E = C and G acts metrically freely then

| Z%Tgn = €8SSupq Z |ag(ay(x))
F F

And finally the analogue to Theorem 9 here is

Theorem 11. Let B(A,T,) be the algebra described in 5.1 and B(A,V,) be the corresponding
reqular representation in the space I*(G, Li(Q, E)). If G acts metrically freely then

B(A,T,) = B(A,V,)
where the isomorphism is generated by the mappings
a—a, a€A
Ty—Vy geG
and in particular B(A,T,) possesses the properties (*) and (**) and (1.7).

6. FINAL REMARKS. ISOMORPHISM THEOREMS.

Now we would like to observe certain interrelations between the examples considered and the
Isomorphism Theorem ([4], Corollary 12.17).

6.1. (1) Observe that in Examples 2, 3 we did not use any information about the group G
thus the group in these examples is not necessarily amenable.

(2) The essentially different picture is drawn in Example 1.
Here
(i) if G acts metrically freely then
B(A,V,) is a representation of B(A,T,) for any G (not necessarily amenable)
(Theorem 5).

While
(ii) if G is amenable then
B(A,T,) is a representation of B(A,V,) for an arbitrary action of G (not necessarily metrically
free).
(Theorem 6).

Thus in these examples the metrical freedom of the action of G and the amenability of G are
lying in a sense opposite each other. B
If G acts metrically freely then B(A,T,) is ‘larger’ than B(A,V,) (see (i)).
And
if G is amenable then B(A,V,) is larger’ than B(A,T,) (see (ii)).

Both these algebras ’coincide’ if G acts metrically freely and is amenable (Theorem 7).

(3) Consideration of Example 1 leads to certain Isomorphism Theorems which (just as it was
done in [4], Corollary 12.17) establish the isomorphism between essentially spatially different
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operator algebras (thus wiping off the spaces where these operators act).

For example.

Let (2, p;), 1 = 1,2 be two spaces with o—additive o—finite separable measures p11 and o
absolutely continuous with respect to each other (thus L7 (2, L(E)) = L2 (2, L(E))) and let
{agy}gec be a group of measurable mappings of 2 preserving the equivalence classes of py and
pi2. Consider the spaces D; = L% (0, E), 8 = 1,2. Let A; = L (), L(E)) C L(D;) be the
algebras of multiplication operators defined by (3.1) and T;, 1 = 1,2 be the isometries of D;
defined by (3.2) (with p = ;) and B(A,T}) be the algebras generated by A; and {T}}geq-

The Isomorphism Theorem related to Example 1 is stated as follows:

If F is a separable Banach space and G is a countable amenable group acting metrically
freely then B(Ay,T,) and B(A,,T;) are isomorphic (as Banach algebras) and the isomorphism
is established by the natural isomorphism

Al = A

and the mapping
Tgl — T; .
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On the spectral theory of operator measures

M. M. MALAMUD AND S. M. MALAMUD
DONETSK STATE UNIVERSITY,
UKRAINE

1. Introduction Operator measures naturally arise in different questions of the spectral
theory of selfadjoint operators (with spectrum of finite and infinite multiplicity), integral rep-
resentations of operator-valued functions of Herglotz and Nevanlinna classes, in the theory of
models for symmetric operators, etc.

Everywhere in the note H is a separable Hilbert space, 3(t) = X(¢)* is a nondecreasing
strongly continuous from the left (3(¢ — 0) = X(¢)) operator-function on R with values in the
B(H). By a standart procedure (see [3|, [4]) the function 3(¢) generates an operator measure
Y, defined on the algebra By(R) of bounded Borel subsets of R.

The theory of orthogonal measures (resolutions of the identity) is constructed in details. In
this note we consider several questions for the theory of nonorthogonal operator measures. The
principal role in our considerations is played by the Berezanskii-Gelfand-Kostyuchenko theorem
(BGK-theorem) on differentiating of an operator measure.

We obtain an inner description of the space Ly(X, H). 9ta This problem has been posed by
M. G. Krein [9] and in the case dimH < oo solved by L. S. Kac [1], [7], [8].

Further, we construct the theory of Hellinger spectral types for a nonorthogonal operator
measure. We establish the existence of subspaces realizing Hellinger spectral types and in par-
ticular the existence of vectors of maximal type.

*
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Some fact are new even for orthogonal measures. We show how the spectral Hellinger types
of an operator A = A* can be found via a cyclic subspace L. It turnes out that the set of the
vectors of maximal type, lying in L is an everywhere dense Gy of second category.

Moreover an analog of the Zhordan Theorem for Operator measures-charges is established.
For the simplicity, we state all the results for measures of the line, though they remain valid
for measures on R".

2. The space Ly(3, H). Recall, following [3], the definition of the space Ly (3, H). Let Coo(H)
be the set of all strongly continuous vector-function with finite support, and with values on
a finite-dimensional subspace of H, depending on f. Further, for f,g € Coo(H) we define
(fs 9o = Jp(dE(t)f(t),g(t))n. (the intergal is understood as the limit of the Riemann
sums). Faktorizing Coo(H) by the lineal Ly = {f : (f, f)ro=,m) = 0} and completing it we
arrive at the Hilbert space Lo(X, H).

Let &5(H) be the ideal of Hilbert-Schmidt operators in H and let T' € &4(H), kerT =kerT™* =
{0}. Let also p be a scalar measure, equivalent to ¥ (X ~ p).

By the BGK-Theorem the operator measure Xr(A) := T*3(A)T is differentiable in the weak
sence with respect to p and its density W(t) := dXr/dp(> 0) exists p-a.e. and takes values in
Si(H).

Following [5] we can show that the derivative ¥ exists p-a.e. with respect to the &;(H )-norm.
(in [5] it is shown for an orthogonal measure ¥ = E.)

Let $); be the completion of D(T~!) with respect to the semi-norm
£, = (WOT £, 77 F) = (@) 2T f, 0 (6) 2T f) (1)

Denote by $; the corresponding quotient space.

Theorem 1. Let T € &y(H) with ker T = ker T* = {0} and p be a scalar measure equivalent
Y(p ~ X). Then the space Lo(X, H) isometrically coincides with the direct intergal of the spaces
9 by measure p(t) :

Ly(X, H) = /@S’Jtdp(t) = 9. (2)
R
Moreover, the identity
1A o =/||‘1’(t)1/2T_1f(t)||2dp(t) (3)
R

holds for the dense in Ly(X, H) set of vector-functions f(t) with values in H, = D(T™1).

In particular, the space $) does not depend on the choice of T.
If ¥(t) = E(t) is a resolution of the identity in H and f(t) = E(A)h with h € H; and
A € By(R) then identity (3) takes the form

(B@H) (= 1O mim) = [ 1907 hlEsdote).
A

This identity is equivalent to the direct integral form of the BGK Theorem for the orthogonal
measure .

In the case dimH < oo Theorem 1 is equivalent to the I. Kac theorem [8], though our proof
is much simplier than all the known ones. Observe, that there is a principal difference between
the cases dimH < oo and dimH = oo.

While for dimH < oo the space Ly(3, H) turnes out to be a space of p-measurabel vector-
functions with values in H, this fails to be true for dimH = oo even in the simplest cases.

Let for example ¥y > 0 be a compact operator in H and () = 0 for ¢ < ¢y and X(t) = X
for t > to. Thena Lo(X, H) = H  with H  being the completion of H with respect to the

negative norm || f||_ = Hzcl)/sz
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3. The multiplicity function of a measure 3.

Definition 1. Let p ~ ¥ and {e;}$2, an orthonormal basis of H. Let further o;;(t) :=
(B(t)ei, €5), tij(t) = doy;(t) /dp and Wy (t) == (¥y(1))7 ;-

Define the multiplicity function Ny and the general multiplicity m(X) of an operator measure
Y., by letting

Ny (t) :=suprank ¥, (t), m(2) := vraisupNx(t)(mod p). (4)
n>1

The multiplicity function Ny is defined p-a.e. and it can be shown, that it is independent of

the choice of a basis {e;}7°.

Definition 2. a) Let ¥; and 3, be operator measures on R.

A measure ¥ is said to be subordinated to ¥y (X1 < 35), if ¥y is absolutely continuous with
respect to o, that is 31(J5) = 0 as soon as 35(d) = 0.

b) We say, that ¥; is spectrally subordinated to ¥y (X; << ), if

¥ <Yy and Ny, < Ny, (modXs).
The measures »; and Y, are said to be spectrally equivalent if 31 << ¥y and Yy << ¥.

Let A be a selfadjoint operator in H, E(t) := E(t) its resolution of the identity and L a
subspace of H. Denote Hj the minimal A-invariant subspace, containing L :

Hy =span{E(0)L : 6 € B(R)}.

A subspace L is cyclic (L € Cyc(A)) if H, = H. For L ={\g: =\ € C}, we set H, := Hj.
The following theorem is proved with the help of Theorem 1.

Theorem 2. Let ¥ be a generalized resolution of the identity in H, that is ¥(—o00) =
0, X(4+00) = Iy. Let A be a selfadjoint operator in H and E(t) its resolution of the identi-
ty. Then:

a) Ng(t) from Definition 1 coincides with the classical multiplicity function of E in the sence
of 14, [11]; )

b) ¥ << E if and only if there exist a Hilbert space H D H and a unitary operator U : H —
H such that $(t) = PyUE@{)U*[H (Py is the orthoprojection in H onto H).

c) If U"H € Cyc A then ¥ is spectrally equivalent to E.

Conversely, if 3 is spectrally euivalent to E and Ng(t) is E-a.e. finite (for ezample, if m(E) <
o0), then U*H € Cyc A.

In particular (for H = H and U = I) the measure ¥ and its minimal orthogonal dilation are
spectrally equivalent.

d) The resolution of the identity Eq of the operator Q : f — xf in Lo(X, H) is a minimal
orthogonal dilation of X.

Theorem 2 complements the known Najmark theorema(|[1]), providing an answer to the
question, which resolution of the identity can be a dilation of .

Corollary 1. The multiplication operators Q; : f — xf in the spaces Lo(%;, H;) (i = 1,2) are
unitary equivalent iff X1 and 3o are spectrally equivalent.

4. The elements of maximal type. Every operator measure ¥ in H generates a family
of o-finite scalar measures s (pf(9) := (X(0)f, f)), defined on the o-algebra B(R). It is clear
that py < X for all f € H. It is known ([1], [4]) that any orthogonal measure E in H posesses
an element f of maximal type, that is such, that p; ~ E.

It turnes out, that this fact also holds true for nonorthogonal measures. Moreover, the fol-
lowing stronger result is valid. We note, that this result is new even for orthogonal measures.
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Theorem 3. Let Oy := {f € H : ¥ ~ pus} be the set of all vectors of maximal type for an
operator measure ¥ in H. Then:

a) Qys, is an everywhere dense Gs-set of second category in H;

b) w(Qs) =1 for any Gaussian measure w in H.

Corollary 2. Let A be a selfadjoint operator in H H, E(t) its resolution of the identity and
L € Cyc(A). Then:

a) Qg is an everywhere dense Gs-set of second category in L;

b) w(QgNL)=1 for any Gaussian measure w in L.

5. The Hellinger types. The class of all Borel measures, equivalent to a measure p is called
the type of the measure p and is denoted by [u] (see [4]. Let A = A*, E := E4, g € H and
Ly 10 — pg(0) == (E(d)g,g), 6 € B(R). The type [g] of an element [g] (with respect to E) is
the type of the measure p,, [g] = [1g]-

Consider an orthogonal decomposition of the form H = &7, H,,, (m < oo) If the types of
the elements g; do not increase, [g;11] < [gi], then their number m(< oco) and types are defined
uniquely and referred to as the Hellinger types of the measure E. They form (see [4]) a complete
set of unitary invariants of the operator A.

Let g1 € Qp :={g € H: py, ~ E}. Then p, < pgy = p for all € h and the type [g] is
uniquely determined by the support of the measure p, with respect to p: I'(g) == {t € R :
dpg/dp > 0}. Therefore the Hellinger types are uniquely determined (mod E) by their supports
Li(E) :=T(g;),i < m.

The sets I';(E) themselves are determined (see [4]) by the multiplicity function (and the
measure p): I;(E) = {t € R: Ng(t) > i}.

The existence of the multiplicity function Ny of the form (3) allows us to introduce the i-th

Hellinger type for a nonorthogonal measure ¥ as the type of the scalar measure dy; := y;dp
with p ~ ¥ and y; being the indicator of the set
[;(X)={teR: Ng(t) > i}, ie{l,....mX)}. (5)

Let us call I';(X) the support of the i-th Hellinger type of the measure X. It is clear that I';(X) D
[i1(X2). Let 4y be the number of T';; equivalent to I'1(X) (mod p), that is p(I';(X) \ T';(2)) = 0.
If g1 € Qy (by Theorem 3 Qx # 0,) then p, < py =: p ~ 3 with u,(0) := (3(0)g, g)-
Therefore the set I'(g) := {t : duy/dp > 0} is a (nontopological) support of the measure p,
(ie. pg(R\T(g)) =0).
It turnes out that, though Qs # ), elements of “junior” types ( that is vectors g € H \ Qs,
such that I'(g) = I';(¥) for some i > iy) may happen not to exist.

Example 2. Let for example
L) =) P
i<t

be a 2 x 2 discrete measure with jumps

10 0 0 10
r=foo) () m= )

in the points 1,2,3. It is easy to see that Ny(1) = Nx(2) = 1 and Nx(3) = 2. Therefore
F1<2) = {1,2,3},F2(2) = {3} If h = (hl,hg), then F(h,) = {1,2,3} = Fl(Z) for hlhg ?é 0.
Further, I'(h) = {2,3}, if hy = 0 and I'(h) = {1,3} if hy = 0. Therefore I'(h) # {3} = 'y (%)
for any h.

The wish to realize the “junior” Hellinger types with the help of some subspaces forced us to
introduce the following
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Definition 3. A subspace L = L; (dim Ly = k) is called a k-th Hellinger subspace for an
operator measure X in H if

[;(PLE[L) =Ty(%) forall i<k,
where P, is the orthoprojection onto L.
In particular, a vector of maximal type generates a one-dimensional (first) Hellinger subspace.

Theorem 4. Under the hypothesis of Theorem 8 for each h € Qs there exists a chain of
Hellinger subspaces (Hellinger chain):

{M}='H CHyC...CH,C...CH,, dmH,==E. (6)

Let H; C ... C H,, be a chain of subspaces of the form (6) and {e;}}* a basis in 8 H,,, such
that Hj, =span{e;}¥, k € {1,...,m}. Let us set 0;;(t) := (S(t)e;, e;), ¥i;(t) := doy(t)/dp and
W (t) := (¥i;(t))§;—,- Then the cham H, C ... C H,, is a Hellinger chain iff

IW(E)={teR: det\Ifk(t)#O} (modX), ke {l,...,m} (7)

Thus, Theorem 4 amounts to saying that there exists an orthonormal system {e;}" in H,
such that the k-th Hellinger type is realized by the measure (A*W(¢)gy, or)du, where AW (2) is
the k-th exterior power of W(t) := d¥r/du, and ¢, := e; A Aey, is a k-vector, ¢, € AF(H).

Corollary 3. Let A be a selfadjoint operator in H and E(t) its resolution of the identity,
L € Cyc(A) and h € QN L.. Then there exists a chain of Hellinger subspaces in L of the form
(6), H. € L, ke {l,...,m}.

If the multiplicity m = m(E) of the measure E is finite, then H,, € Cyc A.

If the vectors {e;}™, are spectrally orthogonal with respect to E and H) :=span{e;}¥, then
the chain H; C ... C H,, is a Hellinger chain if and only if T'(e;) = T;(E), i < m.

It L e Cyc(A), a system of spectrally orthogonal vectors, realizing Helliger types does not
exist in general. But, according to Corollary 3 these types are realized by means of subspaces
H,, C L or, equivalently, the k-vectors ¢ = e; A ... Aep € AF(L).

6. An analog of the Zhordan Theorem. The results of this section have obtained by the
second author only.

Definition 4. An operator-function ¥ = ¥* : B(R) — B(H) (operator measure-charge) is of
weakly bounded variation on R, if pif, : 6 — (2(9)f, ¢) is a finite charge on the Borel o-algebra
B(R) for any f,g € H.

Theorem 5. An operator measure-charge ¥ of weakly bounded variation on R can be be ex-
pressed as the difference of two finite nonnegative operator measures 3 = Y1 — g if and only

if
Varg [|[T*S(A)T||; == supZHT* )T =: e(T) < o0

for any T € Gy(H), where || - |1 is the trace norm and the supremum is taken over all partitions
m={t;}> of R, Ay = [ti, tiya).

The proof is based on some facts from the theory of C*-algebras and completely bounded
maps [12].

Let 2™ = 2{™* be 2" x 2"-Clifford matrices, that is

x(”)xg»n) + x§n)x§n) =201, i,j€{l,...,n}.

(2

Define the operator measure-charge

S(A) =8, (A),  S.(A)=1/v2n Y al

1/keA, k<n
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Clearly, ¥(A) is a discrete measure with the support {0} U {1/k}32,. It is of weakly bounded
variation, but can not be expressed as the difference of two nonnegative operator measures.

The idea of use of the Clifford matrices is taken from [10|, where it was used in a different
context.
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ON NORMAL OSCILLATIONS OF A VISCOUS STRATIFIED
FLUID

D. O. TSVETKOV
TAURIDA NATIONAL V. VERNADSKY UNIVERSITY,
UKRAINE

The spectrum of normal oscillations, basis properties of eigenfunctions and other ques-
tions were studied.

Let a rigid immovable vessel be partially filled with a heavy viscous incompressible stratified
fluid (with coefficient of dynamical viscosity p > 0). We assume that in an equilibrium state
the density of a fluid is a function of the vertical variable x3, i.e., pg = po(z3). In this case the
gravitational field with constant acceleration § = —ges acts on the fluid, here g > 0 and €3 is
a unit vector of the vertical axis Ox3, which is directed opposite to g. Let €2 be a domain filled
with a fluid in equilibrium state, S be a rigid wall of the vessel adherent to the fluid, I" be a free
surface of a fluid. We take the origin O of Cartesian coordinate system Oxjzox3 on I'. Then
the equation of the surface I' has the form z3 = 0.

Let us consider the basic case of stable stratification of the fluid:

0< N’r?un S N2($3) S N’S@az = Ng < o0,
o(z (1)
N?(z3) = _M’ po(0) >0,

/)0(333)

where N?(x3) is square frequency of buoyancy.
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In equilibrium state the pressure in a fluid is distributed under the law:

x3

zm—m@g—pm»—g/var 2)

Consider small motions of a fluid near equilibrium state. We denote by p = p(z,t), where
r = (x1,29,23) € , the difference of a pressure field from equilibrium field (2), and by
p = p(x,t) the difference of density field from initial field py(z3). We denote also the small
velocity field in a fluid by u(x,t) and a vertical displacement of a free surface from equilibrium
one by ((z,t), T = (x1,z5) € I'. In the sequel, we suppose the unknown function u(z,t), p(z,t),
p(x,t) and ¢(z,t) are infinitesimal of the first order.

Consider linearized Navier-Stokes equations which describe small motion of a viscous strat-
ified fluid, and also boundary conditions and initial data. The initial boundary value problem
has the form ( see, for instance, [1], [3] ):

ou B ., . - .
5 po H(x3)(=Vp — gpés + pAd) + f(z,t) (inQ),
divid = 0, %—l—Vﬂo'ﬁ—O (inQ2),

¢ .

8ui 6u3 . . . _ %__
u(8x3+3xi>_0 (i=1,2;onl), P2y = 9p0(0)¢  (onl'),

i(x,0) =@'(x), p(z,0)=p"2) (2€9Q), ¢(,0)=C(®) (£€Tl).

Fist let us introduce the following functional spaces.
a) Denote by Ly(€2, po) the space of vector-functions with inner product

(@7) = [ pleaite) T,

Q

For this space the orthogonal decomposition
EQ(Qv pO) = ‘Z)(Qv /00) ) éh,S(Qa pO) D éO,F(Q7 pO)
holds ( [3] ). Here
Jo(Q, po) = {it € La(Q po) : divii = 0 (inQ), wp =@ -7 =0(ondN)},
Grs(Qpo) = {7 € La(Qpo): T=py'Vp, T-7=0

Gor(Q po) = {i0 € Ly(Q, po) : W= p;' Vo, @ =0(onT)}.
b) Denote by Lo(I") the space of function with inner product

@mnz/t@M@mv

Denote by 35(2) the space of scalar-function with inner product

<%wzf/mmmewwwg

Q
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Further, consider auxiliary boundary value problems and corresponding operators.
Problem 1. Solve the following boundary value problem in unknown function p;(z):

V(pg' Vp)=0 (inQ), pyt(z3)-Vp-i=0 (onS),

p (Opi=v (onT), [ wdr =0,
I

Let pi(x) be a solution of Problem 1 for ¢ € Hr% (HF% = H2(I') N Hy; Hy = Ly(T) ©
{1r}and H2(I) is the space of Sobolev-Slobodetskij [1] ). Then py ' (3)Vp1 € Grs(€2, po) and
1 .
po (23)Vpy = Gy, where G : HZ — G}, 5(€, po) is linear bounded operator,

Problem 2. Solve the following boundary value problem in unknown function @ €
Jo,5(Q2, po) and pg ' Vpa € G (L, po):

Py (23)Vp2 — Pos(py ' pAa) = fi,  divii =0(onQ),

+

i =0(onS), Mot B

)=0(i=1,2,onl),

6u3
— 2—2 =0 (onl
P2 + s (onI"),

where P g is orthoprojector on the subspace JB,S(Q, po) = fO(Q, po) @ émS(Q, P0)-

The solution of this problem can be written in the form @ = p=tA~* f, where the operator A
is self-adjoint and positive definite (strictly positive) operator, and has the following properties:
L. D(A) - D<A%) = ‘%,S(Q’po) - ‘]_E),S(Qapo)ﬂ D(A) = ‘]_(;,S(Q>p0)'

2. Operator A has a discrete spectrum {\,(A4)}5°; with accommodation point +oc.
3. Inverse operator A~! is compact and positive and acts in the space JT), s(2, po).

Using the operators defined above and auxiliary boundary value problems, we can formulate

the problem (3) as Cauchy problem for differential operator equation in Hilbert space:

d U wA  gG C u ﬁ],s
at ¢l+{-w 0 0 (| = 0 (4)
P -C* 0 0 p 0
((0),¢(0), p(0))" = (@°,¢°, p°), (5)

(@.C,p)' € Jos( po) & Ho @ 3o(Q2) = H,
where C*u := —Vpy - i, Cp := Py s(py*(x3)gpes) and ||C| = ||C*|| < Ny, 7, is trace operator
of normal velocity component: 7,1 := u, = i - ii|p (@ € Jy (€2, po)).

Lemma 1. a) The operator v, can be expanded to operator ~, with the domain D(7,) = {V €
Jo.s(2,p0) : AnTU € Lor} and in this case operator 7, is operator adjoint to the operator G from
problem1: 7, = G*. b) For operators A and 7, the following inclusions hold:

D(A) € D(A'?) = J 5(2, po) € D(3n).

We connect with the problem (4) the operator matrix

A G C
A=|-G* 0 0
—C* 0 0

which has dense in H domain D(Aq) = D(A) ® D(G) @ £2(Q2). It turns out that the operator
Ay is not closed and therefore is not maximal accretive one.
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Put y(t) := (4, ¢, p)' = e*(0,n,0)". Then we have the following Cauchy problem from (4)

dy/dt + Ay = f(t), y(0) =y’ (6)
where A, = Ag + aZ, T is the identity operator in H.

Theorem 1. The closure A := A, of the operator A, is a mazimal accretive operator. In
addition
D(A) = {(#,n,0)' € H: ¥ € D(AZ), T+ Aa*Qin € D(AJ)}, (7)
AZ 00 I Q7 Q3 AZ 00
A=1lo0o 1 0| [-@ af O0O|-f{0 1 0 (8)
0 0 I —Q2 0 af 0 0 I

where A, = A+ al, Q1 := G*A;%, Q2 = C’*A;%.
Consider the homogeneous problem
dy/dt + Ay =0, (9)
and its solution of the form
y(t) =y-exp(—=At), yeH, IeC. (10)

We shall call solution (10) by normal oscillations. Substituting function (10) into (9), we obtain
the spectral problem
Ay =Xy, ye D(A). (11)
Here A is the matrix operator defined by formulae (7), (8). We shall call A the operator
associated with initial boundary value problem (3).
The operator A has the following properties.

Lemma 2. The operator A has bounded inverse one A~ such that || A7Y|| < a™'. The spectrum
o(A) of the operator A belongs to the domain

{Ae C: Re) >a}l. (12)

In this the point A = a is infinite multiple eigenvalue and some set of equilibrium states of
viscous stratified fluid corresponds to it:

U= 07 n= 07 0 = O'(.Tg) S LQ(xZS,min) x?),max)-

The further investigation is based on the theory of linear operators that are self-adjoint
in Hilbert space with indefinite metric |2]. Let us introduce the following notations: K, =

Jo.s(Qpo), R = Hy @ £2(9).

Lemma 3. 1. The operator matriz A and its inverse A~' are J-selfadjoint operators with
J = diag(Ig,,Ig ), where Ig, and Ig are identity operators in Ry and R_, respectively.
Spectrum o(A) of the operator A is symmetrical with respect to the real axis and is located in
domain (12).

2. Essential (limiting) spectrum o.s5(A) of the operator A coincides with the set {a} U {oo}.
3. Figenelements corresponding to infinite multiple eigenvalue A = a are negative and has no
associate elements.

Lemma 4. Problem (11) has countable set of (finite-multiple) positive eigenvalues {\; }32., with
a unique accumulation point A\ = +oo and eigenelements {y; }2>,, vi = (O, nf,00) € H,
such that the set of projections {0, }32, onto Jos(Q, po) form Riesz basis with a finite defect

in the space J_(')VS(Q,,OO). This Riesz basis is a po-basis ( with a finite defect) in %75(Q,p0) for
Po > 3/4
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Lemma 5. Problem (11) has countable set (finite multiple) positive eigenvalues {\; }32,, A, >
a > 0, with unique accumulation point A = a and eigenelements {y; }71, yp = (U, ,m , 05 )" €
H, such that the set of projections (n; , 05 )" onto Hy @ £2() form Riesz basis with a finite
defect in the space Hy® £2(2). This Riesz basis is a po-basis (with a finite defect) in Hy® £4(€2)
for pg > 3/4.

We denote by Fy(\A) the closure of linear hull of eigenelements of the operator A correspond-
ing to the finite multiple eigenvalues, and by F'(.A) we denote the closure of linear hull of root
elements, respectively.

As a corollary of Lemma 4 and Lemma 5, we have the following result.

Theorem 2. For the operator A from problem (11), the following assertions hold:

1. dim(F(A)/Fy(A)) < o0.

2. H = F(A), i.e., the closure of linear hull of root elements of the operator A coincides with
the whole H = Jo.s(S, po) ® Ho ® £5(Q).

3. H = Fy(A) iff there are no adjoint elements corresponding to the nonreal eigenvalue A of
the operator A, i.e., £,(A) = ker(A — \T).

4. If H = Fy(A) (respectively H = F(A)), then there exists nearly J-orthonormal Riesz basis
formed by eigenelements (respectively root elements) of the operator A.

5. If Fo(A) = H, then J-orthonormal basis in the space H formed by eigenelements of the
operator A exists iff o(A) C R.

6. Above-mentioned basises can be chosen as p-basises for p > 3/2.

It can be proved that the solutions of spectral problem (11) are directly connected with the
solutions of the problem in the form a some operator pencil.

Theorem 3. Let A\ be a finite multiple eigenvalue of the operator A and elements yo, Y1, - - ., Yk
be the chain of eigenelement and associated to it, y; = (Uj,n;,0;)% 7 = 0,k. Then
00y P1, -y Phy P = A%ﬁj, form the chain of eigenelement and associated to it (in M.V.
Keldysh’s sense) for the operator pencil:

L) =1-X "1 \X"YB+E), (13)

Bi=QiQ1 €6, Ei=QiQ €6, Qui=GA:, Qy=C"A7,
and these elements correspond to eigenvalue A = \g — a.
Inversely, to each chain g, ¢1, ..., @i of eigen- and associated to it elements of the pencil

(13) and eigenvalue Ny — a there corresponds the chain of root elements yi, Yo, ..., yx of the
operator A and eigenvalue g, where

Y; = (@77]j70-j)t =
1 ~ ] . . ~ ] . .
=(A720,, Q1Y (a—X0)7 70, QY (a— X)), j =0,F.
=0

=0

(14)

As a corollary of Theorem 2 and Theorem 3 we have the following assertion.

Theorem 4. For the operator A the following properties are valid.
1. Nonreal eigenvalues of the operator A and those real ones to which there correspond associ-
ated elements are located in the segment

M:={AeC: Reh—a>puRlAY N, |AN—a| <2u7'|gB+ E|}

of complex domain C. To this finite set of eigenvalues there correspond neutral eigenelements of
the operator A. Conversely, to neutral eigenelements of the operator A there correspond eigen-
values that are located in the segment M and for real eigenvalues the operator A has associated
elements.
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2. Figenvalues N corresponding to the positive eigenelements from nonnegative invariant sub-
space £ are located on interval (a + 2p~t|gB + E||,00). Respectively, eigenvalues X;, corre-
sponding to negative eigenelements from nonpositive invariant subspace £_ are located on the
interval [a,a + p(2[|A7H)7H).

3. If condition 4| A7 - ||gB + E|| < u? holds, then the operator A has no nonreal eigenvalues,
neutral eigenelements and also associated elements. Here the union of normalized eigenelements
{yf e, € £4 and {y; 332, C L form J-orthonormal basis in the space H.

4. For eigenvalues N, and )\, two-side estimates

pA(A) =20 gB+ E|| < A —a < ph(4), keN,
P M(gB A+ E) <X —a < (gB + E)/[1 = 2u7Me(gB + E)|ATH]],

and asymptotic formulas

A= () + O(1) = e KEL+0(1)] 0 = (37)" [ u(a)] d
N, =a+p "MN(gB+ E)[1+0(1)] (k— 00).
hold.

Author is thankful to prof. Kopachevsky N. D. for statement of the problem and useful
discussions.
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Samava Komm nys ypaBHeHUs C CyIIeCTBEHHO 0€CKOHEYHOMEPHBIM
JJIMOTUYECKAM ONepaToOpoM, 3aBUCHAIINM OT BPpEMEHU

A. KO. MAJIbLIEB
HAUMOHANBHBIN TEXHUYECKNUN YHUBEPCUTET YKPAUHBL "KIII’

1. 31ech MBI pacCMOTPHUM HEKOTOPBIE OCHOBHBIE OIpEJIEIeHs U (haKThl, KOTOPbIMUA OyJ1eM
II0JIb30BAThCA B JlaJIbHEHIIIEM. I[Iycts H — cenapabesibHOE BeIIECTBEHHOE THJIbOEPTOBO
npoctpancTBo, L(H) - IpocTpaHCTBO OrpaHIMYeHHBIX JIMHEHHBIX omeparopoB B H. MuoxkecTBo
M C L(H) Ha3bIBaeTCsl TIOYTH KOMITAKTHBIM, ecyin Ve > () cymecTByer KOMIIAKTHOE MHOKECTBO
K C L(H), w aucnta n € N, ¢ > 0, takue, ato K + Q. aBasgerca e—cerbio aig M (Qy
MHOKECTBO BCEX OIePATOPOB paHr KOTOphIX < n, a HopmMa < c¢). B pabGore [1| BBemena
anrebpa dynknuit Ay € C?*(H). B Ay BXogaT Te M TOJbKO Te (UHUTHbIC (QYHKIUU U3
C?*(H) nna koropeix: 1.) VR > 0 3 mourn kommaxtaoe muoxkecrso M C L(H) rakoe, uTo
u'(z) € M\VYx € Bg = {z | ||lz|| £ R}; 2.)u"(-) paBHOMEpHO HeIpepbIBHA HA ODAHHYCHHBIX
noMHOXKecTBax B H. Bcee paccmoTpenusi B 3Toil cTarbe Mbl OYJIEM MPOBOIUTH B OAHAXOBOM
npocrpanctee X dyHKImii, Kotopoe aBjsiercs 3ambikanuem 2y 8 C?(H) 1o sup | - | Hopwme.

O6ozHaunm vepe3 Bo(H) mpocTpaHCTBO CAMOCOIPSIKEHHBIX OrPAHUYIEHHBIX OIEPATOPOB B
npoctpatcrBe H. B coorsercTBuu ¢ repmuHOIOrHEl [2] HA30BEM (DYHKIIMOHAI j B TPOCTPAHCTBE
Be(H) cymecTBeHHO GECKOHETHOMEDHBIM, €CJIH B €r0 sJIPO BXOJAT BCE ONEPATOPhI KOHEYHOTO
pamra. Pacemorpum dyukumio j(-), tae t € [0,T] = A. Viyg € A @ j(tg) — HomoKUTETIBHBLI
CYIIECTBEHHO OECKOHEYHOMEDHBIN JIMHEHHbI (GyHKIMoHaa B npocrpancrBe Bo(H). Bymem
3j1ech cuutarb, 9to j(t) yaosiersopsier yesaosuto Jlunmuna Ha orpeske /. B pabore [2]
obL1a nocrpoena Cy - nosyrpyiia oneparopos T7(t) B mpocrpancTse X (j — HOJOMKUTEILHBII
CYIIECTBEHHO GecKoHeuHOMepHbIi). Pesyibratom jeficrsust oneparopa T7(t) ma dbynkiumo

du(t o
@ € Uy aBisiercs pelenne 3ajadn Koru % = 3j(uy,(t,z)) B TOUKE t ¢ HAYAIBHBIM

yeaosuem u(0, z) = ¢. B [1] gokasano, aro (T7(t)p)(x) = limy oo [ o(x — y)puea, (dy), tae A,
— TIOJIOXKUTEIbHBIE ONEPATOPLI KOHETHOrO paHra Takue, 4to ||A,|| — 0; ¥n € N Sp(A,) = ||7]l,
a pa(dr) — rayccoBa Mepa ¢ KOppessImOHHBIM orepaTopoM A. B jasbreiinem Mbl Gyem
1I0JTb30BaThCst CBOficTBaMU TIOJTyrpy bl 17 (t), mostydenubivMu B pabore |2] 6€3 JonoHATeIbHBIX
CCBIIOK.

B pabore [4] Obum BBeJeHBI U W3yUEHBl BEKTOPHBIE ToJist Z Kiacca 2. Bexkroproe
nore 7 wa H mnpunajyexur kiaaccy 2, ecam: 1.) Z uMeer OIpaHUYEHHBIH HOCHTEJb;
2){Z(x) | * € H}-nourn kommnakrno; 3.){(&,Z"(z)) = (£, 2)"(z) | ||¢]| € L;z € H}-
HOYTH KOMIIAKTHO; 4.)Z nBayK/bl HempepblBHO guddepenimpyemo na H, npudaém BTOpOit
KOBapuaHTHBIN uddepeniman Z—paBHOMEPHO HelpepbiBHasg Ha H onepaTopHO3HAYHAS
dbyukums. B panbreiinem Mbl 6y1eM 0JIb30BaThCs CBOICTBAMU BEKTOPHBIX ToJ1eil Kiacca 2o,
IOJIyYeHHBIME B pabore [4] 6e3 J10M0HUTEIbHBIX CChLIOK.

Ilycte ¢ = {to = 0,t1,ta,...,t, = T} — mHeroropoe paszbmenne orpesra A. Ilyctsb
t,s € Ays < t, upuaém t;_1 < s < tj, ty, < t < tyq1. Ecm U(t, s)-nexoTopoe cemeiicTBo
orepatopos B poctpancTse X, 1o Uy(t,s) = U(t, tm)U (tmy tm-1) - .- Ultji1, t;)U(t5, 8).

2. A ceifyac Mbl paccmoTpuM 3ajady Ko i ypaBHeHus % =1j (t)(u.,(t,2)), rae
t € [0,7] = A. ByzeMm nosjararh, 4To Hadajabuoe yciosue ¢ € Ag. U(t,s) £ T (t — ).
O6oznaunm vepes U(t, 7) pemenne 3amaqun Ko B Touke ¢ ¢ HadaJIbHBIM yciaoBueM ¢ € 2y B
TOYKE T.

Teopema 1. Pewenue paccmampumesaemot 3adavu Kowu daémes caedyrowetd Gopmysoti:

U(t,7)e = limU,(t, 7).
q
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HokazarenbcTBo. s J0Ka3aTeibCcTBa CyIIECTBOBAHUS TIPEJIEa BOCIOIb3YEMCs TeOpeMoil
2.1 m3 .6 [3]. B coorBercTBuE ¢ 9TOI TEOpEMOil JOCTATOYHO JTOKA3aTh PABHOMEDHYIO
manmmneBocts cemeiicrBa U,y (t, s), a Tak »Ke HpoBeputh BbinosHenne onenku ||U(t, s)p —
Ut,0)U(0,s)p| < K(p)(t—0)(0—s)* (0 < a < 1), 1yist Beex ¢ n3 HEKTOPOTO BCIOAY IIOTHOTO
B X U MHBAPUAHTHOIO OTHOCUTEILHO cemelicTia U (t, s) MHOkecTBa D; npuaém dbyukims K ()
JIOJIZKHA YJIOBIeTBOPATE yenosuio sup, ,  K(Uy(t,s)(v)) = k() < oo (¢ € D). B xauecrse
mHO)KecTBa D B HateM ciydae Oyjier BoicTynarh 2. PaBHOMepHas! JUIIIUIEBOCTH ceMeiicTBa
U,(t, s) mHememyienno BoiTekaeT u3 Toro, urto |U,(t, s)|| < 1;Vt, s € A, Vq € {q}. Teneps ocraérea
oreHnTh HOpMY pasuoctu U(t, s)p — U(t,0)U(0, s)p, ¢ € Ay.
LU, s)e = Ut 0)UO, 5)p ||=ll TV (t = s)p — T/O(t = )T (0 — 5)¢ || =
= T — YT — s)p — IOt~ )70 ) |1 =
=|| TVt = 0)p = TVt — )y || . (1)
Mur o6ozuaumm ¢ = T96) (0 — s)p. 1 € Ay cormacuo cpoiicrsam mosyrpymst 17) (¢). dis
onenku || T9¢) (t — )y — TV (t — 01 ||, mermomb3yeM craeayionyio dhbopMyIy:
1
TP (b)) — T () = t / Tt ()(Ly — Ly)gda, (2)
0

JUIA JIIOOBIX JIBYX IOJIOKUTEIbHBIX CYIIECTBEHHO OECKOHEYHOMEPHBIX (DYHKIMOHAJIOB ji, Jo.
Omneparoper Ly = L' uw Ly = L% takoBbl, uro L; - reHeparop mosyrpymmsl 171 (t), a Ly -
reneparop mosryrpymmst 172 (t). VI3 s1oit hopmysibl BeITeKaer, ITo

77O = ) — Tt - O)]| <
1
< (t—0) / ”Tj(s)+a(j(0)—j(s))(t — g)(LJ‘(G) — Lj(s))@/)Hda < (t— «9)||(Lj(9) — Lj(s))¢||. (3)
0

Badukcupyem Teneps x € H.

[ (L7 = D) () =] (5(8) = j(s)(" (@) [ 158) = 5(s)I| - 1" (). (4)

[Tockosbky cemeiicTso j(t) ymosiaerBopsier yeaosuto Jlummuna va orpeske A, ro 3C' > 0,0, s €
A7) —4(s)|| < C | 0 — s |. Tlosromy, yunrsiBas (4), Gymsem uMeTs:

(07 = L(e) | €0 = s) sup [ (@).| (5)
Crenosarensio, yanrbisas (3) u (5), OygeM nmers:
1TVt — 0)p — TV (t — O)y|| < C(t — 0)(0 — s) sup [ ()] (6)

AL

[ycrs teneps K (1) 2 sup,ey |[¢0" (2)|]. Ecm jpokasats, uro K(¢) = K(U(0,s)p) =
K(T'9 (0 — s)p) < K(p) mna secex @ € g, 1o yuntesag (1) n (6) 6ymzem umers, €TO
U (t,s)p —U(t,0)U(0,s)p| < C-K(p)(t—0)(0 — s). Kpome Toro, yaursiBast ompe/iejieHue
U,(t,s), nmociaegoBarebHoe HPUMEHEHUE JAHHOIO YTBEPXKICHUS HPUBEACT K TOMY, UITO JIJISA
Beex dynkuuit ¢ € Ay supy,  K(Uy(t, s)p) < K(p) = supey ¢ ()] < +oo. Tem
caMbIM cymecTBoBamue upegera lim,U,(t, s)p B coorBercTBHN ¢ Teopemoii 2.1 u3 riassl 6 |3
OyIeT MOJIHOCTBIO JI0Ka3aHo. [1jist JoKa3aTe/IbecTBa BBICKA3AHHOIO YTBEPXKICHUST BOCIIOJIb3YEeM s
cJIetyIomuM coiicteoM nosyrpym 17 (t): mia moboit bynkimu ¢ € 2o u 115 JT0OBIX BEKTOPOB
hi,he € H (¢ (-),h1) € X, (¢ (-)h1,hy) € X. TIpu STOM BBITOIHSIOTCS CJICIyIONIIE
paBeHCTBA:

(TM)¢) ) =T (1)@ (-), hn); (7)
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(T()¢)" b1, ha) = T()(@" (-1, ha). (8)
Nrax,

1

K(U(0,5)p) = sup [[(TV(0 = s)p) ()| =

= sup{((T7)(0 — 5)p)" (z)h, h) | x € H; || h ||< 1} = sup{T/(0 — s)(¢" (), h)(z) | (9)
v € Hy|| h[|< 1} <sup{(¢" (x)h,h) |z € H; || h|< 1} = ilelglho"(x)lh

Cornacro npesytozxenmo 2.2 u3 raasb 6 3], nponssosimy oneparopom A(t) cemeiicrsa U (t, s)
apngercs U, (t,1).
%U(t7 s)p = %TJ(S) (t—s)p =TIt —s) 7.
Orciona, U, (t,t)p = L'®p. Teopema moHOCTHIO J0KA3ANA.
du(t,z)
dt
Li()(uyy(t, @) + Zu, vae t € [0,T] = A. Bysem nosarars, 4To HadaibHoe yciosue ¢ € 2g.
Pemenne 3ajaun Kormu OyjieM uckarb MMEHHO B 9TOM KJjacce (DYHKIMA. 7 - BEKTOPHOE T10JIe
kinacca 2Ag. [orok, @, (z) = P(t,x), coorBeTcTBYOMUIT TAKOMY BEKTOPHOMY IOJIO OIPEJIEJIEH
ns Beex (t, z) € R 4+ H. Onpenemam B mpoctpanctse X nomyrpymmry P(t) mo dopmyrte P(t)u =
u o ®,. CpoiicTBa Takux OIyrpymn 66 wsydens: B [4]. O6osnaunm gepes U(t,7) pemenne
paccmaTpuBaeMoii 3asiaun Koy B Touke ¢ ¢ Ha9adbHbIM ycsoBueM ¢ € 2y B Touke 7. Beeném
B PAcCCMOTPEHHe CIeIylone cemeiicTsa oneparopos: V (t,s) = T78)(t — s); Z(t,s) = P(t — s).
[Monoxum B aToM myHKTe, uTo U(t, s) = V(t,$)Z(t, )

3. Tenepp MBI TOTOBBI K paccMOTpeHHUIo 3ajadn Komwm g ypaBHeHUS

Teopema 2. Pewenue paccmampumeaemoti sadavu Kowu daémes caedyrowetd opmyrofi:

U(t,7)p = lImU,(t, 7).
q

HokazareabcTBo. [lng JokazaTenbcTBa BocmosibdyeMcs Teopemoit 2.1 w3 i 6 [3].
Pasnomepnast smmmmneBocts  cemeiicrBa  Uy(f,s) HeMeUIeHHO BBITEKaeT M3 TOLO, €TO
U, (t, 9)|| < 1;Vt, s € A, Vq € {q}, a 910 B cBOIO O4epepb ciremyeT u3 Toro, urto ||[P(t)|| < 1u
t,s)|| < 1. Tenepn ocra€rca omennts HOpMY paznoctu U (i, s)p — U (t, ,S)p, € Xy.
vV 1. T ¢ U Ut,0)U(o 2
= |77t — 0)P(t — )T (0 — 5)P(O — s)p — T (t — 5)P(t — s)p|| =
= |79 (t — 0)P(t — )TV (0 — 5)P(O — s)p — TV (t — 5)P(t — O)P( — s5)p|| =
= | 79Ot — 0)P(t — )T (9 — s)ip — T (t — )T (O — 5)P(t — O)||.  (10)
Baech wepes 1) mbl obozrauman P(0 — s)p. CormacHo coiictBam mosyrpymier P(t), ¢ € 2.
Baeném ciesyromue oboznauenus: A = T7O (1 —0); B = TV (t —0), 4, = P(t—0)T7) (0 —s)1p,
W = TV — ) P(t — 0)¢. Mockombky || Aty — Bibn|| < [|vh1 — tho| +[| Aoy — Buo| ([ A]] < 1), 10
nyist oreHk (10) goctarodHo oneHuTh ||1h) — | 1 || Ahe — Bibsl|. Onernm cravana ||1); — o]

(T9O)(6 — $)P(t — 0)) — P(t — )T/ (6 — s)u) () = TVO(0 — 8)( 0 @) () —

T (0 — $)p(Dy_g(2)) = lim [ (P(D(t — 0,2 +y)) — L(D(t — 0,2) +y))io—s)a, (dy) (11)

n—oo
H
[IpaBast 4acTh JAHHOTO BBIPAZKCHUS 3aBUCHT TOJIBKO OT 3HAYCHUS MTOLIHTCIPAIBHON (byHKIINH
B mape ||y|| < /(0 — s)]|j(s)||, mockombKy dyHKImOHAT j(S) CYIIECTBEHHO OECKOHETHOMEPHBIIA.
C apyroit CTOPOHBI UMEIOT MECTO CJIELYIOIIIe HEPABEHCTBA

0P
12t =0, 2 +y) — Ot — 0, 2) —yll < sup | 5—(t — 0, 2) — Illllyl}; (12)
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sup | B(t — 6,2) — 1] < exp (t — 6)C, — 1 < Calt — 6), (13)
JUIsl HEKOTOPBIX MOJI0KUTebHbIX KoHcTanT Cp u Cy. U3 coornomenuit (12) u (13) caemyer, aro
|®(t— 0,2 +y) — Bt —0,2) —y|| < Collj(s)||2(t — 0)(6 — 5)"? < const(t — 0)(0 — 5)"/%.(14)
C yuérom (14) MozkeM HaIHCATH, YTO
| P(D(t = b2 +y)) = (St —0,2) +y) [< const(t — 6)(6 — )/ sup ¢/ ()] (15)
Ucxons n3 (11) u (15) gesraeM OKOHYATETHHBIN BBIBOJI:
(7O = $)P(t = Oy — P(t = O)T7(0 — s)u) || < Ky (w)(t — 0)(0 — )/, (16)

MpI BBe/n ciieyioniee obosnauenue: K (1) £ const - sup, ||¢'(x)]].
Terneps orernm ||A¢2 — Bw2||. Ucxons uz (6) u onpeesiernst oneparopos A u B, OyieM umerhb

IT7O(t = 0)ipo — TV (t — O)ba]| < Ka(tha)(t — 0)(0 — s); Ka(v2) é021612||¢;($)||> (17)

rae C' — koncranara Jlummuna s dyuxmun j(t). Pesiomupys (6), (16) u (17), moxkem
HAIINCATh

[U(#,0)U(8,5)¢ — U(t, s)pll < Ki(¥)(t — 0)(0 — )2 + Ka(¥)(t — 0)(0 — 5), (18)
rae Ky(4) = consty-sup, [ (2)||; Ka(1h2) = consty-sup, [[v (2)]|;1 = P(0—s); C) (-
s)P(t — 0)1. Ceitaac MBI JTOKayKeM, 9TO UMEIOT MecTo HepaBeHcTBa: K (1) < const Kl(go) u
K (1)9) < const - K1(p) + const - Ks(p).

Ki(P(t)g) = sup || (po @) (2) || <
< exp(tCi)sup ¢ ()| < exp(TC)sup [l (-)|| < const - Ki(p).
sup [[(T7(0 — s)P(t = 0)u)" ()| =
i ’ (19)

= sup (T — s)(P(t = 0)v)) ()] < sup [|(P(t = 0)¢) (2)]l

Ha ocnoBanun coiictB mosyrpynnbl P(t), ycranoBieHHbIX B pabote [4], mis HEKOTOPBIX
kouctant Cp,Cy > 0 Oyaem mmets tipu ¢t € A

sup I(P(t = 0))"(2)] < exp(2(t = 6)C1) sup 1" ()] +
+2C(t — O)exp(3(t — 9)01)SUPII¢( )< Const-sgpllwﬂ(x)ll +00nst-sgp||¢'($)ll (20)

U3 (19), (20) u onpenenenns Ky BomBoguM: Ko (1s) < const - K1 () + const - Ky(1)). Benommus,
qr0 1) = P(t — 0)¢, u npuMeHnB aHAJIOIMIHbIE YTBEPXKICHUSI ellé pa3, ¢ yuérom (18) mosrydanm:
|\U(t,0)U(0,5)p — Ult,s)p|| < const - Ko(o)(t — 0)(0 — 5) + const - Ki(p)(t — 0)(0 — s)'/2.
Paccyxenusimu, 10J0OHBIMU NPUBEJACHHBIM B MPEIbIAYIIEM maparpade (cM. B 9acTHOCTH
dbopmyy (9)), 1oKasbIBAETCS, 9TO:

sup Ko(Uy(t,5)¢) = supsup [|(Uy(, 5)¢) (@) = ka() < Ho0;

q,t,s x

sup K1 (U, (1, 5)¢) = supsup [|(Uy(t, 5)¢) ()| = ki(p) < +o0;

q,t,s q,t,s =«
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Terepb J0CTATOYHO HIPUMEHHUTH yTBEp:KIeHne TeopeMbl 2.1 u3 riasbl 6 (3], 4T0OBI 3aBepHTUTDH
JIOKa3aTeJILCTBO CyIecTBOBanus npezenta lim, U,(t, ).

—U(t,s)p = %V(t, S)P(t—s)p =V, (t,s)(P(t—s)p)+V(t,s)P(t—s)p.

Buaunr, U, (t,t)o = /D¢ + Zp. D1o 3aBepiuaer J10Ka3aTeLCTBO TEOPEMBI.
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HOPMAJIBHBIE NH/TEKCBHI 1 HOPMAJIBHOE

JANOPEPEHIITTPOBAHUNE
B JIOKAJIBHO BbIITYKJIBIX ITPOCTPAHCTBAX

n. B. OprjioB
TABPUYECKUN HALIMOHAJIBHBINM YHUBEPCUTET M. B. 1I. BEPHAICKOTIO,
CUM®EPOIIO/Ib, YKPANHA

Ha 6ase nowamus HOPMaALHO20 UHIEKCA AUHETHO20 HENPEPBIGHO20 ONEPATOPA
CMPOUMCA MEOPUA HOPMAABGHO20 Juddeperuuposarus omobparceHutl 6 AOKAALHO
BUNYKAVT Mpocmpancmear. Paccmompenvt asemenmaphrvie ce0tcmea HOPMAALHHLT
NPOUBBOOHBIT, HOPMAALHAL HOPMG MEOPEMBL O CPedHem U ee HENOCPEICTNEEHHbLE
NPUAOIHCEHUSA.

0. BBEJIEHUE

Knaccuueckast Teopusi @perte nuddepennupoBanns B 6aHAXOBBIX MpocTpaHcTBax [1] we
JIOTTYCKAeT, KaK M3BECTHO, MPsMOro OOOOIEeHNs Ha BayKHEHIINT s COBPEMEHHOTO aHaIN3a
KJIACC JIOKAJThHO BBIMYKJIBIX TpoctparcTs (JIBII). OcHoBHOII mpuamHON 9TOTO CIIyKHUT
OTCYTCTBHE B HEDAHAXOBOM CJIydae IIOJXOJAIIUX TOIOJOIUN B POCTPAHCTBAX JIMHEIHBIX
OIIePaATOPOB.

[IIupoko mpuMeHsIBIIUICS Ha MPOTSZKEHUH Psijia JIET MCEBIOTONOJOIMIECKHHA TTOIX0 (CM.,
Harpumep, [2]-[5]) xors u gan dopMambHBIE BBIXOJ W3 MOJIOKEHUS, TeM He MeHee, Ha HAIll
B3IVIsiJl, HE 00/IJIaeT TON CTENEHbIO aJrOPUTMUYHOCTU W IIPO3PATHOCTH, KOTOPAd HMPUCYIIA
anaymzy Pperre, 1 KoTopas, 6€3yC/I0BHO, HEOOXOIUMA JIJIsT PEIYJIsIPHOTO ITPUMEHEHUS METOJIA.

[Ipetaraemerii HUZKe MOAXOJ] OasWpyeTcs Ha MOHATHH HOPMAJIBHOIO WHJIEKCA JIMHEIHOIO
HernpepbiBHoro omneparopa A : E  — F ONUCBIBAIOIIEIO HENPEPBIBHOCTH A Ha S3bIKe
coorBercTBUs HWHIAeKCOB mpemropm u3 JIBII F u FE. AnamorumdabiM 00pa3soM BBOIATCS
OTHOCUTEJIbHbIE HOPMAJILHBIE MHJIEKCHI MaJbIX OTOOpayKeHUil. DTU BOIPOCHI, PACCMOTPEHHbIE
B [6]-[8], MBI nzmaraem B 1. 1-2 paboTsl B 0030PHOM MOPSIJIKE.

B 1m.3 gmaercs cooTBercTByIOIEe OmpejesieHre HOPMAaJIbHONW uddepeHmpyeMocTu 1
CTPOUTC 3JIeMEHTapHasd Teopus HOpMaJibHoro auddepentupoBanug orobpakenuit JIBII.
[Ipu sroMm, Ha Oaze mi.1-2, BBIYUCISIIOTCS COOTBETCTBYIOIINE HOPMAJIbHBIE WHJIEKCHI, BILIOTH
JIO MHJIEKCOB OIlepaTopHOil Marpuilbl fAkobu. B m.4 paccmoTpena TeopemMa O CpeHEM s
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HOPMAaJbHO UpdEPEHITUPYEMBIX OTOOPAaXKEHU, TPUYEM OIEHKA CBJI3aHa C HOPMAJIbHBIM
MHJIEKCOM TTPOU3BOIHON. Bropoit maeitubiii mian paboThl CBs3aH ¢ 11.5. 37eCh MMOKA3aHO, 9TO
paznoxenue (E; F') B unaykrusHyto mkaay JIBII B coorBeTcTBUM ¢ HOpMAJIBbHBIME HHIEKCAME
OIIePATOPOB MTO3BOJISIET IPUMEHATH TEOPEMY O CPE/IHEM BIIOJTHE aHAJIOTMIHO CITydalo OaHAXOBBIX
[IPOCTPAHCTB, BIJIOTH JIO TOWIEHHOTO M depeHInpPOBAHUS.

OrmernM, 4TO B paboTe HEe 3aTPOHYTHI BOIPOCHI, CBA3AHHBIE C BBICHIUME TPOU3BOJIHBIMU U
00paTHBIMU OTOOPAXKEHUSIMU, TIOCKOJIBKY 9TO TpeOyeT mepeHoca mpeablIyieil KOHCTPYKIINA Ha
oTobpazkeHust nHIyKTUBHBIX 1ikas JIBIT.

Metoy auddepeHnupoBanns, WCIOJb30BAaHHBII B HacTOdIIell paboTe, He ABJIAETCS
IPUHIUNHATBHO HOBbIM. Kak ormedeno Hmzke (cm. mir. 2.2, 3.2, 5.5), nuddepeHnnpyeMocThb
no Xaitepcy-Jlenry (cm. [13]) B TOmOIOrMUeCKHX BEKTODHBIX IIPOCTPAHCTBAX B CJIydae
JIBII paBHOCmMIbHA HOpMaJbHON uddepennupyemoctr. Taxkum oOpa3oMm, JIaHHBIN METOJ
SIBJIIETCS] TICEBJOTONOJIOTHYECKAM MeTOoJoM JuddepeHmpoBaHus B cMbIcie Jlamaapuia-
CwmoststroBa ([13]). Iesb manHoii paboThl — MPOJEMOHCTPUPOBATEH MIPEUMYIIECTBA TPUMEHEHUS
B JindbdepeHImpoBaHnn HOPMAJIbHBIX UHJEKCOB U COOTBETCTBYIONINX HOPMAJIBHBIX PA3JIOXKEHUI
orepaTopHbIX MpocTpancTB B mmikajiael JIBII. DTo mo3Bosmiao, B 4acTHOCTH, HOJYYIUTH U
CYIIECTBEHHO HOBbIE PE3Y/IbTAThI, TaKhe, Kak HOpMaJjibHas (opMa TeopeMbl O cpejHeM 1 u
TeopeMa 0 TIo4JIeHHOM jirupdepeHImpoBanum 2.

Berony gamee K — mome ckanspos; E, E;, F, F/, G — JIBIl ¢ cOOTBETCTBYIONIIMNI
onpeaenmonmn creresatt mpeaopst {| - [ her. {1 -l beerss {1 - [*Fees. {1~ [} es;.
{Il - I+ }rer, MHAYKTUBHO yIOPSIOYEHHBIMI B COOTBETCTBUH C BO3pacTaHueM mpegnopm; (F; F)
— IPOCTPAHCTBO JIMHEHHBIX HEIPEPBIBHBIX OlEepaTopoB, neiicteytonwx u3 F B F; (Ey, Ey; F)
— MIPOCTPAHCTBO OMJIMHEITHBIX HEMPEPBIBHBIX OIEPATOPOB, JeiicTByonux u3 [ X Ey B F.

1. HOPMAJIBHBIE NHJEKCHI JIMHENHBIX OIIEPATOPOB B JIBII (n-MHIEKCHI)

Onpepnenenne 1. Ilycrs A € (E; F). st moboro s € S 1oioRum

na(s) = {t € T/ |A[|7 :== sup [[Az[]* < +oo}.

ll=lle<1

MHuorosnauHoe 0TOOpazKeHIE N4 HA30BEM HOPMAALHbM UHOEKCOM, WIIH N-UHOEKCOM OLIEPATOPa
A, Bemmunnsl || Al — xonopmamu.

Bameuanue 9. [lycrs ray(7') — mHOXKecTBO Beex Ayyet B T, T.e. moaMHOKecTB T') copepzKaIinx
BMeCTe C KaxKJhIM CBOUM 3J€MEHTOM Bce mocyemytorme. Muoxectso ray(7’) WHIYKTHBHO
YHOPSAJI0YEHO MPOTUBOIIOIOXKHO BKJIIOYEHUIO U 00pa3yeT PeHIeTKY OTHOCUTEIHLHO OTePAIliil
T'vT" =T NT"uT NT" := T UT". Jlerko BuaeTh, 9T0 BCAKUI HOPMAJbHBI WHIEKC
n4 orobpazxaer S B ray(7T'). OrmMeruM TakzKe, 9T0 KOHOPMbBI 06/18/1a10T OOBIYHBIME CBOCTBAME
HOPM; KPpOMe TOro, Ipu t & nA(s) nr ekl

1Az < Al - |- (1)
OrMernM OCHOBHBIE CBOMCTBA HOPMAaJIbHBIX MHJIEKCOB (eM. [6], [7]).

IIpensioxkenune 8. JTi060ii HOPMAJIbHBIN UHJIEKC ABJISIETCsI BO3PACTAIONIUM OTOOparkenueM S —
ray (7). Kpome Toro:
1) ecim ¢ € K, ¢ # 0, 10 nea(s) = na(s);

2) ecrm A; € (B3 F),i=1,k, 1o ni (s) = \/f:1 na,(S);
A;

=1
3) ecm A; € (E;F7), j = 1,m, 10 nea, . a,)(51,---,8m) = Vo, na;(s;); npu srom
(A, - A 7" = max [ 4]l

1<j<m
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k k
4) ecmu A; € (EpF), i = 1,k, 1o né (s) = TImna,(s); mpum sarom [P A7, 4,
A; i=1 i=1
i=1

max
1<i<k

5) ecmu Ay € (E}F), Ay € (F;G), 10 nayon, (1) < nay[na,(r)]; mpu stom ||Ag o Ay} <
[ s[5 - 1AL [I7-

[Tpumepsl BBIYKUCIEHHsI HOPMAJbHBIX UHJEKCOB paccMoTpeHbl B [7]. OTmerum Juinb ouH
BazKHBIU ITPUMED.

k
IIpumep 5. Ecmn I, : E; — [[ E; — kamnonndeckue unbeknud, j = 1, k, 1o
i=1

n (10 5 (4= ) j =Tk 2)

2. OTHOCUTEJIbHBIE HOPMAJIbHBIE NHIEKCHI MAJIBIX OTOBPAYKEHUIT B JIBII
(v-UHEKCHI)

Onpenenenune 2. Ilycrs orobpaxkenue ¢ : E — F omnpejeseHo B HEKOTOPOH OKPECTHOCTHU
uysst B E. Bygem rosopurs, aro ¢(h) = o(h), eciau

VseS3teT: (lem)]*/|Ih|l:) — 0 npu h— 0. (3)

O6oznaunm depe3 v,(s) MHOkKecTBO Bcex t € 1, yIOBIETBOPSIONHX YyCIOBHIO (3).
Muorosuadnoe 0TOOpazkeHHe § > V,(S) HA30BEM OMHOCUMEALHDIM HOPMANDHOIM UHOEKCOM
(nm v-underxcom) oTOOBparKeHus .

Bamevanue 10. Herpynno Buzerh, uTo yciaoBue (3) PaBHOCHJIBLHO OIPEJEIEHUIO MAJIOro
oTOOparKeHusT TOMOJOIMIeCKUX BEKTOPHBIX MpocTpaHcTB mo Xaitepey-Jlenry (cm. [13]): ecom
U — okpectHocTh Hysist B B, V' — okpectHocTh Hysist B F, 1o p(h) = o(h) Torga, Korya

A

(mocrarouno pacemorpers V = V® = {y € Fl|ly||* < 1} n U = U; = {x € E||z|: < 1},
rae t € v,(s)). OgHako MeTos HOPMAJIBHBIX HHIEKCOB CYIIECTBEHHO YIPOIIAET B JIOKATIHLHO
BBIITYKJIOM CJIydae paboTy ¢ MaJIbIMU OTOOPAKEHUSIMU.

VYV 3IUVe>036>0(heU, |/\|<5):>< Mh)e V) (4)

AHAIOrMYHO n-MHJIEKCAM, V-WHJEKChl TaKyKe sBJsioTcsi orobpaxkenusimu S —  ray(T).
[Tpumepsb! BBIUUCIEHUS V-UHJIEKCOB PACCMOTDEHBI B [6]; MbI IpUBE/IEM 3/1€Ch JINIIb OJ[MH BAsKHbII
IIPUMED.

IIpensoxenune 9. Eciu B € (Ey, Ey; F'), 0 B(h, he) = o((h1, h2)). IIpu sTom
vp(s) = {(t, ) | BIl},s, := sup [1B(hy, hs)|[* < o0} (5)

Pl <1[h2lle, <1
Ompeenienroe dopmyinoii (5) orobparkeHne HA3bIBACTCS TaKKE OUHOPMAALHLM UHOEKCOM B
u oboznavaercs ng (cm. [7]).
OTMeTrM OCHOBHBIE CBOMCTBA MAJIBIX OTOOPAYKEHUN 1 OTHOCUTE/ILHBIX HOPMAaJIbHBIX HHJIEKCOB

(em. [6]).

IIpennoxkenue 10. Jloboii v-unjieKe sBisgercs Bo3pacTaonmmM orobpaxenuem S — ray(T).
Kpowme Toro:
1) ecmu c € K, ¢ # 0, T0 Ve.y(5) = vy(5);

2) ecom @; = o(h), i=1,n, 10 va, (5) X Vi, Vo (9);
Pi
1=1

p(AR)/A) = 0;

ecn p; 1 E— FJ, j=1,m, 10 vy, Mm)(sl,...,sm):\/;.nzly%(sj);

)
3) ecim p(h) = o(h), TO lin%
4)



106 Section 2. Evolution and Boundary Value Problems

_ k
5)ecin ;1 By — Foi=1k,rov, (s5) =[] vy, (5);
@1% i=1
6) ecmn @1 2 E— F, Ay € (B} F), a0 F'— G, ¢1(h) = o(h), pa(k) = o(k), To (2 0 (1 +
Ay))(h) = o(h), n

V3020(<P1+A1)(r) < (Vgy V nay) 0 v, (1); (6)
T)ecm ¢ : E— F, o(h) =o0(h), Ay € (F;G), 10 (A3 0 ¢)(h) = o(h), n

VA20<P(T) S (V@ © nAz)(r>;

8) ecrnt ¢ 1 By X Ey — F, o(hy, ha) = o((hy, ha)), To 01(h1) := @(h1,0) = o(h1), pa(ha) =
90(07 hQ) = O(h2>7 n
Vg, (8) X Vi, (8) X Vp(5).

3amMeTnM, UITO MOC/Ie/Hee HePABEHCTBO cirenyer u3 (2) u (6).

3. HOPMAJILHOE NU®OEPEHINPOBAHUE B JIBII (9JIEMEHTAPHASA TEOPUA)

Onpenenenue 3. Bymem rosoputh, urto orobpaxkenme [ : FE — [F| ompeneneHHoe B
OKpecTHOCTH TOUKH = € FE, (nopmasvno) dupdepenyupyemo B Touke x, ecim Af(x,h) =
Ayh+o.(h), tne A, € (E; F), p.(h) = o(h). Oneparop A, Haz0BeM (HOpMaavioll) npouseoonod
f B Touke x m obosHaunm oObIYHBIM cuMmBosioMm f'(z). Ilox n-undexcom m v-undexcom f B
TOoYKe T OyJeM MOHUMATh COOTBETCTBYIOIIME WHJIEKCHI TJIABHOW YacTH W OCTATOYHOIO UJIeHA

Afing(x) =npay;  vi(@) = v,,.

Bameuanne 11. Ouesmano, ecom E — 6amaxoBo mpoctpanctBo, T0 @.(h) = o(||h]|) =
MBI IPUXOUM K orpejeiennio Ppeme. B stom ciyuae n-undexc u v-undexc f TOCTOSHHBI.
OTmernM TakzKe, 9TO BBIOODP ONPEIEISIONNX CUCTeM HpeaHopM B E u F He Biusier Ha
HOPMAJILHYI0 b depeHIpYeMOCTb; U3MeHseTCst JIMIIb 1 f(x) U vp(x). Y106HO paccMarpuBaTh
MaKCUMAJIbHBIE OIIPEIEIAIONINe CUCTEMbI OIAPHO HESKBUBAJEHTHBIX IIPEIHOPM.

B cinyuae npomssosbubix JIBII E m F', kak BbITeKaeT u3 3amedanud 10, omnpejesenue
HOpMaJIbHON b depeHnnpyeMocTn  paBHOCUIIbHO —onpenesennto  Xaiiepca-JIenra  ([13]):
Af(x,h) = Ayh + @ (h), Tae ¢, yaosiersopsier yciaosuio (4). OZHAKO MeTOJ| HOPMAJILHBIX
WHJIEKCOB JIaeT CYIIECTBEHHYIO JIONOJHUTEILHYIO HH(MOPMAIMIO O TIOBEJIEHUN JIMHEHHOH JacTu
U MAJIOro WieHa M IPUBOJUT HUZXKe K HOBOIl dopme Teopembl 0 cpegnem B JIBIL (Teop. 1) u
HOBOMY pe3yJsibraTy o nouiennoM juddepennuposanuu B JIBII (Teop. 2) 1 HEKOTOPHIM JAPYTUM
HOBBIM PE3YJILTATAM.

Crenyrornye yTBEPK/ICHHs OYEBH/IHO CJIEJYIOT U3 ONPEJEJCHNsT 3 U CBOJCTB HOPMAJIbHBIX
nnzekcos 8(1-2) u 10(1-3).

ITpennoxkenue 11. Ecim f wopmaasho quddepennupyemo B Touke x € K, 1o f HempepbIBHO
B TOYKE Z.

Ipengnoxenune 12. Ecu f; : E — F nudbdepentupyemnl & Touke € E, \; € K (i = 1,n),

n
10 Y A fi Takke quddepeHnupyeMo B TOUKe &, IPUIeM:
i=1

(; )\ifi) (z) = ; Aifi(@); nii’\ifi(x) < l:\/lnf (x); u;: o (7) < Z:\/1 v, (2).

ITpennoxenue 13. Ecim f nuddepennupyemo B Touke x, TO i 0boro h € E cymiectByer

IPOU3BO/HAsI IO Hanpasienuio o f(x, h) = /\lirilo (Af(z,A\h)/N), u of(z,h) = f'(z)h.
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Sameuanme 12. Takum o006pasoMm, ajropuT™M BBIYHUCIEHUS HOPMAJbHONW IIPOM3BOIHOMN
caenytormuii: 1) Beraucauts o f(x, h) ; 2) upoeputsb JuHeRHOCTh 0 f(2,h) 0 h ¥ BEIYUCIUTD
n-uHJEKC; 3) TpoBepuTh Manoctb Af(x, h) — o f(x, h) U BEIYUCIUTD V-HHJIEKC.
[poustocrpupyem 3ro Ha npoctom npumepe. Ilycrs B = F = C,.(R) (¢ npegropmanmu
oo
x|l = suplxz(r)], t > 0), f(z)(t) = > c,x™(t), rue nhrrolo Ylen] = 0. Torma of(xz,h) =
n=0 -

|r|<t

o oo
> ne,a™ th, otkyma |jof(x, h)|ls < 0 nlea] 2|27 - A, 1, crenoarensho, ng e o (t) <

n=1 n=1

[t;+00) npu mobom x € E. Hamee, Af(x,h) — of(x,h) = > c, - > Cka"*h* orkyna
n=2

k=2

IAf(z,h) = of(zW)lle < X leal - (lzlle + 1) - [[BIF mpu [|B]le < 1, n, crenosaressho,
n=2

vi(x)(t) < [t; +00).

Ilpemgoxxenne 14. Eciu f : F — F jauddepennupyemo B Touke © € E, g : F — G

nuddepeniupyemo B Touke y = f(z) € F, 10 go f : E — G nuddepeHupyeMo B TOUKE T;

[IPU STOM

(90 fY(@) =g W) o f'(2); ngor(z) < np(z) ony(y): (7)
Vgor(z) S (Vg () ong(y)) V ((ng(x) V() o vg(y)). (8)

/oxazameavcmeso. JlelicTBUTEbHO, CTaHIapTHAS BBIKJIAIKA JIA€T
Algo f)(z,h) = g'(y) o f'(@)h+[g'(y) - u(h) + ([ (@)h + 0 (h))], (9)

re p, 1 ¢Y — COOTBETCTBYIOIIIE MaJible WieHbl npuparennii f u g. Orciona, npumenss 8(5) K
riasHoit wactu (9), moxyaaem (7), a npumenss 10(2) u 10(6-7) k masoit qactu (9), moayaem

(8). O

IIpengnoxenune 15. Eciu B € (F', F?;G), to B quddepenuupyemo B io6oit Touxe (Y, ys) €
Fy x Fy; ipu atom B'(y1, y2) (K1, k2) = B(y1, k2) + B(k1, 2);

ne(Y1, Y2) = np( o) (Y1) X B, (Y2); (10)
v (Y1, y2) = np (U1, y2)- (11)

Zoxazameavcmeo. leiicTBUTEIBHO, T.K.
AB((y1,42), (k1, k2)) = [B(k1, y2) + By, k2)] + B(ky, ko), (12)
To puMensist 8(4) K riaBHoit wactu (12), mosydaem (10), a npumensis 9 k masoit actu (12),
nosrydaem (11). O

IIpemioxenne 16. Orobpaxkenue (fi, fo) : E — F!' x F? tuddepennupyemMo Tora u ToIbKO
Torja, Korja jguddeperiupyemMol fi 1 fo; Ipu 3TOM

(fbf?)/(a:) = (f{(a:),fé(x)), n(fhfz)(x) :nfl(x)\/nfz(x); (13)
V(foQ)(ZL’) =Vpn (I) Vg, (JZ) (14)

Jlokasameavemso. eiicturensro, ecin Afi(x, h) = fl(x)h + p;(h), T0
A(fr f2)(, h) = (fi(2), fo(2))h + (@1, 02) (h), (15)

u npuMenss 8(5) K riaBHoit wactu (15), momyuaaem (13), a npumensist 10(4) k masoit wacru (15),
nostydaeM (14). O6paTHBIil BHIBO/ AHATIOTUYIEH. O



108 Section 2. Evolution and Boundary Value Problems

Cnencreue 1. Ecau (f1, f2) : E — F' x F? dugdepenyupyemo 6 mouxe x € E, B €
(F1, F»; G), mo B(f1, f2) : E — G dupdeperyupyemo 6 mowke T; npu mom:

B(f1, f2)' (x)h = B(fi(x)h, fo(z)) + B(fi(z), fa(x)h);
nB(f1.5)(T) < (g (2) Vg, ()] o np(fi(), f2(2));
VB(f1.52)(T) < [V (2) Vvp, (2)] o np(fi(w), fo(2))) V
V (ng, () V g, (2) V vy (2) Vg (x) o nb(fi(x), fo(z)).

IIpensoxenne 17. Ecm f : By X By — F quddepennupyemo B Touke (21, x2) € Ey X Es,
to cymectBytor (0f/0x1)(xy, x2) u (Of /0x2) (a1, x2); pu 3TOM

] 0 0
/ ($17$2)(h1; h2) / (371,$2)h1 + / ($17$2)h2§ (16)
0:1:1 ox i)
”f(l‘lai@) = nf(~,w2)($1) X nf(%.)(:@); (17)
Vi) (1) X Vi, (22) S vp(201, 22). (18)

Jlokasamenvcmeso. CyliecTBoBaHIe YaCTHBIX MPOM3BOJHBIX U paBeHCTBO (16) joKasbIBaroTCst
cTanapTHBIM 00pa3oM. [TocKOIbKY Tpu 9TOM
f (xb $2)

(1’1,332) (1'1,1‘2) Px1,22 = P12 © Il; Pry,x2 = Pri,aze © [2;

014 0y
L€ Puyz9) Pxqwe B Pz xp — COOTBETCTBEHHO Majible dacTu upuparmenuit f(-,-), f(z1, ) u
f(-,22); I; (j = 1,2) — xanonnmdeckue unbvekunn E; — E; X Es, 1o pasencrsa (17) u (18)
caenytor coorBercTBerHO n3 8(4) m 10(8). O

CaencrBue 2. Ecau f = (f1,..., fm): B1 X ... X E, — Fl x ... x F™ du¢ppepenyupyemo 6
mouke (x1,...,%,), mo f'(x) sadaemca onepamopnoti mampuuet Hxobu (0f;/0x;), i = 1,m;
J = 1,n. Ilpu smom:

<z

np(xy, ..., T,) = (nf(.m,_,_’xn)(xl) X ... X nf($17_._7xn717,)(xn)) :

1

. (]
\/ V() (@1) X oo X Vpay a0y (@) S vp(@1, .0 20).

B zaksmiouenue sToro IIYHKTa OTMETHUM, 9TO, HUCIIOJIb3Yysd OIECHKHW KOHOPM B HPEJJIOZKECHUN 8,
JIETKO IIOJIYYIUTDHb COOTBETCTBYIOIIHUE OINEHKNW KOHOPM IIPOU3BO/IHBIX B IIPEIAJIOZKEHUAX 11-2.

4. TEOPEMA O CPEJIHEM J/Isl HOPMAJIbHO JIU®®EPEHIIUPYEMbBIX OTOBPAYKEHUI

HanomunMm cHavasa KJIaCCHIECKYIO TEOPEMY O KOHEUHBIX IIPUPAICHUSAX s OTOOpasKCeHHI
orpeska B JIBII (cMm., Hampumep, [3]).

IIpengyioxxkenne 18. Ilycre F' — BemectBennoe JIBII, B — 3aMKHyTOe BBIITYKJIOE
noaMHOKecTBO F', D — koHeunoe i cuerHoe noamuozkectso [0;1], g [0;1] = R, f: [0;1] —
F. Ecmu f u g venpepeiBubl Ha [0; 1] 1 quddepentupyemsr va [0; 1]\D npudem f’ ( ) € (t) -B
w () > 0mpu £ € [0 1\D, 0 £(1) — £(0) € [g(1) — 9(0)] - B.

[lepeitaem Temepb K orobpazkenusim u3 JIBIT B JIBII.

IIpennoxenne 19. Ilyctre E u F' — BemecrBennnle JIBII, B — 3aMKHyTOEe BBIITYKJIOE
noamuo)KectBo F) [a;b] C E, D* — KOHeYHOe WM CYeTHOE MOJMHOXKeCTBO [a;b], D =

{tf{1=t)a+tbe D*}, g: [0;1] = R, f: [a;b] — F.
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Ecau f menpepbiBao Ha [a;b] m HOpMabHO Tuddepentmpyemo Ha [a; b\ D*, g HenpepbIBHO
ua [0; 1] u qudpdepeniupyemo wa [0; 1]\ D, upudem f'((1—t)a+tb)-(b—a) € ¢'(t)-Bu g'(t) >0
npu t € [0; 1]\ D, To:

f(b) = f(a) € [g(1) — g(0)] - B. (19)
okasameavcmeo. JJocTarodHo IPUMEHUTD IIpeioxKenne 18 K GpyHKImu f(t) = f((1—t)a+tb),
0 <t <1, muddepennupyemoii za [0; 1]\ D B cury npemioxenus 14. O

CuexncrBue 3 (Teopema o cpeaHeM). B ycaosusr npedioscenus 19 oz f,
f(b) = f(a) € conw [f'([a; b\D") - (b — a)]. (20)

C TouKM 3peHUs HOPMAaJILHBIX WHIEKCOB, HamMOOJIee IOJIE3HON, MO-BUIUMOMY, SIBJIAETCSI
caemymomas hopMa TeOPEMbI O CPEJTHEM.

Teopema 1 (HOpMaJsibHasi dopMa TeopeMbl O cpegHeM). [lycmb, 6 YCAOBUAL
npedaooicernua 19 daa f, ng(zr) < n npu x € [a;b]\D*, 2de n — nexomopwiii HOPMaAALHYI
undexc. Toeda dan ecex s € S ut € n(s):

1£(0) = f(@)I* < sup | f(@)]7 - [1b = all. (21)

z€[asdb
Joxazamenvcmeo. U3 nepasencrsa (1) crenyer, aro npu Z € [a;b]\D*, s € S ut € n(s):

1F°@) - =)l < sup |[f (@) - [Ib— all.

z€[a;b)\D
[Tosromy
conv [f'([a; b]\D*) - (b —a)] C B, (22)
rie B={y € Fl|yl|* < sup [ f'(2)|-]|b—al;mpus e S, te€ n(s)} — 3amrHyTOE BBIITYKIOE
x€[a;b]\D*
muoxectBo. Cremosaresbho, u3 (20) u (22) momyuaem f(b) — f(a) € B, 4To paBHOCHIBHO
(21). O

OrmeruM, uro (cM. HUXKe 11.5) B cjydae HenpepbiBHOH nuddepennupyemoctu [ yeaoBue
n(x) < N BBIIOIHSIIETCSL.

5. IIPUJTOXKEHUA TEOPEMBI O CPEJTHEM U HIKAJIBI [TIPOCTPAHCTB

IIpenBapurenbHubie 3amevdanus 1. V3yuenue nponssogaoro orobpaxenus f': E — (E; F)
Tpebyer ompesenenusi cxomumoctu B (F; F'). OpHako B HeGAHAXOBOM CjIydae, KaK H3BECTHO,
[9], Hukakas orgenmmasi JmHejiHas Tomosorus B (E;F) He obecrednmBaeT HENPEPHIBHOCTH
orobpaxkennii Berauciaenust (A, x) — Ax u kommosurun (Ap, Ay) — Ay o A;. Cymecrsyror
pasimdHble MOAX0Abl K droif mpobsieme (|2|-[4]). IIpemmaraembiii HuXkKe MOAXOJ] COCTOMT B
HOYMHEHNN PA3JINIHBIX TUIOB cxofuMocTd B (E; F) pasaudHbIM HOPMAJTbHBIM HHIEKCAM,
9TO MPUBOIUT K paszioxkenuio (F; F) B unaykrusnyio mkaiay JIBIL. Tlpusenem weobxomnmble
cBeJieHMst 00 MHYKTUBHBIX mIKajgax (cm. Takzke [10]).

ﬁ
Onpenenenne 4. Cucrema JIBII X = {X;}ic;, UHIYKTUBHO yNOPsJOYEHHAS 110
HelPEePBIBHOMY BIlOxKeHMIO: (i1 < 42) = (X;, C X,), HasbIBaeTcs uu&ynmusnoﬁ wranot JIBIIL
Onepaupm Haj| MIKAJIaMH OUpeNesAloTcd HOKOOPAMHATHO; HAIPHMEp, eCIIH Y = = {Y:}ies, 1O
X X Y = {Xi x Yi}ier. Hlkams X u Y U30METPUYECKU M30MOPQHBI, €C/In I/ISOMeTpI/I‘{eCKH

n30MOP(QHBI COOTBETCTBYIONNE TpocTpaHcTBa mKax X; =2 Y, ¢ € [. A € (E,X ), ecin
A € (F; X;) upu uekoropoM i € I. Boobire, cxoiuMoCTh B IIKaJe €CTh CXOIUMOCTh B KAKOM-

H
JIOO U3 MPOCTPAHCTB MIKAJIBI: oToOpaxKenue ¢ : K — X HelnpepblBHO B TOUke xy € F, ecin

(x — xy) = (p(r) — @(ro) B HEKOTOPOM X;); (0 PABHOMEPHO HEMPEPLIBHO HA MHOYKECTBE
D C E, ecu ¢ paBHOMEPHO HENPEPLIBHO KaK oToOpaxkenue D B Hekoropoe X;.
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Onpenenenne 5. I[Tycre N = N(E, F) — MHOXeCTBO BCeX HOPMAJIbHBIX UHJEKCOB B (E; F).
g xkaxjgoro n € N 1moozxum

(B F), = {A € (B; F)|ns < n}.

CuabauM Kazkj1o0e mpoctpancTso (E; F),, IpoeKTUBHOI TOoI0rneil 7,, OTHOCUTEILHO TOOJIOT Ui
C ONPEJICNIAIONIME cucTeMaMu IPeHOPM { || - [|7 }ien(s), s € S. Cucremy JIBII
——

(B3 F) = {((Ev F)naTn)}nEN (23)

——
HA30BEM HOPMAALHBIM Pa3aodicenuem mpocrpanctsa (F; F).

ITpenmnoxxkenune 20 ([6]). Cucrema (23) obpasyer ungykrusnyio mkasay JIBIL.

Bameuanwue 13. Ilycrs P,, — busbTpbl OKpeCTHOCTEf HYJIsI B TOLONOTUAX T, 1 € N. Cucrema
{®,, }nen mopoxmaer smHeliHy0 1ceBI0TONONOrNO B (F; F'), KOTOPYIO HETPYHO MIPOJOJIZKAT
Ha [POCTPAHCTBO BCceX orobpakenuit 3 £ B F. DTO MMEHHO Ta TOIOJIOTHUs, OTHOCHTEIHHO
KOTOPOI JIaHHBIN MeToJ1 JuddepeHIpPOBaHUs SBJISETCS [ICEBIOTONOJOTMIECKUM B CMbBICJIE
Jlamanpuia-CwmoustroBa (cm. [13]).

OTmeTnM psiJT CBOMCTB HOPMAJIbHBIX Pa3JIOKEHHIA.

———

IIpennoxkenune 21 ([11]). Orobpakenns Beramcsenus (E;F) x E — F, (A,z) — Az, un

komnosuimu (E; F) x (F;G) — (E;G), (A1, A2) — Ay o Ay, HEIPEepBIBHBI 10 COBOKYITHOCTH
IIEPEMEHHBIX.

IIpensoxenune 22 ([11]). Umeror MecTo nsomeTputdeckne n30MOPQOU3MbI:
———% %
k m ' m :
BE:F)=]]E:F); (E]]F)=]]E ). (24)
i=1 ‘ =

i=1 j=1 j=1

OTHu CBOHCTBA MO3BOJIAIOT CUCTEMATHYECKU IIPUMEHATH TeopeMy O cpejiHeM 1 K HOpMaJIbHO
nuddepeHIupyeMbiM Ha MHOXKECTBE OTOOPAZKEHUSIM.

Teopema 2. ITycmov U — omxpwmoe sunykaoe nodmmoscecmeo E, F — noanoe JIBII, {fy :
U — F}2, — nocaedosamervrocmv nopmasvno dugpdepenyupyemos nwa U omobpascenudl,
npuMem:
1) daa nexomopoti mouru xo € U nocaedosamenrvrocmo { fi.(xo) }32, cxodumes;
—_

2) nocaedosamenrvrnocms npoudsodnwx f : U — (E; F)32, cxodumea pasromepro na U (%
HEKOMOpomy ¢ ).
Tozda {fr}32, cxodumesa na U x nexkomopomy f : U — F; omobpasicenue [ Hopmanvro

dugpgpeperyupyemo na U, u f'(z) = lim f,(x).

Joxazameavcmso. llpumensasa Teopemy 1, morydaem

[(fi(x) = fm(2)) = (filzo) = fn(20))|” < sup I1f () = fr @7 - [l = zolle, (25)

rae s € S, t € nl(s), fir—= B (E; F)u. B cuny pasHomeproil cxojumocTu, npasast qacthb (25)
cTpeMuTcs K HyJso npu m,l — oo, ecin || — x|l < C. Hockonsky || fi(zo) — fin(z0)]]® — 0
upu m,l — oo, o u3 (25) cuenyer ||fi(z) — fm(z)||° — 0 upu m,l — oo u ||z — x| < C,
t € n'(s). Orciona, no kpurepuio Kormu, Boirekaer cxomumocts { fi, 152, B Kaxk10it Touke x € U
K HEKOTOPOMY IPEJIEJIbHOMY OTOOparkeHu:o f.

Hanee, dukcupysa r € U, nmeeM:

1z +h) = f(z) = g()hl]” < |[(f(z+h) = f(z)) = (fu(z +h) = ful2) "+
+ (@ + h) = ful@) = fi(@)hl* + || fi(z)h — g(x)h]]*. (26)
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st mepBoro caraemoro crpasa B (26), mepexojis K npejeny B (25) npu [ — 00 u 3aMeHss
m— k, xg — x, x — x + h, noaydaem:

I(f (@ +h) = f(@)) = (felx + h) = fule) IP/10]l) < sup lg(z) = fr(@)ll; <& (27)

npu ¢ € n'(s) u gocrarouno Goabmux k.
Jlisi TpeThero caraeMoro W3 paBHOMEDHOf cxojmmMocTh fi— g u Hepasemctsa (21)

aHaJIOMYHO cieayeT jid t € n'(s) u gocraTouno 6oabmmx k:
(I fi(@)h = g(@)h|*/1IR]l) < sup lg(z) — fr(@)ll; <e. (28)
Yy

Haxkomner, dukcupys k, u3 onpejesienusi HOpMaabHO# 1 depeHIupyeMocT nMeeM:

(fiz + h) = fu(x) = fi(@)n]*/|[h]l:) <e (29)
upnu ¢ € ng(s), tne ng = ny (x) u ||h|l; < 5. B urore, npu t € (n' V ny)(s) u ||h]]; < 6 uz (27)-
(29) ronywaent: (| (z +h) — F(w) — g(@)hl*/hll) < 3¢, we. f(z+h) — f(z) — g(x)h = ofh),
4TO O3HAUAeT HOpMasbHyIO auddepentupyemocts f (¢ nagexcom ny < n'V ny) u pasBeHcTBoO

F(@) = gla). O

OTrmeTnM, 9TO yCJIOBUSI TOUJIEHHOTO TudHepeHInPOBaHUS JI/1sT OTOOPArKEeHN B MH/TYKTUBHbBIE
mkass! JIBII pacecmorpensr B [12].

Teopema 3. Ecau f: E — F nenpepuiero dupdepernyupyemo 6 mouxe rg € E, g FF — G
nenpepuiero duddepenyupyemo 6 mouxe yo = f(xg) € F, mogof : E — G makoice nenpepwvisro
dugpdpeperyupyemo 6 mowke .

okazamenvcmeo. JleiicrBurensio, cornacto 14, B OKpeCTHOCTH Xy IIPOU3BOAHYIO (g o
p p Y0 (g
g (f(x)) - f'(x) MmoxkHO paccMaTpuBarTh Kak KoMnosuimio orobpaxenus r — (g'(f(x)

f)(z)
) '

E — (E;F) x (F;G), HenpepblBHOIO B TOYKE Tg, U OTOOpazKkeHus: Kommosuiwn (Aj, As)

)

~—

Y

Ol

Ay o Ay, HenpepbisHOTO Ha (B F) X (F;G) B cuy 21.

Teopema 4. Ecau f : Ey x Ey — F umeem menpepvisnvie 6 mowke (Ty,Ts) “acmmvie
npouseodnwvie Of /0xy u Of [0xs, mo f duddepenyupyemo 6 amoti mouke.

Joxazamenvcmeo. Ilycrs (&) = f(&1, 21 + he) — (Of /0x1) (21, 22) (&1 — 21). Torma ¢'(&1) =
(0f J0x1)(&1, 9 + ho) — (Of JOx1) (21, x2). Tak kax (0f/0x;) HenpepbiBHa B TOUYKe (X1, T3), TO
nuist mekoroporo ny € N (FE; F): (0f J0xy)(x1 + hy, 2o + he) — (Of /0x1) (21, 22) B (E; F),y, 910

IIO3BOJIAET IPUMEHUTDb TEOPEMY O CPETHEM 1:

[f (21 + ha, 22 + ho) — f(21, 22 + ha) — (Of /01) (21, 22) M || = [|g(21 + ha) — g(z1)|]* <
< sup  |[[(Of/0x1)(&1, w2 + he) — (Of [Ox1) (w1, 22) ] - [P,

&1€[z15@1+ha]

npu t € ny(s), oTKy1a

f($1 + h1,$2 + hz) — f(l‘l, Ty + hg) — (8f/8x1)(.7c1,w2)h1 = Ol(hl). (30)
AHAJIOrTIHO TTPOBEPSIETCSI, 9TO
f(.ilfl, To + hg) — f(l’l, .]72) — (8f/3x2)(a:1, .I'Q)hQ = 02<h2>. (31)
Cymmupys (30) u (31) moaygaem, B cuity 10(2), yTBEpKICHIE TEOPEMBI. O
k m
CnencrBue 4. Omobpasicenue f : E = @FE, — [[F wnenpepusno nopmarvio

i=1 j=1
duppeperyupyemo moeda u moavko mozda, Koeda ece wacmmwie npoussodnvie 0;f/0r; : E —

(Ey; F) menpepuishot.
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Onpenenenue 6. Byrem roBoputh, urto orobpaxkenme f : FE — F cmpozo Hopmasvho
duppepenyupyemo B Touke x € FE, ecim f HOpMabHO dudHepeHnupyemMo B TOUKe T, U IIPH
t e vi(z)(s), s €St

(If (w2) = f(21) = f' (@) (2 — z) [/ [|22 = 21]ls) — O (32)

npu r1 — T, Ty — T.

Teopema 5. Fcau f: E — F nopmanrvro dugpdepenyupyemo 6 oxpecmmuocmu mouku x € E u
—

f'+ E — (E; F) nenpepoisno 6 mouke x, mo f cmpozo nopmasvho duddeperyupyemo 6 mouxe
x.

Jlokasameavemso. Ilycts g(h) = f(x + h) — f(x) — f'(z)h, Torma ¢'(h) = f'(x + h) — f'(x).
—

T.x. f' wenpepsisao B T0uke z, 10 ¢'(h) — 0 B (E; F) ipu h — 0, 1.e. ¢'(h) — 0 B HEKOTOPOM

(E; F),, n € N(E, F). llpumensig reopemy 1, monydaem mig s € S, t € n(s):

1f (2) = flz1) = /() (@2 — 21)||° = llg(22 — ) — g(21 — 2)[|* <
< sup g (e =zl (33)

h€lz1—z;x0—1x)

U T.K. IEePBbIl MHOXKHUTEIb ClpaBa B (33) CTpeMUTCs K HYJIIO 1IPU X1 — T, Ty — T, TO U3 (33)
carenyer (32).
U
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HoBas onenka npubimkKeHus penieHuii ypaBHEeHUS
IHItypma—J/InyBnijisa ¢ aHAJIUTUYIECKAM IIOTEHIIAJIOM YaCTUIHBIMN
CyMMaMM aCUMITOTUYECKUX PSII0B

. B. CADIOBHUYASA
MOCKOBCKUN TOCYIAPCTBEHHBINM YHUBEPCUTET M. M. B. JIOMOHOCOBA,
Poccud

Ha orpeske —a < x < a, a > 0 paccmorpum guddepennuaibuoe ypaBHeHIe

" 2
-y —q(z)y=Ny,  A>0, (1)
C TIOTEHIINAJIOM ¢, AHAJTUTUIECKAM B HEKOTOPOW OKPECTHOCTH OTpe3Ka [—a, a).

Xopomo wusBectHo (cm. [1,2]), uro pemennsi ypasuenust (1) yo(z,\) u yi(x,N),
VJIOBJIETBOPSIIOIIIE HAYAIBHBIM YCIOBUAM

%(0,A) =1, 55(0,A) =0, w:1(0,A) =0, y1(0,A) = A, (2)

pasjiaraiorcs B (popMaJjibHbIE PAJIbI, KOTOPbIE SABJIAIOTCH aCUMIITOTUYECKUME TP A — +00:

yi(x, A) ~ %(ei’\x;%—k(—l)je_i”;%), Jj=0,1. (3)

Kosddunuentsr psos (3) BEUHCISIOTCS 0 CIEAYIONMM DEKYPPEHTHBIM (hOPMYyIaM:

T

Boo(z) = Boa(r) = 1i Buyag() = By () + (=1)"" B, ;(0) + /Q(t)Bn,j(t) dt.  (4)

Panpr (3) aBisiores acuMIToTHIeCKUME 1t GYHKIHI Y, (2, A) B TOM CMBIC/Ie, 9TO IPU JIIOOLIX
n € N cipaseinBa paBHOMEpHast 110 T € [—a, a| ACUMITOTHKA,

Yi(q, 2, ) = Snj(q,2,0) + Ogn(A" 1), (A — +00) (5)

¢ mocrosHHOi B cuMBoste O, 3aBUCHAIIEil TOJIBKO OT noTeHImaa ¢ u Homepa n. Yepes S, (g, z, \)
371eCh 0603HAUEHA N~ YACTUYHAsI CyMMa aCUMIITOTHYECKOro psija (3):
n n
Snilq,z,\) = l(em Z B;w.(x) + (_1)3'671}1 Z Bk,.y ($)> (6)
’ 2 (—2iN)k (2iN)k
k=0 k=0

Bosunkaer BOIPOC 0 BO3MOXKHOCTH MPUOJIMZKEHHOIO BBIYUCIICHUs 3Hadennii y;(g, , \) 1upu
A > 1, x € [—a,a] c mOMOIIBIO ACUMITOTHIECKUX PSITIOB (3).

B pab6ore [3] B. A. Cagosanunm u A. [O. IlonoBeiM it mOTE€HINAIOB, AHATUTUYIECKUX
B kpyre |z| < R, R > a wu ynosrerBopsomux yciosuio ¢(0) = 0, a rtakxe
JIsT TIOTEHIUAIOB, aHAJIUTHIECKUX B HEKOTOPOH p-OKPECTHOCTH OTpe3Ka [—a,a|, MOJIydeHbl
OIEHKH JIJTsi [IOTPEITHOCTH HAWJIYIIIero npub/mzKenus: (pyHIaMEeHTaIbHON CHCTEMBI pDelleHuii
ypasrenus (1), yoBreTBopsiionieil HadaabHbIM yesIoBuAM (2), cymmamu (6), SKCIOHEHIIHAIBLHO
yOBIBAIOIIHE C POCTOM .

Lesnp Hacrosme paboThl — YIIYUIIUTD OIECHKY, IPUBEJICHHYIO B CTAaThe [3] /7Is TOTEHIUATIOB,
anamurnaeckux B O(p,[—a,a]) — p-okpecrHocTn orpeska [—a,al, 3aMblKaHEe KOTOPOii
npejicrapisier coboii obbepuHenne JaByX noiaykpyros {|z — a| < p, Rez > a}, {|z +
a| < p, Rez < —a} um npamoyrompauka {|Rez| < a, |Imz| < p}. CymecrByior nsa
apryMeHTa B I0JIb3y HEOOXOMMOCTH PACCMATPUBATH MOTEHIIUAJIbI, AHAJIUTUIECKIE UMEHHO B
TaKoii OKPECTHOCTH, & HE TOJBKO MOTEHIMAJIbI, aHAJUTHIeCKe B Kpyre. I[lepsoe — morennuas
MOXKeT MMeTh MOJIF0Ca Ha MHUMOI OCH, HAXOJSIIHeCs JOBOJBHO OJIM3KO K HY/HO (HAIpUMep,

1) = 5=
MuuMoit ocu (manpumep, ¢(z) = cosaz, q(x) = exp(—bx?), b > 0). B srom ciyuae ero Hopma

). Bropoe — morenmnmas, aHaquTUYecKuii B Kpyre, MOXKET OBICTPO PacTd Ha
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B pacCMaTpPUBAEMONl OKPECTHOCTU OY/ET CYIIECTBEHHO MEHBINE, YeM €ro HOpMa B KpyTe, 9TO
MTO3BOJIUT YJIYYITUTD OTEHKH.

a 0
Iycre My = max{/|q(t)]dt, /|q(t)\dt}; qepe3 ¢y (¢, x, \) 0003HAUNM HEBA3KY IIPH
0

IPUOJIIZKEHNH PeIIeHust y; cyMMoit Syt ¢n (g, x,\) = y;(q, 2, A) — Sn (g, x, ). OcuoBHoit
pe3y/IbTaT CTAThH 3aK/II0UAETCA B CJIELYIOIIEM.
Teopema 1. I[Iycrs ¢pynkius q(z) anamnraaaa B O(p, [—a, a]) u ciaegyomas HopMa KOHEIHA

max § j [nale™ _ o (7)
aa] n-+1
¢ (o)
€ Qno = - st A > 0 monoxkmm N = N(A\) = [2p\] — 1. Torga npu N > 1 umeem
n
supmax max |on (g, x,n)| < \/ TaM (2\p + 2)*° exp(Mo /XA + Mpe — 2p)),  (8)

A 1=0,1 2€[—a,d]

e M = My + M.
Kirouom K j0kazaresbcTBy TeopeMbl 1 siBsieTcst TeopeMa 00 OINeHKaxX Ko3(h@DUITHEHTOB
ACHMIITOTHICCKUX DsIOB (3).
3aj1aga 00 oreHKax Kod(hPUIIMeHTOB ACUMIITOTHIECKHUX PSIIOB 110 CIEeKTPAJIBLHOMY HaPaMEeTPy
JIIsSI  peIlieHnii OOBIKHOBEHHBIX JIMHEHHBIX JTH(D(DepeHIna bHbIX YPABHEHHI, [TO—BHIHMOMY,
Brieprie paccmarpuBagiack A. O. Kpasunknym u B. B. JIngckum B [4]. [list ypaBrermst
dny dr— 1

Yy dy
d " +p1(x Z)d o +---+pn_1(x,z)%

e x € [0,1], a po(z, 2) ABasIOTCS HOTHHOMAME KOMILIEKCHOTO HapaMETPa, Z

+ pp(z,2)y =0,

z) = Zpaﬂ(x)zﬁ, 0<a<n,

(B ciydae ypaBHEHHsI BTODOILO MODsKa 9TO COOTBETCTBYyeT ToMy, 49TO ¢(x) sBisercs
[TOJITHOMOM ) HMH ObLIIO MOKA3aHO, YTO
max max |B,;(z)] <C"n™, 0<y<l1. 9)
J=0,1 |z|€[0,1]
A. C. IleuennoB B [5| pacupocrpanus pesyiabrarbl paborsl |4| Ha caydaii moreHnmaoB —
[POU3BOJIBHBIX ICJIBIX (DYHKIHI KOHEYHOro sKcroHennasiabaoro tuma. X. M. Mkosu B (6]
moJTyIn/I oneHKH Kodpuimentos By 11 morennmanoB m3 KiaccoB 2Keppes, KoTopere
cocrost uz Qyukuuii ¢ € C®[—a,a|, uMeromux cieiyoime Ma>kopaHThl MAKCHMYMOB N—X
[IPOU3BOJHBIX:

max |¢"™(z)| < coB™(n))*, a>1.

|z|<a
Jlst gacrHoro ciaydast o« = 1 (yHKOuE m3 paccMaTpHBAEMOro Kjacca aHaJUTHIHBI B 1/B
OKDECTHOCTH OTpe3Ka |—a, a| u orenka MkosHa npn o = 1 BBIVISIUT Tak:
n
lm‘gXIBm(q, )] < e1C™nl, (10)

e ¢, C' — HeKOTOpBIE TOJIOXKHTE/IbHBIE TIOCTOSTHHBIE.
Teopema 2. Jlns ko3(ppHUIHEHTOB aCHMOTOTHIECKOTO psiga (3) W HX HPOH3BOJHBIX
CIIpaBEJJIHBBI CJICIYIOIIHE OI[eHKH:

1
maxmax|B,.;(g,7)| < gM(n+ 2)!p' " exp(M pe), (11)
J X a
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1
max max |B], .(q,x)| < =Mn(n+ 2)!p~" exp(M pe). (12)

i=0,1|z|<a ™7 6
[lonydennast olleHKa ¢BJSETCS IOYTH HEYJIydIIaeMoil TpPH pPacTyleM n Ha KJacce
NOTEHINAJIOB C 3aJ]AHHBIM OrpaHuienneM Ha nopmy (7). B pabore [7] s g(z) = —In(1 - 1)

oo
‘Qk,a‘pk_‘—l

(JIGI‘KO IIPpOBEPACTCA, IYTO INax Er1

= p(1 —In-£-) < oo0) GblIa MOTyUYEHA OIECHKA
a€l—a,a] —o atp

CHU3Y
1 1
P2 (atp

B, j(q,a) > "2 (a) — q"72(0) = (n - 3)! < )n_Q) ~p* M n=3)! (n— o0).

Takum obpasom, 3a30p MexIy OleHKamMu max|B, ;(¢,r)| cBepxy u cHuH3y Ha
<a

paccMaTpUBaeMOM KJacce IOTEHIHAIOB IIPH 7. — OO COCTaBIAeT BEeJMIUHY TOpAmKa nd,

KOTOpasi OYeHb MaJla B CPDABHEHHUH C TJIABHBIM WJICHOM OIEHKH, PacTyInM Kak (n + 2)!p~".
Teopema 2 n pa3oOpaHHBI NPUMED MOKA3BIBAIOT, UTO HamMeHblneil mocrosgnuoii C B
uepaBencrsax trna (9) m (10) aBaserca 1/p. Bakno takyke TO, 9YTO IIOJyUeHa sIBHAsI
3aBHCHMOCTH ¢ OT ITOTEHIHAJIA (.
JloKa3aTeIbCTBO IIPUBEICHHBIX PE3Y/IBTATOB OILLyOIMKOBAHO B pabotre [8].
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Brepsoie Teopema paBHOCXOIMMOCTH —pa3jIOKEHWIT 1O COOCTBEHHBIM (DYHKIUSIM U
pas3/IoKeHuil B OOBIYHBIE TpUroHOMeTpudecKune psjibl Pypbe ObLia ycraHoB/ieHa B paboTax
B.A.Creknosa [1], E.B.Io6cona [2| u A.Xaapa [3| mra omeparopa Illrypma-Jlmysusis.
Barem, .JI.Tamapkun u M.H.CroyH [5] pacnpocrpanuiu 10T pe3yabrar Ha MPOU3BOJIBHbIH
nuddepeHImaabHbIil OIepaTop:

n—2
y) = y™ + > pe(2)y™,  pi(z) € L[0, 1] (1)
k=0
C HpOI/ISBO.HbHI)IMI/I KpaeBbIMI/I yCﬂOBI/IﬂMI/I:
n—1
Ui(y) = > lazy®(0) + bjy®(1)] =0 (j=1,...,n), (2)
k=0

YZIOBJIETBOPSIIOIINMHE YCJIOBHIO peryssipuoct Bupkroda ([6], ¢.66-67), KoTopble 3aKt09a0Tcst B
OTJIMYUN OT HYJIsi HEKOTOPBIX OIIPEIesIuTe€ell, COCTABICHHBIX 13 KOI(MMUIMEHTOB IPH CTAPIINX
nponssoanbix B U;(y) (mocie npusegenns nx k HopmuposannoMy suiy ([6], ¢.65-66)). daaum
(bOPMYJIIPOBKY 9TOrO Pe3yJsbTaTa.

Teopema 1. Jlaa mobot gynxyuu f(z) € L[0, 1] umeem mecmo
ly 15,(f,2) — 03 (£,2) egsa- = O ®

2de 6 — ar0boe wucA0 U3 (O, %), Sy (f,x) — wacmuunas cymma pada Pypve no cobecmeermvim

u npucoedunentvm Pyrnruuam (c.n.g.) onepamopa (1)-(2) das mex cobemeernnmx 3naverud,
das komopux | Ag| < 1", o.(f, 1) — wacmuunas cymma mpuzonomempuyeckozo pada Dypve das
mex k, dan xomopwx km < r.

YeJI0BUS PEryJIsiPHOCTH CHATD, BOOOIIE roBOpsi, HeJb3st 7).

DTOT pe3yabTaT HOPOIMII U [0 HACTOSIIEEe BPeMsl MHTEHCHBHO Pa3BUBAIOIIEECs HAIIPABJICHHE.
Jocrarouno orMmeTnTs MHOrOYHCIeHHEe padboTel B.A . Unbuna (ocnoBonosaratomue crarsu [8)-
[10]), paspaboraBiieMy MeTON JIMYBHJIJIEBCKOIO THIA IOJYYEHHUs] TEOPEM DPABHOCXOIAUMOCTH,
korna juddepeHnuanbHbil  omepaTop He IPUBA3LIBACTCA K TPAHUYHBIM YCIOBHAM, &
JMIIL MCHOJIB3YeTCsA JIOIOJHUTEIbHAA MHMOPMAIUa O IMOBEJICHUHM COOCTBEHHBIX 3HAYCHMI
1 COOCTBEHHBIX (DYHKIMI M 3TOT METOJ NPUBOAUT YacTO K PE3YJbTaTaM OKOHYATEILHOI'O
xapakrepa, u wucciaegosanus A.M.Cemenikoro (cm., mampumep, [11]) 06 omneparope
muddepeHpoBaHus ¢ pa3Ma3aHHBIMA IPAHNYHBLIMA YCJIOBUSAMU.

1. C ToukM 3peHusi HHTErpaJbHLIX OIEpaTOpPOB TeopeMa 1 JaeT paBHOCXOIUMOCTD
CIIEKTPAJILHBIX PA3JIOZKEHHI JIJIs OLIEPATOPOB BUJIA:

Af — / A ) f()dt, (@)

korma  A(x,t) sasisierca  dyukimeit ['puna jauddepennuanbabix  omneparopos. s
UHTErpaJbHbIX OlEepaTOpoB ODINEr0 BHJIA BOIPOC O PABHOCXOIUMOCTH HMCCJIEI0BAJICS BIIEPBBIE,
nosuaumoMmy, asropoM ([12],[13]). Msr 6yzem npeanosnarars, 1ro sapo A(x,t) yaosiersopser
CJIeJlyIOIIUM TPEOOBAHMSIM:

a) Agsi(z,t) = (;ZZ—gjtjA(x,t) (s,j=0,...,n) HeripepbiBHbI ipu t < x U t > x,

6) A~! cymecrsyer,

B) AAps(2,1)j=0 = Aps (2, 8)jt=g—0 — Azs (@, 8)jt=g40 = Osn—1 (5 = 0,...,n, g — cuMBOI
Kponekepa).

[Tpoanasmsupyem >tu TpeboBaHUs. YCJIOBHE a), KaK MOKA3BIBAIOT IPUMEPBI, OCIAOUTH
HeJTb3sl. YcsoBue 6) HeoOXOAUMO IS CripaBeiInBOCTH (3). YCIOBHIO B) YIOBIETBOPSIOT SIPa
A(z,t), seagonmecst Gyaknuamu ['puna omeparopa (1)-(2), 1 OTHOCHTENBHO €ro BayKHOCTH
chopMyIIpyeM CIIeLy Ol pe3y IbTar.
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Teopema 2. (|13|). Ilyemsv S, (f,x) — wacmuunas cymma pada Pypve no c.n.gd. onepamopa (4)
u das moboti f(x) € L]0, 1] swnoanaomes coommowenus:

1 a°
li — r\J> — O0r\J, H =Y =0,1).
lim || (S () — o), =0 (=01
1
Tozda cywecmeyem uwmezparvnoi onepamop Bf = [ B(x,t)f(t)dt ¢ memu orce c.n.d.,
0

wmo u y onepamopa (4), adpo B(x,t) xomopoeo nenpepwero no x u t uz [0,1], nenpepwvisro
dupdpepenuupyemo no x uz (0,1) u x # t u ewnoansemea B) npux € (0,1), s =0,1 un = 2.

Teopema 3. ([13]). Ecau svnoansromes ycaosus a),6),8), mo
Ay = (E+ N)(y"™ +ay™ V) + - + any), (5)
Ui(y) = (v, ¢5) (G =1,...,n), (6)
2de E — edunuunnid onepamop, N — unmeeparvnoiii onepamop Nf = fl N(z,t)f(t)dt ¢
nenpepviehom npu t < x u t > x adpom N(x,t) (ma aunuu t = x 6003M09fC€H pa3pols
nepeozo poda), ai,...,a, — xoncmanmot, U;(y) me oce, wmo u 6 (2), (y,¢;) = jy(m)cpj(x)dx
u p(x) € C[0,1]. '

Teopema 3 cBOAUT 3aJady pasjoKeHust 110 C.I1.¢. HHTErpaabHOro oneparopa (4) K 3Toit
3ajade i uHrerpo-auddepennuansioro oneparopa (5)-(6). B npeamosnoxkennn, uro Uj(y)
(j =1,...,n) peryaspubl, (5) MOXkKHO IPUBECTH K BUJLY, KOTJIA 4] = -+ - = a,_1 = 0, T.e., A™ly
UMeeT BUJI:

Ay = (E+ N)(y™ + ay). (7)

Teopema 4. (|13]). Ilycmo svinosnsaomes mpebosanua:
1) N(z,t) nenpepwsna 6 [0,1] x [0,1] u N{(z,t) nenpepvisna nput < x ut> x,
2) aunetnoe gopmoe U;(y) (7 =1,...,n) 6 (2) peeyaapnoL,
3) N(z,0) u N(z,1) — nenpepvisrvie GyHKuuL 02paHUMEHHOT 6aAPUAUUL.
Tozda das onepamopa (6)-(7) cnpasedauso (3).

s oneparopa (4) Teopema 4 IPUBOIUT K CJIEIYIONIEMY DE3YJIbTATY.

Teopema 5. ([13|). IIpednoaoorcum, wmo:
1) unmezpasvrod onepamop A ydosaemsopsem ycaosusam a), 6), 8),

2) Uj(y) (j =1,...,n) peeysapnol,
i
3) Var Ag(x,t) oepanuvena no t.
0 x
Tozda das onepamopa (4) cnpasedauso (3).

Ha npumepax mokaszano ([13]), aro ociabuts ycioBus TeopeM 4 u 5 Heslb3s.
HemocraTkoM TeopeMbl b sIBIAETCS TPYIHO MPOBEPsIeMOe YCIOBHE 2). YKayKeM CIIydail, Koraa
€ro MOXKHO yOpaTh.

Teopema 6. (|?]). Ecau onepamop (4) ydosaemsopsaem ycaosuam 1), 3) meopemvr 5 u euse
Az, t) = A(t,x), mo das nezo cnpasedauco (3).

[Ipu nostyuenun sToro akTa BayKHYIO POJIb UT'DAET

Teopema 7. (|?]). Hlyemv L — duddeperyuarvruii onepamop
n—1

Ly =y™ + Zpk(x)y(k)a pi(z) € C*[0,1]
k=0
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¢ HOpMUPOBAHHLIMY Kpaesvimy ycaosuamu: Uj(y) = 0 (j = 1,...,n). ycmo Vi(y) =0 (j =
1,...,n) HOPMUPOBANIBIE KPAEBDIE YCAOGUA conpadicennozo onepamopa L*. Ecau wacmu U;(y) u
Vi(y), codeporcawyue cmapwue npoussodnuie, cosnadarom, mo U;(y) (j =1,...,n) peeyaaproL.

DTa Teopema JIaeT IOJOKHUTE/IbHBIH OTBeT Ha 0000mmennyo runoresy Kawmke. ['mmoresa
Kamke cocrosiia B yTBEpXKJCHUN PErYIAPHOCTH CAMOCOIPSKCHHBIX KpaeBbIX yciaosuil. Ee
nosiozkuresibHoe perrenne jano C.Canadom [14] 1 A.M.Muskuneim [15].

B pa6ore [16] B.B.I1asnbues ucciemosan nunrerpaibhble oneparopsl (4), korga A(x,t) = A(z—
t) u A(z) aBagercs npeobpasoBanneM Pypbe panuoHAILHON (DYHKINH, T.C.,

Ax) = 70

rie P(z) uw Q(z) — momuHombl cremeneit p u ¢ (p < ¢) co crapmumu KdbdurpeHTaMu,
paBubiMu 1. Dbumm BBeJIeHBI yC/IOBHSA, aHAJOTUYHBIE YCIOBUAM DPETYIAPHOCTU, HAIEHbI
ACUMIITOTHKY XapaKTEPUCTUIECKUX THCEJ, COOCTBEHHBIX (DYHKITHIT, HCCIEIOBAIACH CXOIUMOCTH
creKTpasibHbIX pasiaoxkenuit B L,[0,1]. JI.I.Hazaposeim [17] 6bL10 HOKAa3aHO, YTO OLEPATOPLI
B.B.IlaybiieBa sBJIAIOTCA YAaCTHBIM CJIyYaeM OIEPATOPOB, PACCMOTPEHHBIX BBIIIE, U yCJIOBUS
perynaspuoctu B.B.Ilanbiesa nepexojadar B ycioBus peryisgpHocTu bupkroda m Tem caMbiM
TeopeMa PaBHOCXOJIUMOCTH IEPEHOCUTCS U Ha TaKue OolepaTopbl. BhiiesmM erie YacTHBIN
ciaydqaii oneparopa B.B.IlasnbieBa, Korma Teopema paBHOCXOIUMOCTH (DOPMYIUPYETCsT 0COOEHHO
IIPOCTO.

z

P(
Q=

; exp(—izz)dz,

Teopema 8. ([13]). O6osnavwumu wepes gt (q~) wucao xopret mmozounena Q(z) 6 seprred

HuotcHetl) noaynaockocmu. Toeda, ecau q — p > max{q’,q” }, MHO20UAEN €
Y Toz0 > + Pt)Q(t) (t
1

(—00,00)) umeem sewecmsennvie Koafduyuermot, mo das onepamopa Ar f = [ Aj(x—t) f(t)dt,
0

ede Ay (x) = %A(a:) exp iz, 2de ¥ = %(a —b),n=q—p, a(b) — xoappuyuenm npu 2!

(2971) mmnozounena P(z) (Q(z)), mo cnpasedauso (3).

Hauunag ¢ 1998 roma (cm. [18]), crasm mcciaemoBaTbcsi MHTEIPAIbHBIE OIEPATOPHI, Apa
KOTOPBIX UMEIOT CKadIKu (n — 1)-0if mpou3BOIHOIN HE TOIBKO HAa JIMHUA t = x, HO nu t = 1 — x.
Mer ux paccmarpuBaeM B BHJIE:

x 1

Af :al/Al(x,t)f(t) dt+a2/A2(x,t)f(t) dt+

0 T
1—x 1 (8)
+ ag / As(1 = 2,8) F(£) dt + o / Ad(1 = 2, 0) (1) dt,
0 11—z
rae &; — KOHCTaHTbl 1
as
%Aj(xa t>|t:x = 58,71—1 (S =0,... ,’I’L). (9)

Teopema 9. ITycmv § = (a1 — an)? — (a3 — ay)? # 0 u A™! cywecmesyem. Tozda
ATty = (B + N)P(y™ () + ay(x))

¢ xpaecvmu yeaosuamu (6). 3decv a — womnaexcroe wucao u Pf = 6 (o — an) f(z) + (g —

as) f(1 — )],

[Ipu n = 1 sra Teopema nosydena B [18] u npu mpoussosbaom n E.B.Hazaposoii [19] u Tem
CaMBIM OTKPBIBACTCS BO3MOYKHOCTD ITOJIy9eHUsT TEOPEMbI THUIIA T€OPEMBI 4.
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OTmeTnM CIIe/IyIonuit BasKHbI c/Iydaii omeparopa (8):
x 1-2
Af = a/A(x,t)f(t)dt + / A — 2,0 f(B)dt, a2 4 1. (10)
0 0
Teopema 10. Ecau adpo A(z,t) 6 (10) n pas nenpepwvisno dugddepenyupyemo no x, odun pas
no t u ewnoanaemcs (9), mo das ecaxot f(x) € L[0, 1] umeem mecmo coommowenue:

lim

r—00

2de g(z) = f(1 — ).

DTOT pe3y/bTaT MOJIyUIeH HelaBHO aBTOpoM coBMmecTHO ¢ B.B.KopHeBbim.

2. OcranoBuMcs Tenepb Ha JIud@EpeHITUATBHBIX U UHTErpo-nddepeHImabHbIX
oriepaTopax ¢ pa3MasaHHBIMA KPAeBBbIMU YCIOBUSMHU.

A.M.Cepyrenikuii [20] uceseoBan paBHOCXOIUMOCT JIjisi oliepaTopa JuddepeHIupOBaHs:

=y, —-1<z<1, (11)

1 1
$,(5,2) = gva(F +9.2) = 5omacn(f =g 2)| =0

C BechbMa TPYAHBIM I WCCJIEIOBAHWS TI'PAHUIHBIM ycjoBueM "pasmaszanHoro'Tumna co
CTEIICHHON 0COOEHHOCTBIO HA KOHIIAX:

U(y):/%:() 0<a<l).

1
Teopema 11. ([20]) Ecau V ar k(t) < oo, k(1—0)-k(—140) # 0, mo daa w060t f(x) € L[—1,1]
-1

Tim [[(1 = [2))(S(f, 2) = o2 (f, 2))[lof-1y = 0.

C.H.Kabanos [21] uccienosan omneparop (11) ¢ KpaeBbIM yCJIOBUEM MIPEIEIHLHO 00IIEro BHIA:

ay(—1) +/y’(t)h(t)dt = 0.

Teopema 12. (|21]). IIpednoaoowcum, wmo h(t) € Li[—1,1], dynxyuu Mih(t), Mih(t), 2de

L 8(7—t)5+a’1
Mih(t) = tf ET(EFa)  |e—o

sapuayu u Mih(1) - Mih(1) # 0. Tozda dan mobot f(z) € LP[—1,1] u %D + % =1

T 15,(£.2) = o1 2)lct-1181-9 = O (12)

h(T)dr, B(t) = h(—t), asasromcs PYHKUUAMU 02PAHUYEHHOU

O.M.AmBpocosa [22] ams omepaTtopa n-xparsoro auddepenmuposanus: [[y] = 3™ c
pa3sMa3’aHHBIMKE TPAHUYHLIMU YCIOBUSIMU:

%@I/?Nw®ﬁ+/a?%ﬁﬁm@ﬁ=0O=L~wm

-1

1 1
n—1>p>-2>2p, >0, 0<a,<1, Vark,(t)<oo, Vareg,(t)<oo
—1 —1

BBIJICJINJIa KJTACC PETYIAPHBIX KPAEBbIX YCJOBUN U JJIS HETO MOJYydWJIa CJACAYIONNAN pe3yabTaT.
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Teopema 13. (|22]). Ecau f(x) € L[—1,1], mo cnpasedauso (12). Ecau orce f(zx) € L,[—1,1],
p>1, al,>$, %—i—%zl, mo

Jim |1 = 2l)"[S(f, ) = on(F, ) leray = 0
s M00bLLT Yy > %.

IIpesennno obime rpammynbie yeaosus ma oneparopa l[y] = y™ pacemorpen C.M.Kabanos
[23| (k coxkasreHnIo M3-3a IPOMO3IKOCTH STOT PE3YJIbTAT He MPUBOJIIM ).
Haxkowner, O.J1. AmBpocoBoii [24] pacemorpen erre orepaTop:

I[y] = D%y = % ) ;(2;_

Uly) = /Mdt o,

1 — [e)o+

y()dt, 0<a<l, ze[-1,1],

C 'PaHUYIHBIM YCJIOBHUEM:

1
KOTJIa Vl'ark:(t)<oo,0<ﬁ+1§oz<1, E(0—0)#k(0+40), k(=140)- k(1 —0) #0.

Teopema 14. (|24]). [Tyemw f(x) € L[—1,1], D°f(x) abcomommo nenpepviena na [—1,1].
Toz0a

lim [|(1 = [a])]]"(S,(f,2) — o0 (f. 7)) ler-1.0 = 0,
2de 7y A10060€ NONOHCUMENBHOE YUCAO.

Ormerum unTepecHyto pabory A.M.Cemenkoro (25|, B KoTopoii uccsieoBana paBHOMepHasI
CXOAMMOCTD PasjioxKeHuii 1o c¢.u.¢. oneparopa auddepeHupoBaius ¢ IPAHIIHBIM YCIOBUEM:
1

Ut) = [ vieyia(t) =
Z1
b(1—[t])
(A-—[th
SHAYUTEILHO GoJiee TPY/IHBINA, YeM Caydaii creneHHoi ocobeHHocTH, T.€., Korja b(t) = 1. Tem
caMbIM OTKPBIBAETCH IMEPCIEKTUBA MOJIyYeHNs TeOpeM PaBHOCXOIUMOCTH M JIJIsi TAKOTO BHUIA
0COOEHHOCTEl B I'PAHUYHBIX YCJIOBHUAX.

B zaksiodenue npuBejieM CJIEIYIONIAI pe3yIbTaT.

rie do(t) =

k(t)dt n b(t) — nponsBosbHas c1abo Kosebomasicsa GyHKIMs. ITOT carydail

Teopema 15. ([26]). IIycmov adpo M(xz,t) soavmepposa onepamopa Mf = [ M(xz,t)f(t)dt
0

umeem 6uo:

(x —t)> !

INGY!
2de o meyenoe, o > 2 u My(x,t) ydosaemeopsem ycrosuim:
1) %Ml(x7t) (Z:O,’n+2’]:0717n_1<a<n) Henp@pthHmnpuOSthSL
2) LM (2, e =0 (i =0,1,...,n).

Toz0a das adpa pesoaveenmo, Myf = (E — AM)"*Mf = [ M(z,t,\) f(t)dt umeem mecmo
0

M(x,t) = + Mi(x,t),

ACUMNMOMUNECKAA POPMYNQ:
ko

M(x,t,0) = i, p)z(t, p) + O(p' ™),

k=1
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2de
y(z,p) = (L+O0(p™")) exp prx + O(1),
21(t, p) = O(p' =" exp(—pit)),
p= Ao (argp € [O, 27r/a)), P = pwr, wp =¢c*, &=exp % u Iy, 8v1OparLL Mak, 4Moobvl
Repy > -+ > Repy, > 0> Repgy+1 > -+ > Repy.

J171s1 1151010 (¢ 9TOT pe3y IbTaT OBl yeTaHOBIIEH aBTOpoM paree [27|. Teopema 15 masa Toraok
MHOTUM HCCIe0BanuAM (cM. [28]).

Teopema 15 mHTEpECHA TEM, ITO MOXKET OBITH UCIIOJIb30BAHA, JIJIsT UCCIETOBAHUS PA3JIOXKEHUT
110 cOOCTBEHHBIM (yHKIMsIM ortepatopoB Buja: A = M + T, rne T' — unTerpabHbIi OmepaTop
¢ 6oJtee TIAIKAM SITIPOM.
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Evolution of solitons

KHAPAEV M. M.
Moscow, Russia

In the report we study questions of the interactions of the flow of an incompressible fluid
with surfaces of bodies having visco-elastic properties, and also the possibility of reaction on
the inhomogeneity of the flow by a well-defined change of shape of their surface. We solve the
optimization problem of determining the shape of a surface which realizes optimum damping
with respect to speed of response of isolated inhomogeneities of the fluid flow. We also consider
the motion of a shallow layer of fluid over a surface with filtering layer on bottom.

We describe the property of surface by function

t
f=40 n—K/F(t—T)ndT — kn(t,x — xo,y),
0

where # = G~! is a small dimensionless parameter characterizing of elastic properties of the
model, K is the coefficient of viscosity, I'(t — 7) is the relaxation kernel, and x > 0 is a
dimensionless parameter characterizing the amplitude of resistance.
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After transformation, which used in theory of shallow fluid we have perturbed equation KdV
t
Uy — 6UUy + Upyy = Co | Uy — K / L(t — Tu, dT | — coruy(t, © — xp),
0

where ¢ is constant proportional of sound velocity.
Unperturbed KdV equation has a solution of the form

1
7 = 3a’sech? {ia(x - a%)}

and the integral

[e o]

/ u? dx.

— 00

Vo =

N =

Assuming o = a(t) we now differentiate the integral Vj = Vy(u) on the basis of the complete
equation Vp = Vy(t) and w € Ly(—o00,00).
We obtain an equation for «()

3%%@(75) = [2(—2) 7sech2 Ba(t)(m — 04225)} /tr(t — 7)o (7)x

—00 0

x tanh Ba(t)(x - 02(7)7)} sech? Ea(f)(x - az(T)T)] drdo+

1 1
+ §cok‘ / o®(t)sech? {ﬁa(m — a%)] X

—00

1 1
x sech? [ia(a: — 1z — aQt)] tanh [ia(a: — 9 — aZt)] dx.
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Assuming now 0 < k, we consider the equation, where the outstripping resistance u, (t, x—xo)

is the main factor; vo = [ sech®(¢) d¢ = 4/3;

CoR
wup — 6Uuly + Upyy = —vUu(t,x — 20), v = -

Theorem. This equation has an asymptotic solution of the form
1
u = 3a’sech? {504(3: - 04215)] ,

where o = «(t) satisfies equation
¢ = dvpa®(3(p* — 1) — (p* + 4p+ 1) Inp)/(p — 1)",

where p = "0,
We shall consider equation for a(t). If 0 < o < 1 expanding the right side of this equation
in power of a(t) and separating out the leading term, we obtain

2 .
&= —Eua:oad + o(a?).
We denote by t(zg) the time after which the solution — like solution dies out from initial
amplitude 30 to (3/4)a?, i.e. when the solution @ = «(t) dies out from an initial value

a(0) = ag to (1/2)ap. The function t(x¢) has a minimum #,,;, = tmin(20™), 20" = peay
where (p, is a constant.

The expression obtained for zJ""(ag) in the case 2y = const implies that the outstripping
resistance must be situated during the propagation of the wave at a distance from the point
of maximal amplitude equal to the value of the coordinate x(, at which the amplitude of the
solution at time ¢ = 0 decreases v — 1 times, 0 < v < 1. We note that by this method it is
possible to solve the problem of optimizing the outstripping speed of response with respect to
shape.

The case of shallow water and under the presence of a filtering layer for 2 < —h. Then under
the hypothesis of incompressibility and with filtering coefficient ky we obtain the equation for

integral [ u?(t, ) dx.

(e o] [e.o]

0,5/u2dx:K/uRdx,

—o
where R is a perturbation in KdV equation connected with filtration. So, for a(t) we obtain
the following equation
a(t) = —m(t)a, n(t) > 0.
Thus, the filtering layer (or the layer with similar properties) has the property of extinguishing
the perturbation.

Thus, the outstripping resistance of the surface of flow, organized as a consequence of a spe-
cial deformation of this surface of the body. It has been established that similar properties are
possessed by the skin of dolphins and cetaceans generally due to the highly organized inner-
vation of the tissues and the highly developed circulatory and muscular systems. All possible
inhomodeneities are here suppressed including those of turbulence character, the hydrodynamic
resistance is reduced in several times, and the flow thus becomes almost laminar even for high
flow speed.

These physical reqularities may become a basis for the construction under artificial conditions
of surfaces and bodies possessing a capacity for effective suppression of perturbations and
reduction hydrodynamic resistance.
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This result have published partially in the paper "On suppression of soliton-like solutions of
shallow-water equations due to outstripping resistance", Soviet Math. Dokl. (1988), 37, No. 3,
777-783 by K. V. Mal’kov and M. M. Khapaev.

SINGULAR CAUCHY PROBLEMS AND PROBLEMS WITHOUT
INITTAL DATA FOR NONLINEAR SYSTEMS OF
FUNCTIONAL-DIFFERENTIAL EQUATIONS

N. B. KONYUKHOVA
DORODNICYN COMPUTING CENTRE OF RAS,
Moscow, Russia

Keywords: Functional-differential equations, nonsummable singularities, singular initial problems, existence and
uniqueness theorems

This paper deals with a system of nonlinear functional-differential equations (FDEs)
with a nonsummable singularity at infinity. We consider a singular Cauchy problem with
the initial data at infinity or the problems without initial data, e.g., with the requirement
of the solution boundedness. We formulate the existence and uniqueness theorems being
more common than obtained in [1], (2], [3], [4].

1. Notation: It = [T,00), T > Ty, Tp is fixed; K € {R,C}, |- | is a norm in K" or
associated matrix norm in the linear space L(K™) of n x n—matrices; Q,(a) = {z : = €
K", |z| < a}, where either 0 < a = qay is fixed or 0 < a is arbitrary; C,(Ir) is the Banach space
of bounded continuous functions £(t), & : I+ — K", with the norm |{|c = |{|c, (17) = sup |£(2)];

tely

Sp(a) = {&(t) - € € Co(Ir), [€le < a (a > 0)}; L(Ir) is the Banach space of essentially
bounded Lebesgue-measurable functions £(t),  : Iy — K" , with the norm [{|e = |{|reo (1) =

inf sup [£(t)] = vraisup,e;, [£(t)], where p is the Lebesgue measure; ACY“(Ir) is the class
w(N)=0 1\ N

of locally absolutely continuous functions &(t), € : Iy — K™ LY(Iy) is the class of locally
summable functions £(t), £ : Ir — K™.

2. Subsets of x—Lipschitz functions

Let G,, be a region in K™ or all the space and let Lip, = Lip, (I, X G,) be the class of
functions f(t,z), f : I, x G, — K", such that f(-,x) is continuous Vo € G,, and in any
fixed Q,(a) € G, (a > 0) f(t,-) satisfies the Lipschitz condition uniformly with respect to
t € Iy, with a constant Ly = Lf(a) > 0. We decompose these functions on four subsets:
Lip,, = Lip, 5.(¢) U Lip,,,, U Lip,,(a) U Lip, . Here the following classes are distinguished:

1) Lip,s.(¢) = {f(t,z) : f € Lip,(In, x Gp) and Ve > 0 3o, T¢, o. > 0, Q,(6.) C G,
T. > Ty, such that in the region I7, x €2,(d.) we can choose Ly = L;(d.) = ¢};

2) Lip,, ., = {f(t, ) : f € Lip,(Iz, X Qu(a0)), 0 < aq is fixed, with Ly = Ly(ao) > 0};

3) Lip,,(a) = {f(t,x) : f € Lip,, (I, x K") and sup L(a) = oo for any choice of L¢(a) > 0};

a>0

4) Lip, = {f(t,x) : f € Lip,(I, x K") and Ya > 0 there exist L;(a) > 0 such that
Ly =supL¢(a) < oo}.
a>0
It is obvious that, in general, the intersection of the subset Lip,, 5 (¢) with the subset Lip,, ,,

(in the same way with the subset Lip, (a) or subset Lip,) is nonempty.
3. Statement of the problems and preliminary remarks
We consider a system of n nonlinear FDEs on a semi-infinite interval in the form:

¥ = A(t)x + M(t)(FNz)(t) + g(t) a.e. on I7. (1)
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Here, in general, the left end of Iy, T' > Ty, is mobile and defined in the theorems; x : I — K",
g: I, — K" AM : Iy, — L(K"), the entries of A(t), M(t), g(t) are locally summable
functions, i.e., belonging to the class L¢(Iz,); N is a local Nemytskii operator, N : C,(Iz,) —
Chn(I1), such that

(Nz)(t) = (Nyz)(t) = f(t,2(1), [ €Lip,, [(t,0)=0; (2)

F: C,(Ir) — L*(Ir), (FNz)(t) = (F o f(-,z(-))(t), where a mapping F, generally speaking,
nonlinear, nonlocal and depending on a choice of T, satisfies conditions [4]:

F0)=0, |F&)—F@)|w<I|—Ec Y E€Cu(ly). (3)

We look for the bounded solutions of the equation (1) belonging to the class AC'¢(Iz). More
exactly, we consider the following problems.

Problem 1. It is required to define z(t), x € AC"*(Ir), satisfying equation (1) and restriction

sup |z(t)| €w, w >0, (4)
telr

where w is a certain finite, in general, mobile and depending on 7" magnitude determined in
the theorems (the first problem without initial data).

Problem 2. It is required to define x(t), x € ACY(Iy), satisfying equation (1) and the
boundedness condition:

sup [z (t)| < oo (5)
telr

(the second problem without initial data).

Problem 3. It is required to define x(t), x € AC!(I7), satisfying equation (1) and limiting
condition at infinity

lim z(t) =0 (6)

t—o0

(singular Cauchy problem with the initial data at infinity).

3.1. Special classes of the mapping F

The following partial classes of the mapping F are practically important.
Assumption 1. The mapping F, F' : C,(I;) — Ly°(I7) (T > T,), is a singular Volterra
operator (SVO), i.e., VI' > T and V¢, & € C,(I#) from an equality & (1) = &2(t) on I follows

(F&)(t) = (F&)(t) ae. on Ip.

Assumption 2. The mapping F, F : C,,(I,) — L(I7,), is a local Nemytskii operator, i.e.,

(FE)(t) = (NE)(t) = (t, £(1)),
where ¢ € Cy,(I,), ¢ : Cn(In,) — L (Ir,).

Remark 3. For the theory of FDEs defined on a finite interval and containing (non-)Volterra
operators, see, e.g., [5].

Remark 4. If Assumption 2 is satisfied, then (1) is a system of generalized ordinary differential
equations (ODEs); if F' is an embedding C,,(I7,) into L (Ir,), i.e., F(§) =& V€ € C,(Ig,), and
the entries of A(t), M(t), g(t) are piecewise continuous functions on I, then (1) is simply a
system of ODEs. If (F§&)(t) = &(h(t)), h : It — Ir, then (1) is a system of differential-delay
equations; if F' is an integral operator, then (1) is a system of integral-differential equations,
ete.
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3.2. On a singularity at infinity and the Caratheodory-type conditions
We want to adapt the contraction mapping principle to the operator equation

v(t) = (V(@)(t), t=T, (7)

where V' : C,,(I7) — C,(Ir), and functional-integral equation (7) should be equivalent to Prob-
lem 1, either Problem 2 or Problem 3 respectively. The operator V' construction, in particular,
depends on a singular point type at infinity.

Definition. We say that the equation (1) has a summable singularity at infinity if, and only
if, the inequalities

I :/|A(t)|dt <o, Iu :/\M(t)|dt < 0, (8)

To TO

1, = [ la)ldt < oo )

are valid, otherwise a singularity at infinity is said to be a nonsummable one.

If the relations (8), (9) are fulfilled, then we define

o0

(V{)(t) = - /[A(S)ﬂf(S) + M(s)(FNx)(s) + g(s)lds, t =T,

and it is easily to reformulate the Caratheodory-type theorems for the indicated problems to
the equation (1) (for the Caratheodory-type theorems to generalized ODEs; see, e.g., [6]).

Remark 5. In general, here and in what follows the integration is in the Lebesgue sense. For
the equation (1), if it is possible to use the improper integrals in the Riemann sense, then we
suppose that

= \/g(t)dt| < 00, (10)

where the integral standing under the modulus can be convergent conditionally. Then the
relations (8), (10) correspond to the Kudryavtsev-type conditions for ODEs [7].

The goal of this paper is to consider Problems 1, 2, 3 to the equation (1) with a nonsummable
singularity at infinity. As it has been demonstrated by Chechik on the example for ODE (see
[8]), the Caratheodory-type conditions, i.e., the restrictions to a growth of given functions
with respect to t, generally speaking, cannot provide an existence and uniqueness of a solution
to singular Cauchy problem with the initial data at a nonsummable singularity. For singular
Cauchy problems to nonlinear systems of ODEs with the initial data at a regular (irregular)
singular point, see, e.g., [9].

4. The existence and uniqueness theorems

Let ®4(t) be a fundamental matrix for a system

¥ =A(t)r a.e. on Ir,. (11)

We denote by U4(t, s) the Cauchy matrix, Ua(t,s) = ®4(t)®,'(s), and introduce the auxiliary
quantities

/]UA (t,s)M(s)|ds, J4(t) /]UA (t,s)g(s)|ds, t=>Ty, (12)
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S

Ju(T) = sup Jy(t), J,(T) =sup J,(t), T >Tp, (13)
telr telr
and suppose that
Ju(Ty) < oo,  J,(Tp) < . (14)

Remark 6. For the equation (1), if we can use the improper integrals in the Riemann sense,
then we introduce the magnitude J,(¢) by the formula J,(¢t) = | [ Ua(t,s)g(s)ds|, t > Ty,
t

where the integral standing under the modulus can be convergent conditionally (compare with
Remark 5).

For f(t,x), let the requirements (2) be valid and let gw,T,0<qg<1,w>0 T>T,, and
the values (12), (13) be such that the relations

Iu(T) = sup Ju(t) < a/Ly, (15)
Jo(T) = sup J,(t) < w(l = q) (16)

hold where Ly is the Lipschitz constant and, in addition, let a choice of w, T, L 7 be subjected
to the following conditions:

(i) if f € Lip, 5 (¢), then we put Ly = ¢, w = 4, T = T., and the relation (15) holds for a
suitable choice of € > 0; if the inequality (16) is not valid for w = d., T' = T., then we suppose
that

tlirglo Jy(t) =0, (17)

so that the relation (16) holds for a suitable choice of T > T; )
(ii) if f € Lip,,,, \ Lip, 4.(¢), then we put Ly = L¢(ag) and fix ¢q,w,T, 0 < ¢ <1, 0 <w <
ag, T > Tp; if for these values the inequality (15) is not valid, then we assume that

lim Ty (1) = 0, (18)

so that (15) can be satisfied due to a suitable choice of T in addition, if (16) is not valid, then
we assume that (17) is fulfilled to choose a new T' € Iry;
(iii) if f € Lip,(a) U Lip,,, then we fix ¢: 0 < ¢ < 1, and w :

W2 wg = jg<TO)/(1 —q), (19)

and put Ly = L;(w) or Ly = L respectively; due to (19) the relation (16) holds VT > Ty, but
if for fixed Ly, T the inequality (15) is not satisfied, then we introduce the requirement (18) to
choose a new T € Iy. .

Let the indicated requirements be fulfilled. Let us choose T' > T and take in C,,(Ir) a closed
ball by the radius w: S, (w) = {z(t) : z € C,(Ir), |r|c < w}. On this ball, we consider the
mapping V', V: C,,(Ir) — C,(Ir), defined as follows

(V(x))(t) =— / Ua(t,s)[M(s)(FNzx)(s) +g(s)lds, t>T. (20)

Theorem 1. Let A(t), M(t), f(t,z), g(t) be such that the requirements (2) and (14) are fulfilled
and let for a chosen q,0 < q < 1, the values w and T be defined as above.
Then for any mapping F' satisfying conditions (3) there exists a unique fized point T, T €
Sp(w), of the mapping V'; it can be specified as the limit
&= lim V*(x) (21)

k—
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for any starting point zo, |xo|c < w, moreover, for the rate of convergence we have the estimate
V(o) = il < [¢"/(1 = @)]|V (x0) = olc,

and the following estimate holds:
[#le < Jo(T)/(1 = q), (22)

and, in addition, if Assumption 1 is valid, i.e., F is SVO, then (22) holds YT > T, that,
in particular, implies a realization of limiting condition (6) if (17) is valid. Besides a global
convergence of successive approzimations to I, i.e., Vxo € C,(Ir), occurs in the following two
cases: 1) f € Lip,,; 2) f € Lip, (a), F is SVO, i.e., Assumption 1 is valid, and limiting condition
(18) is fulfilled; in this case a choice of T depends on a value of xo determining in turn a choice
of w, w > |zo|lc, and Ly = Ly(w) > 0.

Corollary. Let the hypothesis of Theorem 1 be satisfied. Then the constructed function &(t),
& € ACY(Ir), is a solution of Problem 1; is F is SVO and limiting condition (17) is satisfied,
then & is a solution of Problem 3; if Assumsion 2 is valid, i.e., F' is a local Nemytskii operator,
then : if f € Lip, then @ exists in the large (for all t € [Ty, 00)) while if f € Lip,(a) then &
is uniquely extendible to the left as long as it remains bounded (at least to To > Ty such that

jM(TO) < QO/Lf<wqo) where qq : QO/Lf(qu) = Oiggl{Q/Lf(wq)}}

Theorem 2. Let all nontrivial solutions to the equation (11) be unbounded as t — oo and let
otherwise the hypothesis of Theorem 1 be satisfied.

Then: 1) for any mapping F' satisfying conditions (3), Problem 1 is equivalent, on the function
class AC'*¢(I7), to the operator equation (7) where V is defined by (20) so that Problem 1 has
a unique solution & defined by Theorem 1; 2) if Assumption 1 is valid, i.e., F' is SVO, then
previous statement holds VT > T, and, in addition, if the limiting condition (17) is satisfied,
then & is a unique solution of Problem 3 (as a singular Cauchy problem); 3) if f € Lip,
(f € Lip,(a), F is SVO and (18) is true) then & is a unique solution of Problem 2, i.e., it is a
unique bounded solution to the equation (1).

Theorem 3. Let no solution of the equation (11) be tending to zero as t — oo other than
x(t) = 0 and let the limiting condition (17) be valid; let otherwise the hypothesis of Theorem 1
be satisfied.

Then for any mapping F satisfying conditions (3) and Assumption 1, Problem 3 is equivalent
to functional-integral equation (7) where V is defined by (20), so that Problem 3 has a unique
solution = defined by Theorem 1.

Remark 7. For [4], the existence and uniqueness theorem to a singular Cauchy problem is a
particular case of Theorem 3. If A(t) = 0, then Theorem 3 turns into the Caratheodory- or
Kudryavtsev-type theorem respectively.

5. Model example with a linear non-Volterra operator
Let us consider an example generalizing one suggested by referee E.I. Bravyi (see [3]). We
consider FDE

v’ =ax/t+bx(l)/t+d/t}, 1<t< o0, (23)
where a, b, d are parameters, a + b # 0. The general solution of the equation (23) is given
as follows: z(t) = ct® — d/[t*(a + 2)] — ble(a + 2) — d]/[(a + b)(a + 2)] (a # 0 Aa # —2),
z(t) =c+blc—d/2)Int —d/(2t*) (a = 0), x(t) = ¢/t* + (d/t*) Int +cb/(2 —b) (a = —2), where
c is an arbitrary constant. For a > 0, there exists a unique solution bounded as ¢t — oo:

2(t) = d[b/(a+b) — 1/t}]/(a+2), a>0. (24)
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In our notation we obtain n = 1, A(t) = a/t, M(t) = b/t, g(t) = d/t*, f(t,x) = z, f € Lip,,

(FNz)(t) = (Fz)(t) = (1), Ly = 1. For a > 0, we define Jy/(t) = |b| {(ta/s“+1)ds = |b|/a,

Jy(t) = |d| T(t“/sa+3)ds = |d|/[t*(a + 2)]. Accoding to the theorems of Section 4, we fix g,
0<qg<l, atnd suppose that

Ju(1) = bl/a<q, Jy(1) =|d|/(a+2) <w(l-q). (25)
To satisfy (25) for jg(l), we take w > w, = |d|/[(a+2)(1—¢)]. In S;(w) we consider the equation

o0

x(t) = — /(t/s)a[bx(l)/s +d/s%)ds, t>1, (26)

which has an exact solution, namely, from (26) we have z(1) = —bz(1)/a — d/(a + 2), so that
once more from (26) we obtain

o0

z(t) = — /(t/s)a{d/s3 —abd/[s(a +2)(a+b)|}ds = d[b/(a +b) — 1/t?]/(a + 2), (27)

that is the same as (24). For the exact formula (24), we have the estimate |z(t)] <
|d| max{a, |b|}/[|a+b|(a+2)], and, accoding to the theorems of Section 4, we obtain the estimate
|z(t)] < |d|/[(a+2)(1—q)], if only |b|/a < q. It is easily to check it for the exact solution.

It should be noted that: 1) although Jy(t) — 0 as t — oo, x(t) does not tend to zero as
t — o0, but it is not a contradiction because F is not a Volterra operator; 2) for a = 0, we

cannot use our theorems because Jy (1) = |b] [(1/s)ds = cc.
1

For a history of matter, other examples and applications, see, e.g., [1], [2], [3], [4], [9]-
This work was supported by RFBR, poject N 02-01-00050.
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ON DIMENSION OF A SYSTEM OF DIFFERENTIAL
OPERATORS WITHOUT MIXED DERIVATIVES

V. V. LIMANSKY AND D. V. LIMANSKY
DONETSK NATIONAL UNIVERSITY, UKRAINE

The example of a system of mazximal linearly independent differential polynomials con-
sisting of "pure"derivatives and having the space of subordinated operators of interme-
diate dimension is given.

Keywords: Dirichlet boundary-value problem, harmonic function, Stone-Weierstrass theorem

1. INTRODUCTION

In this paper we study conditions for a differential polynomial Q(D) to be subordinate to a

system of other ones {P;(D)}¥ in the spaces L,(€). In other words, we consider the problem

of description of the linear spaces Lqo(P, ..., Py), depending, in general, on Q and p € [1; 0],
of differential operators Q(D), satisfying the estimate
N _
1QD) fllzyie) < € |Y- _ IPD) e, + £z, ] Vf € @) (1)

with some constant C' independent of f € C*(Q2). Here D = (Dy,...,D,), D;=0/0z;.

The above problem was completely solved by Hérmander in the case N = 1 (and p = 2)
[1] (see also [2], [3]). For N > 1 the spaces L(Pi,..., Py) were described in some cases. More
precisely, the coercivity criterion, i.e. a criterion for the maximal possible dimension of the
spaces L(Py,...,Py) for 1 < p < oo, has been obtained by K.T.Smith [5] and O.V.Besov [6]
(see also [4]). Further, the spaces L(Pi,..., Py) were described by V.P.Il'in for a number of
domains €2 (C R™) in the case of differential monomials P;(D) (see [4], p. 13). And, finally, two
classes of operators {P;(D)}} for which the dimension of the space L(P,..., Py) is minimal
possible, i.e. dim L(Py, ..., Py) = N + 1, were indicated by M.M.Malamud in |7].

For further considerations we need the following result from [7].

Theorem 1. [7| Let Q be a bounded domain in R™ and let {P;(D)}Y be differential operators
with constant coefficients. If
a) their symbols {P;(€)}Y are algebraically independent;
b) the generic fiber of the mapping
P=(P,...,Py):C"—C"

is irreducible (i.e. the algebraic manifolds

PHa)=V,=V (P —ay,...,Py—ay)={z€C": P(z) —a; = ... = Py(z) — ay = 0}
are irreducible for almost all o € CV), then estimate (1) is equivalent to the equality
N
QD) =20+ 3" AP(D) ©)

with some \; € C, 0 < j <N, i.e. to the equality dim L(Py, ..., Py) = N + 1.
As a corollary of this result, it was shown in [7]| that for linearly independent operators
Pj(D)zzkzlajkD;k, >0, 1<k<n, 1<j<N=n-1, (3)

whose linear span contains no differential monomials Di’“, k <n, the equality
dim L(Py,...,Py) = N + 1 is true.
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In [7] M. M. Malamud formulated the following conjecture. Does the equality
dim L(Py,...,Py) = N + 1 hold true for a system of linearly independent operators

Pj(D):Z::lajkijk, >0, 1<k<nm 1<j<N=n-1 (4)

with an arbitrary matrix of degrees (I;;) if span{Pj(D)}]lV contains no polynomials in one
variable? In [7] the validity of this hypothesis was established in two cases:

1) a matrix of coefficients (a;i) is triangular, i. e. ajp = 0 for j > k;

2) a matrix of exponents (l;;) is of the following form: l;, =, 1 <k <n, 1 < j < N.

In the case N = 2 the conjecture was set in [10]. The condition of algebraic nature (Theo-
rem 1) under which the equality dim L(Py,..., Py) = N + 1 holds true, was formulated and
proved in [9]. Using this statement we have confirmed the hypothesis of M. M. Malamud for
N = 2 in more general formulation. Some particular cases of the hypothesis have been estab-
lished in [8] for N = 3.

If N > 2, the conjecture was proved in a modified form.

Theorem 2. [11] Let Q be a bounded domain in R™ and let { P;(D)}Y be differential polynomials
without mized derivatives:

P(D) = Z;; P;(D;), Py €Clz), Py+#const, n>N. (5)

Suppose also that:

a) their symbols {P;(§)} are linearly independent;

b) span{Pj(D)}JlV does not contain k linearly independent polynomials in k variables for each
k< N-—1.

Then estimate (1) is equivalent to equality (2) with some A\; € C, 0 < j < N, i.e. to the
equality dim L(Py,..., Py) = N + 1.

In this communication we present the following result.

Theorem 3. Let Q be a bounded domain in R* defined below, and let { P;(D)}} be the following
differential polynomials in Ly(Q2):

4
Pi(D) := 21 D!, PyD):=D?-D2 PsD):=D}—D3 PyD):=Dy—D, (6)
Then P4€L(P1,P2,P3), i.e., dimL(Pl,PQ,P3)>4.

Remark. It is obvious that Py & span(Py, Py, Ps), so dim L(P;, Py, Py) > 4. Thus, Theorem 3
shows that M.M.Malamud’s conjecture from 7] is not true.

Proving this Theorem is the main purpose of this work.

2. SKETCH OF THE PROOF OF THEOREM 3
2.1. Change of domain. Changing the variables
oy = V3(x1 —x9), xh=x1+xo, Th=u1x3, ) =14, (7)
we obtain a new form of operators {P;(D)}3:
Py(D') = 4v/3D} D)y,  Py(D') = 6v/3D,(D}? + Dy?) := 6V3D,A', Py(D') =2v3D).

Here D" denotes the operator D in the coordinates . The change of variables (7) takes the
domain € to the cube €' := (0;7)%. Hence the including Py € Lo(P», P5) is equivalent to the
including

D, € L(D,D,, D;A) 8)
in the space Lo(Q), where 2 = (0;w)%. (The dashes over all symbols are omitted).
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2.2. Converse assumption. Suppose that (8) is not true. This means the existing of functions

fn € C*°(Q2) such that
fn—0, DiDsf, — 0, DiAf,—0 as n—o0; |Difu] =1, YneN. (9)

Here and in the sequel we mean the convergence and norms with respect to Ly — topology (if
the contrary is not mentioned).

2.3. Reduction to real-valued functions f,. From the equality ||D; f,|| = 1 we obtain that
either ||Dy Re f,, || > aw or ||DyIm f,,, || > « for some o > 0 and some subsequence {n;}. Then,
. . Re fn Im fp : 1
substituting f,, for e o] OF TBy 7y Tespectively we can assume that the relations (9) are
satisfied with real-valued functions { f,}$°.

2.4. Reduction to harmonic functions D f,,. Consider the following boundary-value prob-
lem in Q:

U [rxre =0, (11)

where K := [0;7]? (with respect to 3 and z4), T' := K and A := Y. | D?. Let u, be a
solution of the problem (10) - (11). Taking into account the apriori estimate

[unllwz @) < CIDIA Lo
for the Dirichlet boundary-value problem (10) - (11), we obtain from (9) that u, — 0,
Diu, — 0, Dyu,, — 0.

Put w, = wy(ry,...,14) = Oml Un(t, T, 23, 24) dt. Then the inequality Uozl U, dt‘ <
VZ1|tuy| implies that w, — 0. Hence we conclude that all relations (9) remain valid with
fn replaced by m. Moreover, rewriting (10) in the form A(D;(f, —w,)) = 0 we arrive
at the following relations:

fn—0, DiDsf, —0 as n—oo; DAf, =0, [Difa]=1, VneN. (12)

In other words, we can assume D f,, to be harmonic functions in €2.

2.5. Decomposition of D, f, in the sum of two functions. D, f, = h, + g,, where g, =

fom D1 Dy fr(x1,t, 23, 24) dt, and h,, does not depend on x5. Additionally,

Gn =0, Gnles=r — 0 a8 1 —00; Gnl,—=0 =0, Vn € N.

2.6. Reduction to even and odd cases. Applying decompositions of the form

(,0(1'1, o 7'I4) + @(l’l;ﬂ- - 1‘271'3,1'4) + @(Il, L ,1'4) - QO(fEhﬂ' - $2,$3,I’4)

o(xy, ..., 14) = 5 5 ,

we can assume that
fn |zg:m’2 = fn |zg:7r—a:’2 y  On ‘mg:zé = 0n ‘IQZW—Zé y Vn € Na
gn— 0, gn |9E2=0 = 0gn |r2=7r — 0 as n — oo.

Applying decompositions of the form

gD(,xl’ - ’x4) = gp(xl’ M ,ZE4) + gO(ﬂ- — X1, X2, T3, x4) + SO(ZEh e ,$4) - SO(T(' — Iy, fL‘2,[L‘3’x4)’
2 2
we can reduce our conditions to two cases:
1. Odd case:

fn ‘zlzw'l = _fn |w1:7rfz’1 y 9n ‘21::1:’1 = 0n ‘xlzwfx’l ) hn ‘xlzz’l = hn ‘xlzwfx’l ) Vn € N. (13)

2. Even case:

fn |w1:x’1 = fn }:Blzﬂfl‘,l y 9n {11::2’1 = —0n |x1:7r—x’l 5 hn ’lexll = _hn |;p1:ﬂ—7$’1 , Vn € N. (14)
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2.7. Approximation of h, with trigonometric polynomials. First we consider the odd
case (13). Let ||gnll < &, |lgn lzs=0 || < €. Then Dy f,, = 0h,, + (h,, — 6h,,) + g,,. Here we define a
function € such that

0= 0(z)) = 0, 7€ (—00;0]U[m;+00);
IR R r € [ag T —

and

82

0<8) <L, @) €CCR), a=s5= [hal <O, [|(hy = 0hn) + gl < 22.

By Stone — Weierstrass theorem, ‘th(xl, T3, Tq) — Zivzl as(zs, x4) sin 3m1’ < 5. It follows that

N
Dif, = 23:1 assin 8Ty + pn,  ||pal| < 3e.

2.8. Estimate for the Fourier coefficients. Since a, = %foﬂ (Zf] ay, Sin km1> sin sxq dxy =

% foﬂ (D1fn — pn) sin szy day = —% (foﬂ Py Sin sxq dxy + foﬂ s fnsin sy dxl) , we have

2
||(l5|| < ﬁg\/ 9 + 82.
Consequently, D, f,, = ch\f:Tﬂ agsinkxy +qn, ||qnl| < Ri(T)e. (Here T is some constant that
will be choosen later).

2.9. Solution of the Dirichlet problem. Using functions of the type 6 and Stone — Weier-
strass theorem once more, we represent the restriction of D;f, to I' x K as a sum of three
functions v; + 72 + 73, where v, = Zgﬂ apsinkxy, e = Eiw by sinlxy, and ~y3 satisfies
|73l < R2(T)e. Therefore,

N , chk(zg — m/2) Mo chi(zy —7/2)
Dif, = Zk:T+1 ay sin kxy h(km/2) + 21:1 b; sin lsz + o),

where ||o,(z)|| < R3(T)e. It follows that

where

N

. chk(xy —m/2) chl(xy —7/2)

n «— k - b l )
i kzﬂl U S ( ch(kn/2) Z N N

[l < Ra(T)e.

2.10. Estimates for ||p,l|, [|[¢n|| and (¢n,1,). Choice of T. After some computations we
obtain

N M N M
leal? =300 onllael?, Tl = 30 Bl (pad =S S e,
and J’% < W Cauchy — Schwarz — Bunyakovskii inequality gives

(ewt)l <430, 2 i gl (15)

. 6 .
The series ), | % is convergent. Hence we can choose 7" such that

Mo
Zk T+1 Zz 1 Oékﬁl (16)
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2.11. Contradiction with the assumption. Using (15) and (16), we get |(on,¥n)| <
slnll nll. Tt follows that [lg, + vl > Z5lleall and Zllenll < llgn +¥all = llall < Ra(T)e,
i.e., |lonll < V2R4(T)e. Further, we denote

Ty 1= Z:;TH ay, sin kx1Ch ]2513(327:/;)/2)’ Kp i= ZkN:T-H arsin k.
It can be shown that ||7,]| < 0,8||k,| and, hence, |[@nll = [|7ull = |Eall = 0,2||7all, |70l <
5V2R(T)e 5 ||knll = llen — Tull < ll@nll + |7l < Rs(T)e. But Dy f, = Ky + ¢,. We have that
1= ||Difull < Rs(T)e + Ri(T)e — 0 as n — oo. (17)

The relation (17) gives a contradiction.
The even case (14) is considered similarly.
Theorem 3 is proved.

Abstract. The example of a system of maximal linearly independent differential polynomials
consisting of "pure"derivatives and having the space of subordinated operators of intermediate
dimension is given.
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On partial coercive monotone type problems

SOLONOUKHA O. V.,
Kiev, NTUU “KPI", UKRAINE

For some moncoercive in classical sense problems it is sufficiently to localize such
problem on some convexr closed set with a nonempty interiority with the "acute an-
gle"conditions on a boundary. This set may be not a ball. Using last results of set-valued
analysis we propose a new "Equilibrium theorem”". As applications we consider a local-
ization method for some partial differential problems. As examples the problems with
weighted p-Laplacians are analyzed.

Key words: Equilibrium theorem, "acute angle"condition, coercivity, partial coercivity,
generalized pseudomonotone operator, partial subdifferential, radially semicontinuous
operator of semibounded variation

AMS 35R535, 35R70

1. INTRODUCTION

The studying of the majority of the monotone type problems is based on Leray-Schauder
theorem. Thus, we have to localize the problem of such a type on some bounded set. Usually
we use the so-called property of coercivity (values of operator tend to infinity sufficiently quick-
ly as the argument tends to o). The surjectivity of mappings was proved for many classes of
generalized pseudomonotone operators with this property (see works by H.Bresis, F.Browder,
P.Hess, J.-L.Lions, I.V.Skrypnik, V.S.Mel'nik, V.Barbu, A.G.Kartsatos etc.) We propose con-
dition on some convex closed set where the problem’s solution exists (outside of this set the
behavoir of operator values is not considered). This condition is the "acute angletype.

In previous works by autor the idea of perturbation was used. But for perturbed method we
need the construction of compensating operator and some estimates.

2. EQUILIBRIUM THEOREM AND EXISTENCE OF SOLUTIONS FOR INCLUSIONS

First we consider the equilibrium theorem in finite-dimensional euklid space F'. Let Conv(F)
be a totality of all nonempty convex closed sets from the space F', 2¥ be a totality of all sets,
A be a set—valued operator, Dom(A) be a set where the value of operator is not an empty set,
¢0Z be a convex clozure of Z. Let us define the upper support function for A by the formula

[A(y)7€]+ = Sup <d7 6)

deA(y)
Definition 1. The mapping A : Y — 2% is called strong if Dom(A) = F.

Definition 2. The mapping A : F — 2F is upper semicontinuous if for any ¢ > 0 and
y € Dom(A) there exists 6 > 0 such that A(z) C A(y) + B.(0) Vz € Bs(y), B-(0) is a ball of
center 0 and radius €.

Theorem 1. ("Equilibrium theorem") Let F' be a finite-dimensional space, D C F be a
convez and closed set with nonempty interior, 0D be a boundary, yo € intD, A: D — 2F be a
strong upper semicontinuous map, and "acute angle’s condition "holds:

[A(y),y —wl+ =0  VyeodD (1)
Then there exists x € D such that 0 € ToA(x).

Prof of Equilibrium theorem. Without loss of generality we consider 3o = 0 (else we can substi-
tute y for y — yo). Also we suppose that A : F' — Conv(F') (then c6A = A (see [6])).
Let us consider set-valued map G : F' — 29 which is defined by formulas
Gly) = oD, as y =0,
Y=\ hy, whereh = sup{h > 0: hy € 0D}, asy#0.
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G is strong, moreover, G|, is single-valued: 0 € intD, thus, ||hy||r > eVhy € 0D and 0 <

e yllr < h <celly|z' < oo for y # 0. If y, — 0, then for bounded set {w, € G(y,)} C D

there exists a convergent subsequence w,, — w € dD = G(0). If y, — y # 0, then there

exists a subsequence {yx} N {0} = 0, w, = hyyr, and 0 < hy, < oo is bounded. We can choose

convergent subsequences: y,, — y # 0, h,, — h # 0. But then w,, = hpy, — w = hy.

Moreover, sup[A(d(y)),yl+ = 0 as y = 0, sup[A(d(y)),y]+ > h[A(2),2]+, as y # 0 where
deG deG

hz =y, z € 0D. With cone P = {0} the mapping A satisfies conditions of Theorem 2 [8], i.e.
Jz € D such that 0 € A(z).W

Now we can consider infinity—dimensional case.

Let X be a reflexive Banach space, X* be its topological dual, (-,-) be the dual pairing on
X x X*, Conv(X™) be the totality of all nonempty convex closed sets from the space X*,
A: X — Conv(X™) be a strong convex-closed-set-valued mapping. By graph(A) we denote the
graph of operator A: graph(A) = {(y,w) € Dom(A) x X* : w € A(y)}. Now the upper support
function and upper norm for A are defined by the formulas

[A(y), &l = sup (d,&),  [|AW)l+ = sup [|d][x-.
deA(y)

deA(y)

Taking into account that the support function defines an operator to within a convex closure
of values (see Lemma 1 [6]), this theory holds for any set-valued operator.

Definition 3. A mapping A : X — Conv(X™) is said to be generalized pseudomonotone if for
arbitrary {(yn,wn)} C graph(A) such that y, — y weakly in X, w, — w weakly in X* and
lim (wy, y, —y) <0, we have w € A(y) and (wp, yn) — (w,y).

n—oo

Definition 4. A mapping A : X — Conv(X*) has the property (9M) if for arbitrary
{(yn, wn)} C graph(A) such that y, — y weakly in X, w, — w weakly in X* and

lim (wy,, y, —y) <0, we have w € A(y).

n—oo

Definition 5. A mapping A : X — Conv(X*) is said to be monotone if for any {(y,,w,)} C
graph(A) (n = 1,2) we have that (w; — ws,y; — y2) > 0. A monotone mapping is mazimal
monotone if its graph is not subset of some other monotone operator’s graph.

Definition 6. A mapping A : X — Conv(X™*) is said to be bounded if an image of bounded
set is bounded too. A mapping A is said to be locally bounded (s—weakly locally bounded) if for

any z € X there exists £ > 0 such that sup |A(Q)]|+ < N (if for any y, — y weakly in
¢(€B:(z)NDomA

X there exists the subsequence {y,, } such that ||A(y,, )|+ < N).

Using "Equilibrium theorem"1 we can modify Theorem [10] and Theorem 5 [8]. Note that the
proposed theorem is different from Theorem [10] and Theorem 5 [8] since we use different "acute
angle’s condition": earlier this condition was formulated on ball, we consider this condition on
some convex closed set with nonempty interior. Theorem 1 shows that this modification is
natural. But for convenience of readers we propose the sketch of proof.

Theorem 2. Let X be a reflexive Banach space, A : X — Conv(X™) be a locally bounded on
each finite—dimensional F' mapping which has the property (9). Moreover, there exists some
convex closed set D, C X with nonempty interior (yo € intD,) and with boundary 0D, such
that for f € X* the following estimate holds:

[A (y) - fvy - y0]+ Z 0 \V/y S aDr (2)

Then the solution set of inclusion

Aly)>f, wyeD,

1s monempty and compact.
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Sketch. We consider f = 0, yo = 0. In general case we can move the coordinate system:
Aly) =AW) = f. 9=y~ .

Let F(X) be a totality of finite-dimensional subspaces F' C X. For arbitrary F € F(X)
we introduce Ip : F — X (|Iryr|lx = llyrllrVYyr € F), I} : X* — F* is a dual operator,
D.p=D,NF, Ap = Ap : I — 2X". And we introduce the auxiliaries operators

IhAp(y) = | {Z(d(y), him} Vy e Dyp=D,NF,
dGAF {hl}
where {h;} is the basis of F. Since A is locally bounded on F' and has the property (),
then I} Ap is upper semicontinuous (Lemma 1[9]). Hence, by "Equilibrium theorem"1 for each
F € F(X) there exists yp € D, such that 0 € I, Ar(yr). We can construct the system with

the finite intersection property {@;’io}, where 611?0 is the weak closure of G, = | {yp €D, p:
FDOFy

0e€ [}AF(yF)}. Since X is reflexive, then 3y € [ {Gp}. We obtain 0 € Ap(yr), yr — ¥
FeF(X)

weakly in X, and lim(0, yr — y) = 0. Thus, by property (9) 0 € A(y). O
3. EXISTENCE OF SOLUTIONS FOR VARIATIONAL INEQUALITIES

In this section we propose a new sufficient conditions when a variational inequality has at
last one solution. With respect to result of |9, 11, 10| we loosen a coercivity and intensify a
boundness.

Denote by Nk(y), Ni(y the normal cone of the set K C X at the point y € X and the
frustum of this cone:

Niclw) = {0 € X"+ (€a)x <0 VE€ U (K~ )},

h>0
Ni(y) == {g € Nk(y) : llgllx- <1}.
As it is well known, N : X — 2% is maximal monotone operator for any closed convex set K

(see [3]), i.e. it is monotone and closed in weak-strong topology of X* x X or X x X* (see [1]).

Lemma 1. The mapping AN} : K — Conv(X*) is bounded and generalized pseudomonotone
for any A > 0.

Hoxasameavcmeo. 1t is sufficiently to prove for A = 1. This map is bounded by construction.
Let K 3 y, — y weakly in X, Nj(y,) 3 w, — w weakly in X* and lim (w,,y, —y) < 0.

Since w,, € Nk(y,) and Nk is maximal monotone, then w € Ng(y) and (w,,y,) — (w,y).
But ||w,||x- <1, ie. |[w]x+ <1 too. Consequently, w € Nj(y). O

Lemma 2. Let A: X — Conv(X*) has bounded values. Then for any fixed convex closed set
K C X the element y € K 1is the solution of variational inequality

[Al),v =yl 2 (flv—y) WweK (3)
iff there exist (y,A\) € K x (0,00) such that
A(y) + ANk (y) > f. (4)

Jlokasameavcmso. Let y € K be a solution of variational inequality. Then there exists w € A(y)
such that (w,v —y) > (f,v —y) Vv € K (Lemma 4 [9]). Let us assume d = f — w. Then,
d € Nig(y) and [[d]lx- < | fllx- + [l < | fllx- + JA@)I, < A ie. d € AN)(y). We gt the
inclusion (4): f =d+w € Ly + A(y) + AN (y).

Let y € K be a solution of inclusion (4). Multiplying by v — y, we get

(fiv—y) = [A(y) + ANk (y),v — yls < [A(y),v —y]+ Vv € K.
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Thus, we can consider variational inequalities as well as inclusions.

Theorem 3. Let X be reflexive Banach space; A : K — Conv(X™) be a bounded, generalized
pseudomonotone operator; K C X be a closed convex set. Moreover, one of following conditions
holds: A satisfies "acute angle’s condition" (1) on some convex closed set D, where yo € int(K N
D,) or K is bounded. Then the set of solutions for variational inequality (3) is nonempty and
weakly compact in D, N K.

Jlokasameavcmeo. It suffices to show that the inclusion (4) is solvable.
By the definition 0 € N (€) for any € € K, 0 € N () for any ¢ € K, and [Nx(y),y —yo]+ =
ly — yol|x > 0 as y € 0K. Since
[A(Yy) = f+ ANk (), y — yol+ = [A(y) = f.y — yol+ +
HANK W),y = yol+ = (=AW = 1 llx- + M) lly — ol
then for arbitrary bounded set K it is sufficiently to take A = sup || A(y)||+ + || f|
yeK

x+. And we

obtain the estimate on K. If K is not bounded, we use "acute angle’s condition": there exists
D, > 0 such that [A(y)—f,y—vo]+ > 0as ||y||x > R. Then we take A\ = sup [|A(y)|++] f]

yeKND,
Thus, [A(y) + ANk (y) — f,y —vol+ > 0 asy € (K N D,). Moreover, the mapping A+ AN} is
bounded and has the property (90) as a generalized pseudomonotone mapping (see Proposition
2[11]). By Theorem 2 there exists § such that f € A(g) + ANK(9).

Let y, — y weakly in X, y, satisfy (4). Since lim (f,y, —y) < 0, using the property (901)
we have that f € A(y) + AN (y). Thus, the set of solutions is weakly compact. O

X*-.

Definition 7. A mapping A : X — Conv(X*) is said to be "+coercive on K if there exist
Yo € K and c¢: Ry — R, such that
[A(),y = yol+ = cllyllx)lly — wollx,  c(y) — 00 as y — oo.
Definition 8. A mapping A is said to be partially "+coercive on K if there exist a subspace
Y € X (dimY > 1), some element y, € int K and functions ¢, ¢ : Ry — R such that ¢(y) — oo
as vy — 00, C is proper, i.e. ¢ # 400, and
[AW),y = yol+ = cllpryyllx)llpry (¥ — wo)llx — clllprxyyllx)Iprxy (¥ — vo)llx-

Lemma 3. If A: K — Conv(X™) is partially "+coercive on K, then for any f € X* there
exists set D, such that

[A(y)_fvy_yO]-‘r >0 VyGaDr
okasameavemeo. We choose D, = {y € Br(yo) : |[pryyllx =1, [[Prxyyllx) = ro} where
ri(e(r) = [1fllx+) = ra(clra) + 1 £

Since ¢(y) — oo as 7 — oo for sufficient large R this bounded convex set exists. Then on this
set the "acute angle’s condition" (1) hold. O

X+ )

Corollary 1. Let X be reflexive Banach space; A : K — Conv(X™) be a bounded, generalized
pseudomonotone operator; K C X be a closed convex set. Moreover, one of following condi-
tions holds: A is partially "+coercive on K. Then there exist D, such that set of solutions for
variational inequality (3) is nonempty on D, N K and weakly compact.

4. APPLICATION TO FREE BOUNDARY PARTIAL DIFFERENTIAL PROBLEMS

Let Q2 C R be a locally Lipschitz open bounded set with the regular boundary 0f2, v be an

external normal by 00, Dy = (ﬂ, ceey ;Tyn). We consider the boundary problem

oz

o)
- Z a—l_zaz(xaf%Dy) = f a.e. OHQ, (5)

1<i<n
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Jy
— = a;(x,y, Dy) cos(x;, v
s égn (z,y, Dy) cos(z;,v)
Jy Jy
> — > — = .€.
y >0, 3. 0, ya%4 0 a.e. on 0}, (6)

where f € L,(Q), % +é =1, p € (n,00). We use also r and 7’ such that %+% =1, 4+
Let a; satisfy the following conditions
I) (Caratheodori cond.): a;(-,y, &) are measurable for a.a. y € R!, £ € R" and a;(z,-,) are
continuos at a.a. x € €); moreover, at a.a. x € ) and for all y € R, £ € R" there exists
nondecreasing and continuous function o : R, — R, such that

|ai(z,y,€)| < a(!yl)(z &7+ h(@)), h € Le(Q).

II) for z € Q, y € R, &, n € R" such that £ # 7

n

Z(ai(t? ‘T7y7§) - ai<t7x7 yﬂ?))(fz - Th> > 0.

i=1
IIT) partial coercivity condition:

n

> ai(w, 60,86 = o Y&l — @ > &Gl — g(x),

i=1 i€l i€l

where cg,¢o >0, L UL, ={0,1,2,--- ,n}, [; #0; g € L1(Q).
Using condition I) and boundary conditions we obtain the variational inequality

> [ate o > [ g6 —y)an

=1 Q
Ve € WH(Q) = {y € W) : yjon > 0}.

By Lemmas 2.3 and 2.6 [4] corresponding operator is bounded, continuous and generalized
pseudomonotone. By property I1I) we have the partial coercivity of this problem and we can
localize oun problem. Thus, problem (5)—(6) has at least one generalized solution y € W,H(€2).

5. WEAK SOLVABILITY OF NONDIVERGENT PROBLEMS

Let as early {2 C R" be a locally Lipschitz open bounded set with the regular boundary 0f2.
We consider the boundary problem

0
- Z a;(z,y) Tbi(fﬂ,y,Dy) =f a.e. on{), (7)
1<i<n Li
0
Y N (e, y) biley, Dy) cos(, v)
Ova -
1<i<n
dy oy
>0, —2=>0 — =0 .e. ondf 8
y=v, 8VA_ ) yayA a.c. on , ()
where f € Lq(Q>’ % + % =1, p € (n,00). And let 7“1-}-1”2 - 117 =5 r{iré _'_1% =1

Let a;, b; satisfy the following conditions

al) (Caratheodori cond.): a;(-,y),b;i(-,y,£) are measurable for a.a. y € R!, £ € R" and
a;(x,-), bi(x,-,-) are continuos at a.a. x € €;

bl) at a.a. x € Q and for all y € R, £ € R

Jai(z,y)] < 0;(2) + ai* (@)Yl or ai(z,y)| < o(x) + Oy
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bi(z, &0, O] < o) + ) a(@)]4]

0<j<n
or ’bl<x7€07£)| S Oézlb(x) + Z Czbj‘gj’piliﬁ
0<j<n
where o} € L,, (), oj* € L1 (Q), o}* € L, (Q), i} € L, (Q), C* >0, C}; > 0;
cl) if at point = € Q) the partial derivatives %ai(:p, y) exist then

0 9,
—a; < g} 2 —a; < Bl /|, |P—2—T2
()| < B1() + B@y] or |5ailz,y)| < B(a) + 'l

where 3} € L, (Q), 7 € Ly (Q), €' > 0, and |y2-ai(z,y)| < ai(w, y)| 5L

dl) a;(-,y) and a;(x,-) are locally Lipschitz, in particular, Vy there exists K(-,y) € L, (£2)
such that

|CLZ‘(ZL‘7y) _ai(m7z)| < K(x,y)|y—z| Vz e BE(Ivy)(y)7 (9)

where B.(-,-)(y) is an e-neighburhood of y;

el) a;(xr,y) > @; > 0at a.a. x € Q and for all y € R, and I\y; > 0 such that a;(z, (1+N)y) >
(14 Nai(z,y) as A € [0; Aoy

f1) 7 bi(w,y. &, &)& = co 2o &GP — co Do |&ilP — 3¢, where ¢, c0,3¢ > 0, [ U Iy =

1<i<n i€l i€l
{Oa1727"' an}v ]1 #@
Denote
i Nz, y) — ai(z,
a?j(x,y;éa:j) = limsup @iz + M0z, y) — ai(z y)’
z—x,A—+0 A
CL,’(ZB, < + /\h) B CLi(fE, C)

ay, (x,y; h) = Jim sup : ,

then we can construct the integral form (in [12] this construction is more detail)

A& —y)
[A(y)’f o y] - CLZ'(Z', y)bl(x, Y, Dy)idﬂf -+
" 1;719/ Ox;
+ Z /G?y(%y;i —y)% bi(z,y, Dy) dx +
1<i<n g, i
+ 2 /bi(:r,% Dy) (& = y)ag,(z,y; dz) > (10)
1<i<n g
= /f(&—y)dﬂf VE e W9,
Q

where W,FH(Q) = {z € W) (Q) : 200 > 0}.

Definition. y € W;I'(Q) is called the weak solution of (7)—(8) if y satisfies the variational
inequality (10).

Analogeously to Theorem 2[12] we prove that A : W, () — Conv(W;'(Q)) is bounded
and generalized pseudomonotone. Moreover, using condition f1) we obtain that A is partialy

"fcoercive. (7)—(8) has a weak solution.
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IIpesnessbHO MOHOTOHHBIE OIEPATOPHI N ITPUJIOKEHU A

I 1. JIAITEB
TYIbCKUN TOCYIAPCTBEHHBINT YHUBEPCUTET
TviA, Poccuda

B pamxax meopuu MOHOMOWHBIT ONEPamopos 6600UMCA HOGWIL KAACC ONEPAMOpPOs,
HA36AHHOLL  NPEJEAbHO — MOHOMOWKUMU.  H3yuatomes  céa3u  2mozo  Kaacca ¢
UBBECTNHOIMU:  NCEBIOMONOMONNbLMU, —onepamopamy, ¢ (Sy)-ceoticmeom u (M )-
ceoticmeom. B mepmunar Mo6020 KAACCH TAPAKMEPUSYIOMCA  NCEEIOMOHOMOHHVIE
onepamopsi.  YKazuearomea Ycaoeus, npu KOmMopur ncesdomornomonnve no Bpesucy
onepamopv.  cosnadarom ¢ ncesdomonomonnvimy,  no  Ckpwnnuky.  Hsywaromes
YPABHEHUA C NPEIEALHO MOHOMOHNLMU ONEPAMOPAMU U NPEDAGRAIOTCA JOCTNATMOYHBLE
YCAOBUA PABPEUUMOCTIU MAKUT YPAGHEHUT.

Keywords: monoTonnbre omiepaTophl, ICEBIOMOHOTOHHBIE OIIEPATOPHI, YPABHEHIS ¢ MOHOTOHHBIMH OIIEPATOPAME

1. KITACCU®UKAIIUSA OINEPATOPOB, BJIN3KUX K MOHOTOHHBIM

[Iycte X, X* — BemecTBeHHbIE OAHAXOBBI IMPOCTPAHCTBA, COINPIKEHHBIE OTHOCUTETHHO
npoiicteernoctn (f,u), tae f € X*, u € X. Oneparop A : X — X*, onpejiesieHHbIil Ha BCeM
npocTpaHcTBe X W TPUHUMAIONMNN 3HaYeHns] B X ¥, HA3bIBAE€TC MOHOTOHHBIM, €CJIA JIJIsT BCEX
9JIeMEHTOB 1, v € X BbInosHgAeTCs cooTHomenune (Au — Av,u — v) > 0. Teopusi MOHOTOHHBIX
OIIEPATOPOB CTaJIa CO3/IABATHCS B IMIECTUIECATHIE TO/IBI JBAJIIATOIO CTOJIETUS TPYIAMU MHOTHX
MaTEeMATUKOB. DTa TeOpUs IOJIyUWIa 3HAYUTETbHOE Pa3BUTHE OJIaroiaps MPUIOXKEHUSIM K
MTUPOKUM KJIACCAM KBA3UJINHEHHBIX YPABHEHUI U CUCTEM C 9aCTHBIMU ITPOU3BOTHBIME BHICOKOT'O
nopsijika. Otpejie/ieHHbIe UTOTH TTO/IBECHBI BO MHOTMX MOHOrpadusax u 00630pax, u3 KOTOPHIX
yrmomsiaeM Tosibko Kaurn 2K.-JI. JIuonca [1], I.B. Ckpeinauka [2], a Tak:ke 0630pHBIe pabOTHI
F0.A. Jly6unckoro |3, 4]. Meroq MOHOTOHHOCTH HPOJOJIZKAET AKTHBHO DA3BHBATHCSA, U €T0
TEOpHs PEryJIsIPHO OTPAYKAETCsI B HAY IHO Jtureparype (eM., Hanpumep, Kuuru |5, 6, 7] u paboTsr
asropa [8, 9, 10, 11, 12| u ccbuiku Tam).

Kenas pacmupuTh Kpyr HPUJIOXKEHUI, MHOTHE aBTOPHI BBOJIMJIA Pa3HOOOpA3HbIE KJIACCHI
OI1epaToOpOB, OJU3KUX K MOHOTOHHBIM. K HacTodIeMy BpeMeHU HACUUTBIBaeTCd Oojiee JiecaTu
110/I00HBIX KJ1accoB. lIpuBesiem ojiny rpyltiiy omnpeseseHuii.

Definition 1. Ilycte X — BemecTtBennoe cenapabeabHoe 0OaHaXOBO MPOCTPAHCTBO €
conpsizkerHbiM X *. Omepatop A : X — X* HazwiBaeTcs:

(1a) pasnomepro monomoOHHbIM, €CITU JTst BeeX U, v € X
(Au — Av,u—v) > p(llu = vl]),
rie p(s) — HempepbiBHAsL, Bo3pacTarolias QyHKIMsI, onpe/esaeHtas Ha [0, 00), npuuem
p(0) = 0;
(1b) monomormnvim, ecau mjist Beex u, v € X
(Au — Av,u —v) > 0;
(1c) onepamopom ¢ noayoepanuyernot eapuayueti, €Cau s Beex u,v € X
(AU - AU: U = U) > _C(Hu - ’U“/)’
riae || - || — Hopma, KOMIakTHas 1o cpaBHeHHIO ¢ HOpMmo#t || - || B X, dyrkuums c(s)
nenpepbiBHa Ha [0, 00), npudem s 1c(s) — 0 npu s — +0;
(1d) npedeavro  monomonnvLM, —ecam  JUIA  Kaxkaod  caabo  cxomsmieiica B X
[OCJIEIOBATEILHOCTH Uy, — U (N — 00) CHPABEJIMBO COOTHOIIEHUE TIPU 1. — 00

lim inf (Au,, u,, — u) > 0.
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Kiaccer onmeparopos co csoiictBamu (la), (1b) m (lc) xopomo wussecrner |1, 2, 3, 4| u
aKTHBHO m3ydaiorcs. Kiacc omeparopos co csoiicrBoMm (1d) Bblaessiercs, BUANMO, BIEDBBIE.
COOTHOHIGHI/IH MeXK/1y BBEACHHBIMU KJIaCCaMM YKa3bIBaIOTCA B CJICAYIONIEM YTBEPXKJICHUN.

Theorem 1. Cnpasedrusv, umnaiurayuy
(la) — (1b) — (1c) — (1d),

2de npednoaazaemcsa, wmo ecau onepamop A 1 X — X* obaadaem ceoticmeom, yrkazanHovim Y
HAYANAG CPEAKU, O OH 004a0aem MaKsHce C8OTUCMBOM, CMOAWUM Y KOHUA MOT HCe CMPEAKU.

OcranoBuMcs TI0JIpoOHEE HA HEKOTOPBIX XapPaKTEPHBIX CBOWCTBAX MPEJICTHHO MOHOTOHHBIX
ortepaTopoB. OJIHO W3 TAKUX CBOWCTB JIOCTATOYHO OYEBUIHO U (POPMYIUPYETCS B CJIEIYIONEM
YTBEPKICHUN.

Theorem 2. [Iycmv npocmpancmea X, X* ¢urcuposanv,, u nycmsv 3adamnve npedesvro
MOHOMOKHBLE onepamopvt Ay, ..., A,,, deticmeyrowue us X 6 X*. Tozda das mobozo nabopa
BEWECNBEHHDIT NOAOAHCUMEALHDIT YUCEN C1y - . ., Cry ONEPATIOP

A201A1+"'+CmAm
ABNAAECITNCA npe@em)HO MOHOMOHHDIM.

Cueftyroriee  CBOMCTBO NPEJIEIBHO MOHOTOHHBIX OIIEPATOPOB CBA3aHO C TaJIEPKUHCKUMUI
npubmkenusmu. [lycts 3a1an HekoTopsiit ormepatop A @ X — X*. Paccmorpum ypaBaenue
Au = f,rne f € X*. llpeanonaras mpoctparactBo X cenapabe/ibHBIM, BBIJIEIUM B HEM CIETHYIO
cuUcTEMy JIMHEHHO HE3ABUCHUMBIX SJIEMEHTOB €1, €s, ..., KOHEYHBbIEe JIMHEHble KOMOWHAITNN
KOTOPBIX 00pa3yioT miaoTHoe B X MHOXKecTBO. s KaxK0ro HaTypajabHoro n = 1,2, ... umem
SJIEMEHT Uy, = Y p_; Cpk€), YAOBIETBOPSAIONINI KOHETHON CHCTeMe aire0pandecKux ypaBHeHHil

(Aumem) = (f> 6m) (m = 17”)' (1)

Homycrum, uaro cucrema (1) umeer pemienue u, i Kaxkjgoro n = 1,2,..., W IIyCTb

HOCJIEIOBATEILHOCTD Uy, cJ1ab0 cxoaurest B X @ u, — u (n — 00). DT0 He TapaHTUPYeT B OOIIEM

cIydae PeryasspHOCTH IIOCIeI0BATEIbHOCTH A, 1 JazKe eCJIA IOC/IeI0BaTeIbHOCTD A, c1a00

cxoqurest B X*: Au, — g (n — 00), TO s51eMeHT ¢ He 006s3aH COBHNAJATH C MPABOW YaACTHIO

ypapaerus Au = f. Ha 5Tom (oHe BBIIEISIOTCS MpeieIbHO MOHOTOHHBIE OITEPATOPHI, KaK ITO
BBITEKAET U3 CJIETYIONIErO YTBEPKIEHUS.

Theorem 3. Ilycmv 6 npusedenrom 6viE NOCMPOEHUY, 2GNEPKUHCKUL NPUOAUNCEHUT, O
ypasnenus Au = f cnpasedausvl crodumocmu npu n — 00:

u, =~ u (6 X), Au, =g (6 X7).
Ecau onepamop A © X — X* aeasemcs npedesvro monomonnvim, mo g = f, m.e. Au, — f
(n — o0) 6 X*.

Joxazameavcmeo. @ukcupyem Homep N U 3JeMeHT v = Zszl ager. na Bcex n > N us
cucrembl (1) ceyioT paBeHCTBa
(Atp, up, —v) = (f, up — v), n > N. (2)
Tak kaKk u, — u (n — 00) B X, 10 U3 (2) noysyuaem
lim (Auy,, u, —v) = (f,u —v). (3)
n—oo

Vconb3yeM 09eBHIHOE TOXKIECTBO
(Atp, uy, —v) = (Auy, u, — u) + (Auy, u — v). (4)
ITo ycmoButo Au,, — g (n — o0) B X*, u noromy u3s (4) ciemyer, 910

lim (A, u, —v) = lim (Aug,, u, — u) + (g, u — v). (5)

n—oo n
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Tak Kak orneparop A 10 YyCJIOBHUIO IIPEJIIHHO MOHOTOHEH, TO

lim (Auy,, u, —u) > 0. (6)

n—oo

O6benuuss coorrommenus (3), (5) u (6), mpuxoauM K HEpaBEHCTBY

(g,u—v) < (fau_v)v
M3 KOTOPOIO € OYEBUJHOCTBIO CJIeJlyeT, 4ro g = f, TaK KaK MHOXKECTBO 3JIEMEHTOB U =
N
Y iy Qg€ IWIOTHO B X . DTO JOKA3bIBAET TEOPEMY. O

Kak yxke ormedasochb, ceMeilCcTBO OIepaTopoB, OJM3KUX K MOHOTOHHBIM, JIOBOJIHHO
MHOroumcjaeHHo. [IpuBeaem erie ofHy TPYIINLY ONpeIe/eHn, 00beINHIAEMbIX TE€M, UTO B HHUX
BoIpaskenue (A, U, — ) OIEHNBAETCS CBEPXY.

Definition 2. Ilycts X — BemecTBennoe cenapabeabHoe 0OaHaXOBO IPOCTPAHCTBO €
conpsizKeHHbIM X *, U mycTh 3agaH omeparop A : X — X*, a Takxke ci1abo CXOISIIAsACI B
X 10cs1e10BaTeIbHOCTD Uy, JIJIs KOTOPOW TIPU N — OO BBIIOJTHEHBI COOTHOIIEHUS:

u, —~u (BX), lim sup(Auy,, u, —u) < 0. (7)
[Ipu sTux yeaoBusx omepatop A Ha3bIBAETCH:

(2a) onepamopom, obaadarowgum (S5)-ceoticmeom, ecan u3 (7) BeITEKaeT, 9TO U, — U (N —
00), T.€. MOC/IEI0BATENBHOCTD Uy, CXOJUTCS CHIBHO B X
(2b) ncesdomonomonrvim no Crpwnnuky, ecamn u3 (7) BBITEKAET, YTO IIPH 1 — OO:

(2by)  lim(Aug,, u, —u) =0,
(2bg)  Au, — Au (B X7);

(2¢) ncesdomonomonnvim no Bpesucy, ecam w3 (7) BBITEKAET, UTO MPH N — 0O JJIst JTFOOOIO
steMenTa v € X
liminf(Au,, u, —v) > (Au,u — v);
(2d) yeaosno caabo  menpepwienvim  (T.e.  caabo  HENPEPBIBHBIM — HA  CIIEIUATBHBIX
II0CJIEI0BATEJILHOCTAX ), ecm u3 (7) BbiTekaer, uro Au, — Au (n — oo0) B X*.

Kitacebr omeparopoB co cpoiictBamu (2a), (2b) m (2¢) xopomo ussectubr |1, 2|. Kiacce
orepaTopoB co cBofictBoM (2d) BblJesI€H, BUJIMMO, BIEPBble, XOTs OYEBHJHO, YTO TAKOE
CBOMCTBO y/I00HO JJIst TIepeXo/ia K MPeJIesly B TaJIePKUHCKUX IpuomKeHusx. OTMETHM elre, 9To
IICEBJIOMOHOTOHHOCTE 110 CKPBIIHUKY U3 onpejesenns (2b) BHeIIHe CylecTBeHHO OTINIAeTCs
OT OIpeJie/ieHnsl TICBeJOMOHOTOHHOCTH 110 Bpesucy. Ha srom done 3HaunresbHblii nHTEpEC
IIPEJICTaBIISIeT CJIeJLYIONIee YTBep K IeHNUE.

Theorem 4. Ilyemv X — sewecmeennoe cenapabesvroe pepaexcusnoe  baHaATo60
npocmpancmeo, u nycmsv onepamop A X  —  X* oepanuuen. Taxol onepamop
ncegdomonomonen no Crpwinnuky mozda u moavko moezda, Koz2da 0H NCE8IOMOHOMOHEH
no Bpesucy, m.e. cnpasediusv, umnaukayuu: (2b) = (2¢).

BzanmocBsi3u mpecTaBIeHHBIX B OIPEJIE/IEHUA 2 KJIACCOB OIEPATOPOB JOBOJILHO CJIOXKHBI,
ecJii He HaJlaraTh JIONOJTHUTE/BHBIX ycaoBuil. CuTyaliusi MEeHSEeTCs, €CJIU IIPEIIOJI0KUTh, 9TO
npocrpancTeo X pedutekcuBHO u oreparop A : X — X* orpanHuven m JeMuHenpepbiBeH. B
9TUX YCJIOBUSX CIIPaBEJINBO CJIEIyIONee YTBEPKICHNUE.

Theorem 5. Ilyemv» X — sewecmeennoe cenapabeavroe pepaekcusnoe 6aHaro8o
npocmpancmso, u nycmv onepamop A : X — X* oepanuuen u demunenpepwvigen. Tozda
CNPABedAUBDL CACIYIOWUE UMNAUKAUUL!

(2a) — (2b) = (2¢) — (2d).

[Ipexke 9em cBA3aTh OlepaToOpbl U3 onpejeaeHuii 1 u 2, HAIIOMHUM eIle OJTHO OIIpeJIeIeHue.
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Definition 3 ([1, sameuanue 2.1, §2 rur. 2; c. 184]). Oneparop A : X — X* obmamaer (M)-
CBOIICTBOM, €CJIM M3 COOTHOIICHUH IIPH N — 0O:

up, =~ u (B X); Au, — f (B X7); lim sup(Auy,, u,) < (f, ) (8)
BBITEKaeT paBeHCTBO f = Au.

Cnenaem  caemyiomee 3amedanne. OrpaHuamMmcsa — JJisl  HAIVISAHOCTH  JIMHEHHBIMUI
HEIIPEPBIBHBIMU OIlepaTOpaMi B T'MJILOEPTOBOM TpocTpancTtBe H, cumtas, yro H* = H.
MozkHO cKa3aThb, 4TO KayKJIbli TakOil omepaTop ompejesed Ha BceM upocrpancrse H u
IpUHUMaeT 3HAYeHUsl B CONPsKEHHOM TmpocTtpaHcTBe H*. B 4wacrHOCTH K HEMY MOXKHO
IpUMEHUTD onpejeserne MoHoronHoctu (Au — Av,u — v) > 0, 4ro B cuiy JuHEHHOCTH
orepaTopa paBHOCHILHO cooTHomteruio (Aw,w) > 0, w € H. Urax, ecin JuHedHbIi onepaTop
SIBJIIETCSI MOHOTOHHBIM, TO OH 00si3aH OBITH HEOTPHUIATEILHBIM. B IPOTHBOBEC CKa3aHHOMY
(M)-cBoiicrBoMm  obsiajiator  BCe JIMHEHbIE OTrPAHMYEHHBIE ONMEPATOPBI, JIEHCTBYIOMINE B
ruIb0epTOBOM IpocTpaHcTBe. lelicTBUTEIbHO, MyCTh 3aJaH Takoil omeparop A : H — H*.
U nycrs Bommosaenst yeiobus (8). Tak kak omeparop A JiMHeeH W OrpaHudeH, TO OH cJabo
HenpepbiBeH, u nortomy Aw, — Au (n — 00). OgaoBpemento 1o yciaosuto (8) Aw, — f
(n — 00). CrenosarenbHo, f = Au, T.e. BBIIOJHEHO PaBEHCTBO, onpenessioriee (M)-coiicTso,
naxke 6e3 MCHOJIb30BaHusl mocyeHero yeiaosus B (8). Urtak, B rubbepToBOM MPOCTPAHCTBE
(M)-cBoitcTBoM 06J1a/1a10T BCE JIMHEHBIE OTpaHUYEHHbIE OIEePaTOPbI, BKJIOYas, HAIPUMEp,
oTpuIaTe/bHble oneparopbl. l[lpuBeseHHOE paccyKIeHre II0Ka3bIBAET, YTO OIEPATOPHI C
(M)-cBoiicTBOM J1aJ1€KO OTOIIA OT MOHOTOHHBIX OIEPATOPOB.

Onpenenernst 1-3 3a7af0T JI€BITH KJIACCOB OIEPATOPOB, OJM3KUX K MOHOTOHHBIM. B
TeopeMax 1 W 5 yCTAHOBJIEHBI CBSI3M MEXKJIy KJIACCAMH OIePaTOpPOB BHYTPU KarKJIOO W3
onpegenenuit 1 u 2. IlepekpecTHble COOTHOIICHUS MEXKIY KJacCaMy OIIEpaTOPOB M3 Pa3HBIX
OIpeJieIeHnil TIPUBOMISITCS B CJIEYIONIEM yTBep:KaeHnn, Tie cuMBoiaom (M) obosnadeno (M)-
CBOMCTBO U3 ONpEJIeIeHns 3.

Theorem 6. Ilyemv» X — sewecmeennoe cenapabesvroe pepaekcusnoe 6aHaAro080
npocmpancmeo, u nycmo onepamop A : X — X* oepanuven u demunenpepvisen. Tozda
cnpasedausa caedyowas ouazpamma UMNAUKAUUT:
— (1b) — (1l¢) — — (1d)

(la) (2b) = (2c¢)
— (2a) — — (2d) = (M).
3decv npednonazaemcs, wmo ecau onepamop A obaadaem c80UCMEOM, YKA3AHHOIM Y HA4AND
cmpeaxu, mo o obaadaem maksice CE0UCMBOM, CMOAWUM Y €€ KOHUQ.

CornacHo Teopeme 4 ICeBIOMOHOTOHHBIE onepaTophl 110 CKPBITHUKY U Bpesncy coBmagaror,
eci pocTparcTBO X pedutekcuBHO n omniepaTtop A orpanmden. B wacTtHOCTH, TTPU yKa3aHHBIX
YCJIOBASIX MOYKHO TOBOPUTH IIPOCTO O IICEBJOMOHOTOHHBIX oOrmeparopax. W3 jamarpaMmb
TeopeMbl 6 cJIelyeT, UTO KarKJIbIil I1CeBIOMOHOTOHHBIN OIEPATOpP SBJIAETCA KaK IPEeJIe/IbHO
MOHOTOHHBIM, TaK M YCJIOBHO €/1a00 HEIIPEPBIBHBIM. B ciie/iyomemM yTBepKIeHUN ITPeIIaraeTcs
JIOCTATOYHO sICHAsl XapaKTePUCTUKA IICEBIIOMOHOTOHHBIX OIIEPATOPOB.

Theorem 7. Ilyemv» X — sewecmeennoe cenapabesvroe pepaekcusnoe  HaHaAro80
npocmparcmeo, u nycms onepamop A : X — X* oepanuven u demunenpepueen. Taxot
onepamop ncesdomonomonen (sxsusarenmmno no Cxpunnuky usu Bpesucy) mozda u moavko
moeda, k0204 OH ABAACMCA NPEOEALHO MOHOMOHHLM U YCAOBHO CAGOO HENPEPLIEHBIM, M. E.
CNPABEINUBDE UMNAUKAUUL:

(2b) 2 (2¢) = {(1d) u (2d)}.

Ilpu ycaosusx teopemst 7 coiictBa (2d) m (M) SKBHBaJIEHTHBI COIVIACHO auATrpaMMe U3
TeopeMbl 6. [TosTomy Teopemy 7 MOXKHO BBICKa3aTh B Takoil (hopme.
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Theorem 8. Ilpu ycarosusax meopemv, 6 onepamop A : X — X* ncesdomornomonen mozda
U MoAvKo Mo2da, K020a 0N ABAAEMCA NPEIEALHO MOHOMOHKUM U obaadaem (M)-ceoticmeom,
m.e. CNPaseduss, UMNAUKAUUL:

(2b) = (2¢) = {(1d) u (M)}.

Xoporo ussectro |1, samevanue 2.12; §2 . 2; ¢.201], 9ro npu ycj0BUAX OrPAHUIEHHOCTH
U JIEMUHEIIPEPBIBHOCTU CyMMa IICEBJIOMOHOTOHHOTO 10 Bpesucy omneparopa A u MOHOTOHHOIO
orrepaTopa B IPUBOIUT K TICEBIOMOHOTOHHOMY otiepatopy A+ B. B ciemyromniem yTBep:K ieHnn
JIOKA3bIBAETCs, YTO MICEBJOMOHOTOHHBIE OIEPATOPHI D0JIee YCTOUYIUBBI OTHOCUTE/IHHO CJIOYKEHUS,
MMEHHO, MOXKHO CKJIa/IbIBATh JIBa MCEBJIOMOHOTOHHBIX OIlEpaTOpa, OCTABAsICh B TOM Ke KJIacce.

Theorem 9. Ilyemv» X — sewecmeennoe cenapabeavroe pedaekcushoe  6aHATOGO
npocmparcmseo, u nycms onepamoput A X — X* u B : X — X* oepanuvenol,
JdeMUHENPEPLIBHDL U NCEBIOMOHOMONHYL  (9K6usasenmuo no Ckpunnuky uau Bpesucy).
Tozda onepamop (A+ B) : X — X* ozparunen, demunenpepueen u ncesloMoHOMOHeEN.

oxasameavcmeo. Onepatop A + B orpanuwdeH u JeMUHENPEPLIBEH KaK CyMMa JBYX
OTIepaTopoB ¢ TeMu »Ke cpoiicTBaMu. OcTaeTcs MPOBEPUTDH €ro MCEBJIOMOHOTOHHOCTD. U3 J1ByX
9KBHUBAJEHTHBIX OIPEJIeIeHUI NCIIOIb3yeM OIpeesieHre ICeBI0OMOHOTOHHOCTH 110 CKPBIITHUKY,
T.e. cBOiicTBO (2b) onpenesenus 2. Ilycrs 3ajaHa MocIe10BATEIBHOCTD U, € X, JIJIST KOTOPOI
BBITIOJTHEHBI COOTHOIIEHUS TIPU N — 00!

up, =~ u (B X); lim sup((A + B)uy, u, — u) <0, 9)
WIN ToJpobHee
lim sup|[(Auy,, u, — u) + (Buy, u, — uw)] < 0. (10)
Tak kak oreparopbl A U B NCEBIOMOHOTOHHBI, TO 110 TeOpeMe 7 KaxK/blil U3 HUX sIBJISIETCS
IIPE/ICBHO MOHOTOHHBIM, T.€. CIHPABE/INBBI COOTHOIICHUS IPU 1 — OO:

lim inf(Au,, u, —u) > 0; lim inf(Buy,, u, —u) > 0. (11)
U3 cpasuenus (10) u (11) caeyer, 9To mpu n — 0O ONPEIEJIEHBI TIPEJIEIIBL:
lim(Auy,, u,, — u) = 0; lim(Buy,, u, —u) = 0. (12)

HeiicTBuresbHo, IOMyCcTHM, 9TO XOTsi Obl OmHO U3 coorHomenwit (12) wmemepro. s
ONPEJIEJIEHHOCTH cauTaeM, 9ro lim sup(Buy, u, — u) = a # 0. U3 (11) cremyer, aro a > 0.
BoiGepeM IOJIIOC/IEI0BATEIEHOCTD Uy(1), Ha KOTOPOH JOCTHIaeTCd BEPXHUI IIpeJies, Tak HYTo
pu n(l) — oo

lim( By 1y, Unay — u) = a > 0.
[To ceoiticTBam BepxHero npejena u3 (10) ciemyer, aro mpu n(l) — oo
lim sup (Aun (1), unay — u) + a < 0.
Tax kax a > 0, To lim sup(Aunn), unqy — ) < 0. ITo ycnosuro oneparop A ncesjgoMoHOTOHEH
110 CKPBIHAUKY, ¥ TIOTOMY U3 COOTHOIIeHH pu n(1) — 0o
Up(1) = U; lim sup(Aup), ny —u) <0 (13)
cJieflyer, 9aro ompeiesies mpegen mpu n(l) — oo
lim(Au,a)y, tny — u) =0,
a 910 coorHomenue nporusopednt (13). Mrak, pasercrsa (12) cupasenmusbl. VX noctarodHo,

9TOOBI yTBEPXKJIATh B COOTBETCTBUU € onpejienierunemM 2, aro Au,, — Au, Bu, — Buupun — oo.
Orciona u u3 (12) ¢ 09eBUIHOCTBIO CIIEYIOT COOTHOIICHUST:

(A+ B)u, = (A+ B)y; lim ((A + B)uy, u, —u) =0,

KOTOpBIE MOJIyYeHbl 13 (9) U moKasbIBatoT, 9To oreparop (A + B) SBJIseTcst CeBIOMOHOTOHHBIM
110 CKPBIIHUKY, U9TO U YTBEPZKIAJIOC. O
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YKaxkeM eIe OJIHO CBOWCTBO, WHBAPUAHTHOE OTHOCUTEIBHO BO3MYIIEHUI IIPEJIe/THHO
MOHOTOHHBIMU oriepaTopamu. JlokazbiBaeTcs OHO 110 aHAJOTUN C MPEJIBIIYIIAM YTBEPKICHUEM.

Theorem 10. Ilyemv X — sewecmsennoe cenapabesvhoe pegpaekcusnoe 6aHaro8o
npocmpancmeo, u nycmv onepamopvs A - X — X* u B : X — X* oepanuvenv, u
demunenpepuiervl, npuvem, onepamop A obaadaem (S, )-ceoticmsom, a onepamop B asasemca
npedesvno monomonnviM. Tozda onepamop A + B : X — X* asaaemca ozpanuerntvim
demunenpepuisnvim u obaadaem (S, )-ceoticmeom.

2. PABPEIIIMMOCTH YPABHEHUI C [NPEAEJIbBHO MOHOTOHHBIMU OIIEPATOPAMN

Ecnu oneparop A : X — X* gBisiercss OrpaHUYeHHBIM JIEMUHEIPEPBIBHBIM U PaBHOMEPHO
MOHOTOHHBIM ¢ (pyHKIMeil p($), 11 KOTOPOil BBIIOJIHEHO yCJI0BUe S~ 1 p(s) — 00 1Ipu § — 00, TO
9TOTO JIOCTATOTHO, 9TOOBI YTBEPKIATh, 9TO ypaBHeHHe Au = f mMeeT u NIpUTOM €IMHCTBEHHOE
permeane u € X g Kaxkjaoro sjnementa f € X*. Bce ocranbpHBIE KJIACCHI OIEPATOPOB,
BBeJIeHHBIE B pazjiese 1, TpeOyoT IOMOJTHUTETbHBIX YCJIOBH JIJIsT PA3pelnMOCT YPABHEHUsT
Au = f. Haubosiee n3BecTHO yC/I0BHE KOSPIUTUBHOCTH, KOTOPOE UMEET BHU/I

(Au, u) = y([[ulD]wll, (14)

riae dyukmus y(r) — oo npu r — oo. OcHOBHas Teopema O KOSPIUTHUBHBIX OIEPATOPAX
yrBep:kaaer cienyiomee |1, sameuanme 2.1, §2 1. 2; c. 184]. Ilycre X — BermecTBeHHOE
cenapabebHoe pediieKCuBHOE 0AHAXOBO IMIPOCTPAHCTBO, W IycTh omeparop A : X — X*
SIBJISIETCST OPPAHMYEHHBIM JIEMUHEIPEPBIBHBIM KOSPIUTUBHBIM 1 obsagaer (M)-cBoiicTBOM.
Torna ypaBuenme Au = [ wmmeer pemenme u € X Juisd Kaxkjaoro jementa f € X*.
Euncreennocts perenns ne rapantupyercd. OOpamasich K JuarpaMve nu3 TeopeMbl 06,
ybexiaenmcsi, 9T0 B copmynupoBanHoM yrBepkaernu (M)-cBoiicTBo oneparopa A MOXKHO
3aMEHUTh Ha OJHO W3 CJEIYIONMX: MOHOTOHHOCTH, MOJyOrDAHUYEHHOCTh Bapuaimu, (S, )-
CBOMCTBO, TCeBJIOMOHOTOHHOCTH (110 CkpbinHuKy wim 1o Bpesucy). Bamenurs (M)-coiicTBo
HA IPEJIEJIbHYI0O MOHOTOHHOCTD TaKKe BO3MOYKHO, HO IIPHU JOMOJTHUTETLHOM YCJIOBUU, KOTOPOE
OIIPEJIE/ISIETCS JIAJIee.

Definition 4. Onepatop A : X — X* HasblBaeTCsi yCUJIEHHO 3aMKHYTBIM, €CJIH U3 YCJIOBUM
u, =~ uB X, Au, — f (n — 00) B X* cienyer, uro Au = f.

Theorem 11. Ifycmos X — sewecmeennoe cenapabesvbHoe PAGHOMEPHO GbINYKAOE OAHATOGO
NPOCMPAHCMBO €O CMPO20 GUNYKALM conpadtcertvm X, u nycmv onepamop A : X —
X* oeparuven demunenpepuiéer KoIPUUMUBEH YCUACHHO 3AMKEHYM U ACAACTNCA MPEIEALHO
Mmonomonnovim. Tozda ypasnenue Au = f umeem pewenue u € X 0daa Kaoscdozo sremenma

feX .
Zoxazameavcmeo. Beegem myanbhblii oneparop J @ X — X*, ylIoBIeTBOPSIONINI yCIOBUSIM
(Ju,u) = [[Jull - full, ([ Jull = [u]. (15)

VenoBusg Ha mpocrpancTBa X, X* TakoBbl, 4TO omneparop J oIpejeseH OJHO3HAYHO,
SABJIIETCS OIPAHUYEHHBIM JIEMUHEIPEPbIBHBIM MOHOTOHHBIM U KOSPIMTUBHBIM. Y 0e uMcs,
YTO IMPEIIOJI0KEHNEe O PABHOMEDPHOH BBIMYKJIOCTH IPOCTPaHCTBA X JlaeT BO3MOMKHOCTH
yTBEpKIaTh, 1To oreparop J obmamaer (S, )-cBoiicrBom. [leficTBUTEIBHO, MyCTh BBITOJIHEHDI
YCJIOBHUSI TIPA N — OQ:

u, =~ u (BX), lim sup(Juy,, u, —u) < 0.
Tak kak (Ju, u, —u) — 0 upu n — 00, TO 110 CBOICTBAM BEPXHETrO MIPeJiesia MOYKHO 3allUCaTh:

lim sup(Ju,, — Ju, u,, — u) < 0. (16)
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Xopormo uzsectHo [5, 3amedanne 1.4c¢), §1 rur. III; c. 81|, uro omeparop J ygoBreTBOpsieT
CJIEIYIOIIEMY HEPaBEHCTBY IS JIFOOBIX U,V € X:

(Ju = Jv,u—v) = (Jul = [Jol)*
B wacTHOCTH, /I BBEIEHHOII BBIIIE IOC/IEI0BATEILHOCTH U, — U NMEEM:
(luall = llul)* < (Jun = Ju, up — u).
Coenunus 510 HepaseHCTBO ¢ (16), morydaem
lim sup([[un| — [ul)* <0,

oTKysa caeqyer, 9to |lu,| — ||lu|| mpu n — oco. Tak kak u, — u B X u upocrpancrso X
PaBHOMEPHO BBIIYKJIO, TO U, — u% B X. DTO U o3HauaeT, 4To omeparop J obmamaer (S, )-
cpoiicTBoM. OueBnHO, UTO omeparop €.J Takxke obsagaer (S )-cBoiicTBOM 7151 BCsiKOro € > 0.
Tak kak omeparop A 10 yCJIOBHIO TIPeJIEILHO MOHOTOHEH, TO 1o Teopeme 10 mpeblIyInero
paszzena cymma £J + A ompegenser oneparop, obaagatomuii (S )-cBoiicrBom. V3 quarpaMmb
TeopeMbl 6 BeITeKaeT, uro ornepatop A + eJ obmamaer (M)-ceoitcrBom. OueBUIHO TaKzKe, 4TO
oneparop A + &J orpaHuyeH JEeMUHENPEPLIBEH U KOIPIUTUBEH KaK CyMMa OIEPATOPOB ¢ TeMU
JKe CBOficTBaMU. DTOrO JIOCTATOIHO, YTOOBI YTBEPKIATh, 9TO ypaBHenue (A+cJ)u® = f numeer
pemenne u® € X i Beex € > 0 u yoboro f € X*. IIpejacraBiennoe ypaBHeHne YMHOKUM Ha,
uE.
€ € 3 e &
(Au®, u®) + e(Ju,u) = (f,u°).
Orciona ciefyer, ¢ yaeTrom paBeHcTB (15), 9ro
> g 1> 1>
(Auf, u®) < (Auf, u®)
15 - 15
[Jus]] [Jus]]

+ellutll < IF]-

Tak kak omeparop A KospruTHBeH, TO Haifijgercs nocrosimias C rtakag, uro |uf|| < C
HezaBucuMo ot € > 0. B cuty orpanmaennoctu omeparopa J Haiijercs mocrosiaHas C Takas,
aro ||Juf|| < Cy mesaBucumo or € > 0. Orcroga ciemnyer, aro eJu® — 0 nmpu € — 0, a TakKe

Aut = f—eJu® — f (e — 0).

[IpocrpancrBo X paBHOMEPHO BBIIYKJ/IO U TOTOMY pedJIEKCUBHO, 3HAYUT, U3 OrPAHUIECHHOTO
mMHO)KecTBa {u®, & > 0} MOXKHO BBIOpATH €J1a00 CXOJSIIYIOCS TTOCIEI0BATETBHOCTD Uk — U pH
er — 0. g BeIOpaHHON MTOCTETOBATEILHOCTH BBIOJIHAIOTCS CJIEIYIONINEe COOTHOIIEHUS TPH
Ek — 0:

u —=u (B X), Aut — f (B X7).

Tax kax omeparop A 1O yCIOBHIO YCHJIEHHO 3aMKHYT, To Au = f, uro saBepmiaer
JIOKa3aTeJIbCTBO TEOPEMBI. 0

Kpome KOSpIUTHBHOCTH W3BECTHBI W JIPYTHeE YCJIOBUSA, JOCTATOYHBIE JJIS Pa3PElUMOCTH
ypasuenus Au = f. [IpuBenem ogHO U3 HUX.

Definition 5. Oneparop A : X — X* HazoBem ocjaab/IeHHO KOIPIUTUBHBIM, €CJIN

Jul + T8 oo (= o0)
il
UseectHo (2, Teopema 7.2, §7 ria. 2; c. 79|, uro yciaoBus ocabJIEHHON KOSPIUTUBHOCTH
JIOCTATOYHO IS pa3pemmMocT ypaBHenuss Au = f, ecim omeparop A obaagaer (S )-
cBoOiiCTBOM. B citesyroremM yTBep:KIEHUN KJIacc orepaTopoB ¢ (.S )-CBOMCTBOM pacimpsiercs
JI0 KJIacCa MPeJIeIbHO MOHOTOHHBIX O1IepaTopoB. JloKa3bIiBaeTCs 3T0 yTBEPAKIEHUE 110 AHAJIOTUN
¢ Teopemoii 11, xors u Tpebyer OoJiee crennaaIbHBIX TOCTPOCHUIA.
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Theorem 12. Ilycmv X — sewecmeentoe cenapabesvroe pasHOMEPHO GbinykA0e OAHAT060
NPOCMPAHCBO CO CMPO20 BVINYKABM conpadtcennvim X*, u nycmv onepamop A @ X — X*
02panuMer JeMUHENPEPBIBEH OCAADAEHHO KOIPUUMUBEH U ABAAETCA NPEIEALHO MOHOMOHHHLM
u ycunenno 3amkHymowm. Toz2da ypaswenue Au = [ umeem pewenue u € X dasa a106020
anemernma f € X*.

HamomuuMm erme oo yTBep:Kenue, npunasyiexaniee C.M. Iloxoxkaesy [13| u meranbHO
u3okeHHoe B Monorpadun |2, caeacrsue 5.1, §5 i 1; c. 31]. Ilyere X — BemecTBeHHOE
cenapabebHOe pedIeKCHBHOE 0AHAXOBO IMIPOCTPAHCTBO, W IycTh omeparop A : X — X*
OrpaHWYeH JeMUHenpepbiBeH 0biaaer (S, )-CBONCTBOM, SIBJISIETCS] HEIETHBIM U YJIOBIETBOPSIET
ycioBuio Bospacranust: ||Au|| — oo mpu ||ul| — oo. Torma ypasuenme Au = f umeer
pemmenne u € X i Bedakoro sjementa f € X*. Ybemmmcs, UTO KJacC OIEPATOPOB
MOXKHO PAaCIIUPUTH JI0 KJacca IPeebHO MOHOTOHHBIX, JIOIOJHUB TPEOOBAHUS Ha OIEPATOP
A ycueHHOI 3aMKHYTOCTBIO.

Theorem 13. Ilyemv X — esewecmeennoe cenapabesvhoe pedaercusroe 6aHaAT060
NPOCMPANCMBO €O CMPO20 BHINYKABIM CONPAACEHNIM, U nycmb onepamop A : X — X*
02panUNer, JeEMUHENPEPBIGET HEYETNEN YCUACHHO 3AMENYM, ACAAECMCA NPEJEALHO MOHOTOHNBIM
u ydosaemsopaem ycaosuro sozpacmanua: | Au|| — oo npu ||u|| — oo. Tozda ypasnenue Au = f
umeem peuwerue u € X das xaocdozo sremernma f € X*.

Jloxazameavcmeo. Tlo onepatopy A BBeJIeM 9UCIOBYIO (DYHKITAIO

p(r) = nf [[Aul.
l[ull=r

Ouen/tHo, uTO (1) Onpenesena s Beex 1 > 0 U sBIgeTCs HeoTpuraTeabHoi. U3 ycaous
TEOPEMBI CJIeyeT, 910 ¢(r) — 00 mpu r — 00. [locTporM HEnpepBIBHYIO CTPOro MOHOTOHHO
Bospacraortyio dbyuaknuo P(r), yaosaersopsioryo yeaosuaM: ¢(0) = 0, &(r) — oo mpu
r — 00, ®(r) < p(r) ana mocratodno Gosbmux r. YeaoBus Ha npocrpaHcrBa X um X* maror
BO3MOYKHOCTH BBECTH OoTOOpazkenue jpoiicrBenHoctn J : X — X* ornocurenbuo dpyuknun P.
910 oToOpazkeHne odIagaeT CeLyIOIMIMI CBORCTBAMI: OHO OJHO3HAYHO OIPE/IEJIEHO, SBJISACTCS
OrPaHMYEHHBIM JIEMIHEIIPEPBIBHBIM MOHOTOHHBIM KO3PIUTUBHBIM U yJIOBJIETBOPSIET PABEHCTBAM

(Ju,u) = [|Jull - fJull, ([ Jull = ([[ul)-

Jlnsa xkaxmgoro gmcna € > 0 BBemem omeparop A, = A + ¢J. Oun geiictByer uz3 X B X*,
OrpaHWYeH U JIEMUHEIPEPBIBEH KAK CYMMa OIEPATOPOB C TEMHU Ke CBOMCTBAMU. ¥YOeINMCs, 9TO
OH SBJISIETCS HEYETHBIM. [[J1 3TOTO JI0CTATOYHO JI0KA3aTh, YTO HEYETHBIM SBJIAETCSA OIEPATOP
npoiicreennoctu J. Hanomuum ero onpezesenue |1, npemioxenne 2.3, §2 rir. 2; ¢. 187|. Tlycrs
S ={u € X:||ul]| = 1}. Jua gaxgoro smemenra v € S crponMm byskimonan f € X* co
CcBOMCTBaMU:

(fru)=1, [Ifl=1.

Takoit dpyHKIMOHAJ ONpeJiesieH i JIF0OOro OaHaxoBa IPOCTPAHCTBA, & YCJIOBUE CTPOroit
BBIITYKJ/IOCTH ITPOCTPAHCTBa X * obecriednBaeT e IMHCTBEHHOCTHL TaKoro pyukinonaita. Ha tyde
Au, A > 0, oneparop J onpenensiercsi paerctBoM J(Au) = ®(N)f. Ecsm BBecTn s71€MeHTHI
v = —u, g = —f, To oueBuHO, uro (g,v) = (f,u) = 1 u ||g|| = ||f|| = 1. Caenosarensho,
J(Av) = ®(N)g, re. J(—Iu) = —P(N\)f = —J(Au), 9To U TOKA3BIBACT HEIECTHOCTH OLEPATOPA
nBoiicrerrocTu. OTCiona ciemyer, aro onepatop A. = A + £J TakiKe sAB/IA€TCA HEUYCTHBIM.
Kpome Toro, on obmamaer (S, )-cBoiictBoM Kak cymma omepatopa A ¢ (S.)-cBoiicTBOM U
MOHOTOHHOTO oreparopa £J (teopema 10 pasmesa 1). Herpyaao Bujerh Takxke, 9To omepaTop
A + eJ ynosrerBopsier yciaosuio Bospactamus: |[(A + eJ)ul| — oo maa [jul] — oo, ecom
0 < € < 1/2. IlpencraBieHHBIX CBOICTB oriepaTopa A, 10CTATOYHO, 9TOOBI IPUMEHUTH TEOPEMY
[ToxoxkaeBa, KOoTOpas yTBepkKiaaeT, 4To ypaBHenme A.u® = f umeer pemenune u® € X jyis
KazK/10ro saementa f € X* u soboro € € (0,1/2].
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Banumem ypasuenne A.u® = f kaxk ToxkgecrBo Au® = f — eJu®, u3 KOTOpPOro cjaemayer, 9To
[Au®|| < |LfIF + el Ju]. (17)

Cornacno mocrpoernto dyukumit ¢ u ¢ cymecrByer uncio Ry Takoe, aro ecan ||uf| > Ry,
ro cnpaseamspt nepasencrsa O([|luf]) < o([luf]]) m o(fuf]]) < [|Auf]]. Hcnonbsys raxxe
pasenctBa ||Ju®|| = ®(||u®||) n moxcTaBias Bece mpuBenenubie coorHonenns B (17), mpuxoanm
K OIICHKE

O([[uc[l) < 1FI1+e@(llul),  [lull = R,
13 KOTOPOil ciieryer, uto jiis Beex € € (0, 1/2] cymecryer koncranra C' takas, qro ||uf| < C.
Jlasee MOYKHO IPUMEHHUTD PACCY?KICHAS U3 TOKA3ATEIbCTBA TCOPEMbI 11, KOTOpbIe IPUBOIAT K
CYINECTBOBAHUIO djieMeHTa u € X, yIOBJIETBOPSIONEero paseucTsy Au = f, 94To u jJ0Ka3biBaeT
YTBepKJIEHUE. U

Pabora Bbimoninena npu dunancosoii noiep:kke PODU, npoektsr 01-01-00884 u 99-01-
00045.
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KPAEBDBIE 3A/TAYN 1J14d HEITPABUJIBHO

SJIJINIITUYECKIX YPABHEHIII B MHOT'OCBSA3HBIX
OBJIACTHAX

H.E. TOBMACSH
['OCYIAPCTBEHHBIN VHYKEHEPHBIN YHUBEPCUTET APMEHUU,
EPEBAH, APMEHUS

Kimouesnie ciioBa: ypaBHeHue, perienne, OyHKIUA, TPOU3BOIHA, HHTETIPAJI.

3decv yrasviearomea spdexmusnsie memodu pewenun 3sadavu Pumana-lusvbepma Oas
001020 KAACCH HENPABUALHO INAUNTNUNECKUT YPAEHEHUT.

1. Ilyers D- (m + 1)- ceasnag 06macTh B KOMIIIEKCHOf mockoeTn ¢ rpammmeit I' = (J72, ',
rie [y, ...,[,- mpocThbie, 3aMKHYTBIE , HENEPECEKAIOINecs , JOCTATOYHO IJIaJIKUe KOHTYPBI,
npudeM [y oxBaTbIBaeT ocTajbHble KOHTYPHI i, ...,[,,. Ilycte D = DJT. Pacemorpum
SJLIAIITUYIECKOE ypaBHEHNE

& o"u
ZAkW:()u (z,y) € D, (1)
k=0
C TPAHUYHBIMU YCJIOBUSIMU
ak
Re%:ﬁg(m,y),(z,y) elk=0,...n—1, (2)
rie Ag(k = 0,...,n) - Kommiekcuele nocroguube (A4, # 0), % - npousBojHasd u(z,y) 10

HanpaBJIeHUuIO BHyTpeHHeil Hopmasn K ' B rouke (x,y) € T, fr(z,y)(k =0, ...,n—1) - 3ajanublie
na I' mocraTodno riagkue JeiicTBUTeIbHbIE (DYHKIHN.

Bamaua (1)-(2) mpu fr = 0(k =0, ...,n—1) mazeiBaeTcs omgnopoHoii. Pemmenue 3aaun (1)-(2)
unercs B Kiaacce C™(D) | JC"~4(D).

[Ipemmnonaraercsi, Y70 KOPHA Aq, ..., A, XapPaKTEPUCTHIECKOIO yPaBHEHU

Ao+ AA+ ..+ AN =0 (3)

YJIOBJIETBOPSIOT YCJIOBHIO
ImA; >0,7=1,...,n. (4)

Yeqosue (4) osnadaer, 4To ypasHenue (1) HeIPaBHJIBHO SJIHIITHIECKOE.

Bamada (1)-(2) B OTHOCBA3HBIX 00/IACTAX HCCaenoBaHa B 1], a B MHOIOCBA3HBIX 0OIACTSIX
- B [2] B srux paborax zamada (1)-(2) cBelieHa K CHHIYISIPHOMY HHTEIDAIBHOMY YDaBHEHUIO
HOPMaJILHOTO THIIA U To/TyueHa opMyJia uHjekca k 1ol 3agaun (k= (1 — m)n?).

B nmannoit pabore ykasbiBaeTcs Ipyroil Moaxo/| K perternto 3ajga4n (1)-(2), KoTopsrit mo3Bo-
JFeT YTOYHUTH W YJIydInTh pesysabrarshl pabor [1|-[2]. 3mech ommopomnas samada (1)-(2)
CBOJIUTCS K CHCTEME AJIre0PandecKnX yPABHEHNUIT , a YCJIOBHs PA3PEIIIMOCTH 1 9aCTHOE PEIIeHNe
COOTBET-CTBYIOINIEH HEOHOPOTHON 331891 BBIINUCHIBAIOTCS DU MOMOIIM PEIIeHHst HEKOTOPOIo
OJIHO3HAYHO PA3PEIINMOr0 HHTErPAJILHOrO ypaBHeHus: PperojbmMa BTOPOro pojia.

Iycrh ko - 4UC/I0 JIMHEHHO He3ABMCHMBIX Pemenuii oamopouoi 3axaqu (1)-(2), a kj - uucio
JIMHEHHO HE3aBHCUMBIX YCJIOBHUI Pa3pEIMMOCTH COOTBETCTBYIOIIEH HEOJIHOPOTHON 3a/aqu.
31ech U Jajee JMHEHHAs HE3ABUCHMOCTH ITOHUMAETCS HaJ II0JIeM JEfiCTBUTEIbHBIX YHCEL.
Yucna ko u k, HasbiBaioTcs gedekTHbIME ancaamu sagaan (1)-(2), a k = ko — kj) - nHIEKCOM
9TOM 3aa49u. VIMeoT MecTo clie/lyorine Te0peMbl.

Teopema 1. [ledexrubie yncia 3aaaun (1)-(2) onpenesnsiiorest hopmyiamu

ko = n? ki = mn®. (5)
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Teopema 2. O6iee perenne oHOpOIHOI 3a1aun (1)-(2) onpenessiercs: hopmyioit

u(z,y) = iuo(z,y), (6)

e ug(x,y) - TPOU3BOJIbHOE JIefiCTBUTEIHLHOE pellleHre ypaBHenus (1) B Kjiacce MOJIMHOMOB He
BBIIIE 21 — 2 , 1 - MHIMad €INHAIIA.

Teopembl 1 u 2 npu n = 2 jgokazanbl B [3]. B obiieM ciydae 3T TeOpeMbl JOKA3BIBAIOTCA
AQHAJIOTMYHO, IIO9TOMY UX JOKA3ATE]IbCTBA OILYCKAECM.

2. Mcxoas u3 TeopeMbl 2 MOCTPOMM IOJHYIO CHCTEMY JIMHEHHO HEe3aBUCHMBIX PeIIeHuit
oHOPOTHOT 3a1a4u (1)-(2) B ssBHOM BHIe. CorvtacHo dbopmyite (6) perneHue o JHOPOIHOI 3a,1ax 1
(1)-(2) MOKHO MCKATH B BUJIE

2n—2 1

u(z,y) =iP,_1(z,y) +i Z Zaljxjyl’j, (7)

l=n j=0

riae P, 1(x,y) - Upou3BOJBHBIN MOJMHOM IOpsJIKA HE BbIE 1 — 1 ¢ JAeHCTBUTETHLHBIME
k03 dUIIEHTaMI OTHOCHTEILHO JIeHCTBUTEILHBIX IEPEMEHHBIX T U ¥ , & )5 - AfCTBUTE/IbHbIE
[OCTOSTHHBIE.

[oncrasnss u(z,y) us (7) B ypaBuenne (1) u npupaBauBas Ko3bQUIMEHTHI TPH COOTBET-
crByformux cremnersx 2Pyl (p + ¢ < n — 2) mosyanm

!
E Apja; =00m=1,..,l —n+1;l=n,..,2n -2, (8)
Jj=0
r71e Ajpm; - HEKOTOPBIE BIIOJIHE OIPe/IeIeHHbIe KOMIUIEKCHBIE TOCTOAHHbIE, 3aBUCSIINE TOJIBKO OT
k03 dunmentor ypapuerus (1).
Cucremy ypaBHenuii (8) ere MOYKHO 3a1ucaTh B BHJIE

l
> Bujay =0m=1,...2(—n+1);l=n,.. 2n -2, (9)
=0

e
Bimj = ReAp,j,m=1,..,1l —n+1,
Bimj =ImA,;m=1—-n+2,..,2(l-n+1),
[Moncraistst obiiee pernenne cucremsl (9) mpu | = n, ..., 2n—2 B (7), mosyanm obiree pereHue

onHopoHoil 3a1a4u (1)-(2). Uz (7) u (9) ciemyer, uto qucio ko TMHEHHO HE3ABUCUMBIX PEIEHUI
onHOpOoIHOI 3ama4an (1)-(2) onpeensercst hopmytoii

k)gzw—i-i(l—i-l—ﬁ), (10)

l=n
rJie 77 - PAHr OCHOBHOI MaTpuilbl cucreMbl (9) npu dgpukcupoBantom [ . fcHo, 910
0<r <2l—n+1). (11)

C apyroii croponsl, kg = n? . Uz (11) caeayer, uto umeer Mecto pasenctio (10) npu ko = n?
TOrJIa U TOJILKO Torja, korga r; = 2(l—n+1),l = n, ..., 2n—2. 910 03HaYAET, YTO BCE YDABHEHUS
B (9) npu durcuposannom [, (I = n,...,2n — 2), JUHEHHO HE3ABUCUMBL. DTO OOCTOSITETHCTBO
cytecTBenHo obserdaer perienne cucrembl (9). CrieoBaTesIbHO, PelieHne OHOPOHON 381891
(1)-(2) cBomures K perenuio airebpandeckoii cucremsl (9) mpu

[ =n,...,2n—2. Tak Kak oJiHOPO/IHA 3a/iasa y7Ke PelleHa, TO JJis MOJHOro permenus 3a1aan (1)-
(2) oCTATOYHO HANTH YCJIOBUA PA3PEIIMMOCTH STOM 3aa491 U HEKOTOPOE €€ YacTHOE PelleHue.
MbI moKazKeM, 9TO 3TH BOIPOCHI CBOAATCA K PEIICHUI0 HEKOTOPOI'O OJHO3HAYHO Pa3pPEeIInMOro
MHTErpaJbHOro ypapHeHns @pearosbMa. 37eCh Mbl OFPAHHYMMCA CIydaeM, KOIJIa KOpPHH
XapaKTEPUCTHIECKOTro ypaBHeHus (3) - MpoCThIe.
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3. IIpenBaputesibHO PaCCMOTPUM CJIEYIONIYIO 3a1a4dy Jlupuxiie:

LL*v(z,y) =0,(x,y) € D, (12)
k'U T
TULD — o), () €T, (13)

e
L= Ay————,L" = Ay—————
; " Oyk oz ; " Oyk oz

v(x,y) - aeficrBuTesbHOE pemenue, fo(x,y), ..., fn—1(2,y) - npaBas gacTh (2), Ay - KOMII- JIEKCHO
COIIPsIZKEHHOE ¢ Aj,.
Ypasuenue (12) sBasieTcss TPABUIBHO SJUITMITHICCKAM YDaBHEHHEM C JeHCTBUTETbHBIME

KO3(-

dbunnenravu. Iostomy 3amaqa (12)-(13) onHosnauno paspermuma [4]. IIycrs 7; - HekoTopast

muHnst BHyTpu obsmactin D (Ge3 camomepecedennsi) ¢ kommamu Ha g u I';(j = 1,...,n).
[Ipemnonaraercs, 9To JUHUUA 71, ...,Y, He uUMeOT ob0mwmx Touek. I[lycte Dy - obmacts D
6e3 JmHUN 7Yy, ..., Vm. O6macts Dy - omHocBaszHad. Ilycrs, nmamee, (x1,91), ..., (Tm,Ym) -

dukcupoBanHbIe TOYKM BHYTPU KOHTYpoB L1, ..., T, cOOTBETCTBEHHO.
O6osnaumnm qepes Dy, (j = 1,...,n) obpas obnactu D npu orobpazkennn ¢ = = + A;y. Nmeer
MECTO CJIeLyIOIIas

Teopema 3. Eciin KopHU Ay, ..., \,, XapaKTEePUCTUIECKOIO yYpaBHeHus (3) MpoCThie, TO pelleHne
sagaqn (12)-(13) onpegensercs dbopmymnoit v(z,y) = Reus(x,y), tae

up (2, y) = Z ilr + \jy)+
j=1

N

m 2n—2 n
+Y cng (& — x4 X (y — w)* (e — 2+ X (y — w)), (14)
I=1 k=0 j=1
rae (z,y) € D, ¢;(2) - nekoropble amanuruyecKue GyHKIHH cooTBeTcTBeHHO B Dy, (j =
1,..,n) , a ¢j - HEKOTOPble KOMILIEKCHBIE HOCTOSAHHbIE, pudeM byHKIMI ¢;(x + \;y), (§ =
1,...,n) U HOCTOSIHHBIE Cjj;j BBIPAYKAIOTCS Y€PE3 PEIICHHsT HEKOTOPOTO OJHO3HATHO PA3PEIIHMOr0
ypasrenusi @pearonsma. B dopmyne (14) In(x — x; + Aj(y — v;)) obosnagaercss HeKoTOpast
HEIPEePbIBHAsS BETBb 3TOM dyHKIunu B obactu Dy.
Teopema 3 npu n = 2 gokazana B [3]. [Ipu n > 2 ona joka3bIBaeTCs AHATOTUIHO, TOITOMY
ee JI0Ka3aTe/IbCTBO TAKKe OIIYCKAEM.
4. VIMe1oT MeCTO CJICAYIONINE TEOPEMBDI.

Teopema 4. Jlns Toro, arobsl 3amada (1)-(2) mmesna perenne, HEOOXOINMO U JOCTATOTHO
BBIIIOJIHE-HUE yCJIOBUI

Re Y eyl =0,p=0,...kik=0,...n—21=1..m, (15)

j=1
m) epM=0p=k+1,...2n—Lk=n—1_.2n-21=1_.m. (16)
j=1

Teopema 5. Ecsim Bommossenst yemosust (15) u (16), To wacrroe perenne 3amaan (1)-(2)
otpjiesisieTcst (bopMyJIoit

u(a,y) = iz + M\y)+

J=1
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n—2 n

3D ez — a4 Ny — )  In(z — 2+ My — ), (17)
I=1 k=0 j=1
rae pi(r+Ny)i=1,..,n) meyi(k=0,...,2n—2;7=1,...,n;l =1,....m) Te Ke BeJININHEL,
aro u B (14).

HokazarenbcTBo TeopeM 4 u 5. [lycrs 3a1a4a (1)-(2) umeer pemenne ug(x,y).

Torma Lug(z,y) = 0, L*up(z,y) = 0 u Reup(z,y) ymosrersopsier ycmosusim (13). Tlosromy
Reug(x,y) asnsgercsa pemenunem 3ajgaun (12)-(13). U3 exuncrennocty perenns 3amaau (12)-
(13) u TeopeMbl 3 cieyet, ITo

Reu; (z,y) = Reug(x,y), (x,y) € D, (18)
rae uy(z,y) - dyukuus onpesesnennas B (14). 13 (18) umeem
Re(ul(xa y) - uO(xay)) =0, (iL‘,y) €D.

Oyukuus uq (z,y) — uo(r,y) ABJIAETCS IUCTO MHUMBIM perenneM ypapuenus (1) B obactu
Dy. Bole MBI OKa3a/IM, 9TO TAKOE PElleHne ABJIAeTCs MOJMHOMOM HOPSAIKa He BhIIE 21 — 2
or x u y. CienoBaTesbHO,

Ul(x7y) :Uo(l',y)+P2n_2(l',y), (19)
rie Po,_o(x,y) - HEKOTOPBIi TOSIMHOM mopsijika He Bbimte 2n — 2. Tak Kak ug(z,y) 6eCKOHETHO
muddepentpyema B obsactu D, To u3 (19) ciemyer, uro dbyukimst uy(x, y) Takxke 66CKOHETHO
muddepeniupyema B obsactu D. U3 Buga dyukuuu uq(r,y) ciemyer, 910 OHA OGECKOHEYHO
nuddepenimpyema B obactu D Toria ¥ TOJBKO TOTJA, KOTJIa

> A =0ig=0,.. kk=0,..2n-21=1_.m. (20)
j=1
U3 (20) mpu k =0, ...,n — 2 nosrygaem yciosust (15). 13 (20) mpu k =n —1,...,2n — 2 caeayer
a; =0,7=1..nl=1....mk=n—-1..,2n—2. (21)
Uz (21) wmmeem yciosust (16). Takum obpasom, yemosusi (15)-(16) HeoOxoauMbl st
paspentmmocta 3a1a9u (1)-(2).

[Tycte mveror mecto yenosus (15)-(16). Tak kak dyuxmusa v(z,y) = Reuy(z,y) asasgercs

pererneM 3ajaun (12)-(13), To ona Geckoneuno juddepennupyema B obaacru D. C jipyroii

CTOPOHBI 3Ta (byHKIHA OecKoHeuHO juddepeHiupyemMa B obsactu [ Toria U TOJIBKO TOIA,
KOT/Ia

Im Y Al =0,¢=0,...kik=0,...2n—21=1.m. (22)
j=1
U3 (15) u (22) mpu k =0, ...,n — 2 umeem

> A =0,g=0,. kk=0..n-21=1_.m (23)
j=1

U3z (16) u (22) upu k =n — 1,...,2n — 2 moayuum paserctsa (21). CiemoBareabHo

v(x,y) = Reu(z,y), (24)

rie u(x,y) oupenensercs dopmystoit (17). U3 yenoBus (23) caenyer, 9o u(z,y) - 6ECKOHETHO
muddepennupyemoe perenre ypasaenust (1) B obmacru D. Tak kak v(z,y) ynoBrerBopsieT
rpaamaaoMy yeaosuio (13) u v(z,y) = Reu(x,y) , To u(z,y) yaoBIeTBOpsieT IpaHUIHOMY
ycs10BHIO (2).

Takum o6pazom, yerosus (15) u (16) HeOOXOAUMBI U JTOCTATOYHBL JJIs PA3PEIIIMOCTHI 3aaxH
(1)-(2) n ee gactHOe perenue oupeensercs dhopmynoii (17). Teopemst 4 u 5 JoKa3aHbL.
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Bameuanne 1. Tak kak uncyo ycaosuit (15)-(16) pasno mn? u k) taxxke pasno mn? | To
yesoBust (15)-(16) smHeHHO He3aBUCHMBL.

B ciiyuae, korya D Kpyr wji BHYTPEHHOCTD 3JLIHIICA, TO YKa3bIBaeTcd 0oJiee 3hdeKTUBHBII
MeToy perenns 3agaan (1)-(2).
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On the Index Formula for Some Nonlocal Elliptic Boundary Value
Problems

P. L. GUREVICH
MOSCOW STATE AVIATION INSTITUTE,
Moscow, Russia

We consider nonlocal elliptic boundary value problems in bounded 2-dimensional do-
mains. In this abstract we describe the case when support of nonlocal terms intersects
with boundary of domain. This leads to appearence of power singularities for solutions
of nonlocal problems near some points of boundary. Therefore it is natural to consider
such problems in weighted Sobolev spaces (see |1, 2|). The aim of this abstract is to
establish a connection between the Fredholm indices of nonlocal problems considered in
spaces with different weight indicies.

Keywords: nonlocal problem, Freholm operator, index of Fredholm operator

Let G C R? be a bounded domain with the boundary 0G = S~ U S, where S~ and ST are
open smooth curves. The intersection S~ N S+ consists of two points ¢; and gs.

Let w be a nondegenerate smooth map of some neighbourhood O of the curve S~ onto the
set w(O) such that w(S~) C G. In this abstract we assume that w(g;) = ¢; (1 =1, 2).

Suppose that there exists a nondegenerate smooth coordinate transformation y — y' = v/'(g;)
mapping some neighbourhood V(g;) of the point g; onto a neighbourhood of zero V(0) such
that
a) the image of the set GNV(g;) is the intersection of the angle K; = {y € R*: r > 0, |p| < b;}
with the neighbourhood V(0) and the image of the set S* N V(xy) is the intersection of angle’s
side v5 = {y € R2: r > 0, p = £b;} with the neighbourhood V(0) (here 7, ¢ are polar
coordinates in R?);
b) if y € V(g;), then in new coordinates the map w(y) is given by ¢ — G;3/, where G; is the
map (¢, 7) — (¢ + b, xir), xi > 0.
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Let us consider the following nonlocal problem:

—Au= foly) (yeGQ), (1)

u(y)|s- + ou(w(y))|s- = fily) (yeS), 2)
u(y)ls+ = f2ly) (y € S7),

where o € R. For simplicity we assume that the boundary condition defined on the curve S+
does not contain any nonlocal terms.

The principal peculiarity of such problems is the following — the support of nonlocal terms
intersects with the boundary of domain: w(S~) N dG = {¢1, ¢2}. This leads to appearance of
power singularities for solutions in a neighbourhood of the points g; even for infinitely smooth
domain’s boundary and an infinitely differentiable right hand side (fo, fi, f2). Therefore such
problems should be considered in some special weighted spaces.

Denote by H!(G) the completion of the set C$°(G\{g1, g2}) with respect to the norm

ull () = (Z/pQ(“_H'BD]DﬁuF)l/?

1BI<t &

Here [ > 0 is an integer; a € R; p = p(y) € C®(R*\{g1, g2}) in some neighbourhood of
the set {g1, g2} is equivalent to the distance between the set {g;, g»} and the point y € G,
p(y) > ¢ > 0 outside of this neighbourhood. Denote by Hov?

smooth curve S C G with the norm
191l =12y = W0 [Jull ey (v € HL(G) : uls = ).

It was V.A. Kondrat’ev [3] who first considered the weighted spaces H.(G) and Ha "/*(S).
Constructive descriptions of the trace spaces Hy ?(S) can be also found in [4, §1].
Introduce the bounded operator £, : H2(G) — HY(G) x H2/2(S_) X H3/2(S+) given by

Lou = (—Au(y), u(y)|s- + au(w(y))ls-, u(y)|s+)- (3)

The operator £, corresponds to nonlocal problem (1), (2).

Our aim is to establish when the operator £, is Fredholm and what is a connection between
the Fredholm indices of the operator £, considered in the weighted spaces with different weight
indicies a. In order to answer the formulated questions we write the model problems in the
angles K;, i = 1, 2 (see [2]). For this purpose we suppose that suppu C V(g;) N G. Denote
U(y') = u(y(y')) and replace y' by y. Then problem (1), (2) can be written as follows:

(S) the space of traces on a

> it (W)U, () + D 00U () + 20U () = foly) (v € Ky),

k, j=1

Ul +aU@Giyl,- = fily) (v €),

UWl,r = fy) (e,

where p;;, pir, pi are infinitely differentiable functions.
Suppose for simplicity that

pir(0) = =1, pu;(0) =0 (k # j). (4)
If we now freeze the coefficients at the senior terms at zero and remove the junior terms, then
taking into account (4) we get the following model problem in the angle K :

—AU = foly) (y € Ky), (5)

Ul +aU(Giy)l,- = fily) (y ), (©)
Ul,r = fly) (e,
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If we now put (fo, fi, f2) =0in (5), (6), write the function U and the Laplace operator A
in polar coordinates (r, ¢), put r = e~* and do the Fourier transform with respect to ¢, then
we obtain the following auxiliary problem with parameter A:

Upp = XU =0 (l¢] < by), (7)

U(0)| pe—p; + €T (0 + b;)| pep, = 0, g
ac U )
(#)lo=b: = 0.
In [5], it is proved that problem (7), (8) has a discrete spectrum and any strip {\ € C :
A; < ImA < Ay} contains no more than a finite number of eigenvalues. The following result
was obtained by A.L. Skubachevskii (see [5, 2]).

Theorem 1. Let condition (4) hold. Then the operator L, is Fredholm if and only if the line
Im A =a —1 contains no eigenvalues of auziliary problems (7), (8) fori =1, 2.

Now let us consider the operator L, : H%(G) — HY(G) x Hj’,/Q(S_) X Hj/2(5+) given by (3).
Here o is, for determinancy, less than a. So the operators £, and L, correspond to the same
nonlocal problem (1), (2), but act in different weighted spaces. If the lines ImA = o’ — 1 and
Im A = a — 1 contain no eigenvalues of auxiliary problems (7), (8), i = 1, 2, then according to
Theorem 1 the operators £, and L, are both Fredholm.

In order to formulate our main result we denote by A;,, (n =1, ..., N;) all the eigenvalues of
auxiliary problem (7), (8) (i = 1, 2) located between the lines In A =a’ — 1 and Im A = a — 1.
Let A, has an algebraic multiplicity s¢;, (see corresponding definitions in [6]).

Theorem 2. Let condition (4) hold. Then

2 N;
indL, =ind L, + Z Z Hin.

i=1 n=1

>From Theorem 2, it follows in particular that ind £, = ind £, if and only if there are
no eigenvalues of auxiliary problems (7), (8), i = 1, 2, between the lines ImA = a’ — 1 and
ImA=a—-1.

Remark 8. In this abstract we considered just a model case. In fact, all the results are obtained
for arbitrary elliptic differential operators of order 2m and general boundary conditions with a
finite number of nonlocal terms.
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Theorem of completeness for a Dirac type operator with generalized
A-depending boundary conditions

S. HAsst, L. L. ORIDOROGA
DONETSK STATE UNIVERSITY,
UKRAINE

A completeness theorem is proved involving a system of integro-differential equations
with some A-depending boundary conditions.

1. It is well known [5] that the system of eigenfunctions and associate functions (SEAF) of
the Sturm — Liouville problem

—y" +q(x)y = Ny, (1)
y'(0) — hoy(0) = ¢'(1) — hay(1) =0, (2)
is complete in Ly[0, 1] for arbitrary complex valued potential ¢ € L[0,1] and hg,h; € C. A

similar result is also known for arbitrary nondegenerate boundary conditions (see [5]).
A completeness result for a boundary value problem of arbitrary order differential equations

" 4+ Z gi(x)y = \"y, (3)

subject to spliting boundary conditions, has been announced by M.V. Keldysh [1| and it was
first proved by A.A. Shkalikov [9].

In [4] the above mentioned results from [5] have been generalized to the case of first order
systems with arbitrary boundary conditions (not depending on a spectral parameter).

In [10] and [11] the completeness results for the problem (1), (2) have been generalized to
the case of nonlinear A-depending boundary conditions of the form

{HdMM®+PhMMﬂD=0

PraVA(1) + Py (3) + Pa(Vy(3) = 0 @

and of the form

H
/-\
\_/
/-\
(@n)
N—
+
o
[\
—
>~
N—
Ny
[\
—~
Wl
N—
+
e
w
—
>~
I
Wl
SN—

[ Pio(\)y2(0) + P,
+ P14(A)y(0)y’(0) + P15(A)y(0) (3)
+ Piz(N)y (0)y(3) + Pis(N)y' (0)y'(5) + Pro(Ny(3)y'(5) = 0,

)y (
+P24( )y(0)y'(0 )+P25(A) <O)y(%)+P26(A>y(0)y’(%)
L+ Par (MY (0)y(3) + Pos(N)y (09 (3) + Pas(MNy(3)y/'(3) = 0.

Moreover, in [7] and [8] analogous results were obtained for a system with a pair of spliting
A-depending boundary conditions similar to the conditions (4) and (5).

In the present paper the completeness result is generalized to the case of first order systems
consisting of two integro-differential equations with arbitrary linear or quadratic A-depending
boundary conditions. More precisely, let B = diag(a™',b71) be a 2 x 2 diagonal matrix with
a < 0 < b. Consider in Ly[0, 1] & L2[0, 1] a boundary value problem for the first order system
of ordinary integro-differential equations of the form

LBy + Qe+ [ M0yt dt =y Q
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0 q1 M11 Mlg y1($)
Qx,t) = M t) = =
(z,1) (Q2 0) ’ (z.1) (Mm M22) » y@) <y2(x) ’
where it is assumed that ¢; € L1[0,1] and M;; € Lo(Q), Q={0<t <z <1},4,j =1,2. Two

types of A-depending boundary conditions will be treated. Namely:
(i) arbitrary linear conditions of the form

Pii(M)y1(0) + Pia(MN)y2(0) + Priz(MN)ya (1) + Pra(N)ya(1)
Por(N)y1(0) + Poa(N)y2(0) + Pag(N)y1 (1) + Poa(N)y2(1) =

Here

; 7

or:
(ii) arbitrary quadratic conditions of the form

( Pio(\)y3(0) + Pr(Nya(0) + PNyl (3) + PNy (3)
+ PN y1(0)y2(0) + Pis(N)y1(0)y1(3) 4+ Prs(N)y1(0)y2(3)
+ Piz(N)y2(0)y1(3) + Pis(Ny2(0)y2(5) + Pro(M)ya (5)wa(

+ Poa(MN)y1(0)y2(0) + Pos (X310
[+ Par(N)y2(0)y1(3) + Pas(N)y2(0
where P;;(\) are polynomials.

Below some sufficient conditions for the completeness of the SEAF of the problems (6), (7)

and (6), (8) in L?[0,1] & L?[0, 1] are established. A starting point is to estimate the growth of
the solution of the Cauchy problem for the system (6) with special initial conditions. Indeed,

let
Dolr;\) = <g001(x, ) and Ty ) = ( ’ 9
Poli ) poz2(x; A) volz:A) Yo2(w; \) ©)
be the solutions of the Cauchy problem for the system (6) with the initial conditions
©o1(0;A) = tho2(0;A) =1 and  ©2(0; A) = Y1 (0; ) =0, (10)

respectively. The next lemma gives some estimates for the growth of @;(z; ) and z(x, A),
i=1,2.

Lemma 1. The functions @ ;(x; \) and EZ(:B, A), i =0, 1, satisfy the estimates
eo1(x;A) = (14 O(35)) expladiz),  poa(z; ) = O(55) exp(adiz);

Yor(z;A) = O(55) expladiz),  Poa(w; A) = O(55) exp(adiz); (1)
when A € CT, and the estimates

eo1(2;A) = O(55) exp(bhiz),  oa(w; A) = O(55) exp(bAiz); (12)

Yo1(z;A) = O(g5) exp(bhiz),  Yoa(z;A) = (1+ O(55)) exp(bAiz);

when A € C™.

The proof is based on the existence of a triangular trasformation operator for the equation
(6) constructed in [3].
The completeness result can now be stated as follows.

Theorem 1. Let P; (i=1,2 ; j=1,2,3,4) be polynomials, let the rank of the polynomial matriz

PH()\) Pm()\) Plg(/\) P14()\)
PO = (Pm()\) Pa(A) Pas(A) P24()\)) 12)
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be equal to 2 for all A € C, and let

deg Ji4 = deg J33 > max{deg Ji3, deg Jy2, M }, (14)
where M = max{deg P;; : i€ {1,2}; j€{1,2,3,4}} and
. Plz Plj .o
J;; = det (Pm sz) . 4,7 =1{1,2,3,4}. (15)

Then the SEAF of the problem (6), (7) is complete in L*[0,1] & L?[0, 1].

Moreover, let the set ®, which consists of N := deg Jiy — M eigenfunctions and associate
functions, satisfy the following condition:

If ® contains either an eigenfunction or an associate function corresponding to an eigenvalue
Ak, then it also contains all the associate functions of higher order corresponding to the same
eigenvalue.

Then the SEAF of the problem (6), (7) without the set ® is also complete in the space
L?0,1] @ L?]0,1].

Proof. First observe that \ is an eigenvalue if and only if the so-called the characteristic function
X(A) of the problem (6), (7) satisfies

Q21(A)  Qa2(N)
Here
Qu(A) = Puu(A) + Pis(N)wor (1; A) + Pra(N)poz (1; A),
Q12(A) = Pi2(A) + Pia(M) o1 (1; A) + Pra(N)hoz(15 ), (17)
Q21(A) = Por1(A) + Paz(A) o1 (1; A) + Pas(A)@o2(1; N),
Q22(A) = Paa(N) + Pag(A)bor(1; A) + Paa(N)hoa (15 A).

If in addition Ag is a root of x(\) of the order p, then the operator determined by (6), (7) has
precisely p eigenfunctions and associate functions corresponding to Ag. Introduce the functions

w1(z;A) = (Pia(N) + (Pis(N) o1 (1; A) 4 (Pra(N) o2 (15 X))o (3 A)

(PN + (PN or (1 4) + (Pua(NgoalL Nl ) 18)

and
D22 A) = (P2 (A) + (Pas(N o1 (13 A) + (Pas(N)toa (15 X)) oo (3 A)
— (Pa1r(A) + (Pos (M) @01 (1;A) + (Paa(A)@o2(15 X))o (5 A).
Then for all A the function @j(z; A) is a solution of the first equation in (7). If Ay is a root of

x(A) of order p then &j(x; \g) is a solution of the second equation in (7) too. Moreover, since
the function

(19)

Pglwﬂ (07 >\) -+ P22wj2(0, /\) + ngw]‘1<]., )\) + P24Wj2<]., )\) (20)

is equal to —yx(A), all nonzero functions
Lo A here 1 < k ) =1,2 21
k' a)\k (.77 ) )\:/\O’ where — <p7 J=14 ( )

are eigenfunctions and associate functions corresponding to the eigenvalue .
Now suppose that the SEAF of the problem (6), (7) without the set ® is not complete in

the space L2]0, 1] @ L2[0, 1]. Then there exists a nonzero vector function f(z) = (f1(z), fo(x))7,
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which is orthogonal to the SEAF of the problem (6), (7) (possibly, excluding functions from
the set @). Define

1

B i= (@A), F @) = [ o (@@ + wialos N do (22)

0

Clearly, E(A) is an entire function. If A, is an eigenvalue of multiplicity p and the set ® contains

neither an eigenfunction nor an associate function corresponding to A,, then A is a root of E(A),
j =1,2, of order p. If ® contains k eigenfunctions or associate functions corresponding to the

eigenvalue A, then ), is a root of Fj(\), j = 1,2, of order greater than or equal to p — k.

Denote by A the set of all eigenvalues of the problem (6), (7), such that the corresponding
eigenfunctions (or associate functions) belong to the set ®. For each Ay € A denote by p, the
number of eigenfunctions and associate functions in ® corresponding to As. Define

o) = JT = A0r. (23)

AsEA

Let Ax be an eigenvalue of problem (6), (7) of multiplicity p. Then )y is a zero of the product
II(X)Fj(A) of order p. Consequently, the functions

Fi(A) = ——A7— (24)

are entire.
Next an estimate for these functions will be derived.
One can rewrite x(\) as follows

X(A) = Ji2 + Jistbor (1; A) + J1aboo (1; X) + 329001
+ J12p02(1; A) + Jsa det (ZOIE
A)

1
1; )\)>
L A) (25)
= Jio + Jis¥o1(1; A) + Jigtboo (1; 1
+ Jiopoa(1;0) + J3a (1+ O (35)) exp((a + b)Ai).

Then one obtains from (11), (12), and the assumption (14) the following estimates for y(A):

X(A) = (14 O(55))Js2 exp(aXi), X e CT; (26)
X(A) = (14 O(55))Juuexp(bAi), XeC™. (27)
The definition of W ;(z; ) (cf. (18) and (19)) shows that

W3 N) = =Pin(Mo(a; A) + Pia(A)po(a; A)

. (28)
+ (140 (53)) exp((a + 0)Xi) (= PN (23 A) + Pia(N)r (3 ).
If A € C*, then (28) and the estimate (11) imply
wik(; A) = (O(Pj(A) + O(Pj2(X))) exp(aix) (20)

+ (O(Pis(A) + O(Pja(N))) exp(aAi) exp(bAiz).

It follows from

w(x) exp(aXiz)|dx = O M) w(x) exp(bXiz)|dx = O < ! ),
O/\f()p( ) (W /!f p(0AiD) =
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that there exists a constant ¢; > 0, such that, for S\ > ¢y,

F(\) =0 (max|ij|(A)%> =0 <A%\/%a|m> . (30)

Similarly, there exists a constant ¢y < 0, such that, for S\ < ¢o,

F\)=0 (we);—y) . (31)

>From (26), (27), (30), and (31) one obtains finally the estimate

1
F,(A\) =0 . SA > e 32
According to Phragmen-Lindel6f theorem for a strip Fj(\) = 0. Consequently, ﬁj()\) =0, ie.
flz) is orthogonal to @i(z;\) and @a(z; \) for all A. However, the functions @(z; ) and
Wa(x; A) for all A form a fundamental system of solutions of the equation (6) if A is not an
eigenvalue. Since the set of eigenvalues coincides with the set of all roots of x(\), this set is

discrete. This implies that 7(:16) is orthogonal to all solutions of the equation (6), so that
ﬁ
f(x)=0. _

Therefore, there is no nontrivial function f (z) orthogonal to the SEAF of the problem
(6)—(7) (maybe without the set ®). O

Theorem 2. Let P; (i=1,2 ; j=0,1,...,9) be polynomials, let the rank of the matric
<P10()\) Pu()) ... Plg(A)) (33)

Pyy(AN) Py(N) ... Py(N)
be equal to 2 for all A € C, and let
deg Jo3 = deg J12 = M, (34)
where
. PM Plj ..
Jij = det (P% P2j>’ 1,7 =0,1,...,9, (35)

and M = max{deg P;; : i € {1,2}; j € {0,1,...,9}}. Then the SEAF of problem (6), (8) is
complete in L*0,1] & L?[0,1].

Moreover, let the set ®, which consists of M eigenfunctions and associate functions, satisfy
the following condition:

If ® contains either an eigenfunction or an associate function corresponding to an eigenvalue
Ak, then it also contains all the associate functions of higher order corresponding to the same
eigenvalue.

Then the SEAF of problem (6), (8) without the set ® is also complete in the space L*[0,1] &
L?[0,1].

The proof of this theorem is similar to the proof of Theorem 1.
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A priori Estimates and Blow-up of Solutions
to Nonlinear Partial Differential Inequalities

G. G. LAPTEV
STEKLOV MATHEMATICAL INSTITUTE
Moscow, Russia

Using the test-function method developed by Mitidieri and Pohozaev we obtain glob-
al a priori estimates and prove blow-up results for semilinear higher—order evolution
nequalities in exterior domain.

Keywords: nonexistence, blow-up, partial differential inequalities

1. INTRODUCTION

This paper is devoted to nonexistence of global solutions to some evolution equations and
inequalities. The number of publications on nonexistence for evolution problems is so great that
we cannot cite all of them. For parabolic problems let us only mention the classical book by
Samarskii, Galaktionov, Kurdyumov & Mikhailov [16], the survey by Levine [10] and the more
recent one by Deng & Levine [2|. The main results for hyperbolic problems can be found in
the survey by John [4] and the papers by Del Santo, Georgiev & Mitidieri [1] and by Veron &
Pohozaev [17].

Finally we refer the interested readers to the celebrated monograph by Mitidieri and Po-
hozaev [12], where the test-function method is systematically applied to quasilinear elliptic (see
also |5, 6, 3, 7|), parabolic (see also |9, 18]) and hyperbolic (see also [17, 8]) partial differential
inequalities and systems of such inequalities.

2. MAIN RESULT

Let R > 0, k € N. Let us introduce the domain Q = R\ Bg (where N > 3 and B = {|z| <
R}) and consider the problem
% — Au Z |u|q7 (l‘,t) €0 x (Oa OO),
u(z,t) >0, (x,t) € 02 x (0, 00), (1)

O (2,00 >0, x€Q.
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Definition 1. Let u(z,t) € C(9 x [0,00)) Zu(x,0), i =
1,...,k — 1, are well defined. The function u(z,t) is called a weak solution to problem (1) if,
for any nonnegative test-function ¢(z,t) € W2*(Q x (0, 00)) with compact support, such that
©|aax(0,00) = 0, the integral inequality

8’“(,0
// dxdt—i—// Sk —Ap dmdt>//|u|qg0dxdt

0 90
k—1 ;
ak—l—zu 8190 ak 1u
DICHY L == T F CULE fo= CUICUTNG
= Q Q
holds.
Theorem 1. For
| <a<at = N+2/k
T=%=N "9 9k
problem (1) has no nontrivial global solution.
This theorem includes, among others, the sharp results for parabolic (k = 1, Fujita—

Hayakawa’s critical exponent ¢; = 1+ %, see also [14]) and hyperbolic (k = 2, Kato’s critical

exponent g = %, see also [17]) problems. It is interesting, that formally passing to the limit
as k — oo in Theorem 1 we arrive at the sharp elliptic critical exponent ¢ = % (see, for

example, [5, 11, 12, 7| and the references therein).

3. AUXILIARY ESTIMATES

In this section we obtain some estimates depending on the parameter p, p — o0. These
estimates play fundamental role in the test function method.
Let us consider the “standard cut-off function” ((y) € C*°(R,) with the following properties:

1, fo<y<l,
0<((y) <1, C(y)z{o iy >0

For the function

n(y) = (C(y))™

with some positive py and k£ € N by direct calculation one can obtain the estimates (for
1 <p<p)

1 (y) [P = (kpo)P¢Fre@=V¢hro=p| '[P < e P~ (y),
0" (y)[P < (kpo)P o@D ¢Ro=20 (kpy — 1)|¢'1? + C[C")P < eP ™ (y),

1 WP < e~ (y)
with a positive constant c,,.
Now let us introduce the change of variables y = t/p’, with § > 0, p > 2R. For the function
n(t/p’) we have

t d*n(t/p?
SUPp’n(p)‘_{t<20} SUPP%Z{p6<t<2p9},
and
| -
— & dt < c,p VP, (3)
/ OO
supp | L2 |

The parameter 6 will be chosen later.
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For the variable x, |z| = r > R, we introduce the functions n(r/p),
1 1

§(:I:)z§(r):§—;, (4)

o) =00 = (= 52 )0 () 5)

Here we will put s = N — 2. It is evidently, that ¢, = 0 and % >0asr=R.
For the derivatives of the function 1,(r) (as r > 2R) we have:

p D
k3 <or ! (1) s (1 5),
or p) Rpsrp P
P

and

p
<

s (Y (1), ()]

— Ts+1n p Rs rs n P P
9%, |P s(s+1 r 2s r 1 1\ 1 r
'QZJP < |- ( - )77 S - 77/ ) =—-= _277// r
ret p) T \p Re ) p?t \p

or?
1 rp 2
p—1 (T o
= o (P) Rspr2p <1+Pp+02p)’

here ¢ does not depend on r and p. Using these estimates we arrive at the inequality for the
Laplace operator:

*, N—10¢, 0*, oY,
< it
or? + r  Or ¢ or? or

1 P 1 P 2P
p—1 (T ol p=1l( .\ _—_ -4
= (p) Repr2e (1 ot pr) = (1 ot pr) =

Now we take s = N — 2. DuetoA(rN%g) = 0 for  # 0 we have Ay, = 0 for r < p and
supp |Ay,| = {p < r < 2p}. On the set supp |At),| the estimate 1 + ;—Z + % < ¢ holds, where
¢ does not depend on r and p. Therefore, it follows from (6) (for p < r < 2p) that

1
| Ay ()" < C@Dﬁ_l(éﬂ)@;

p p

P 1

rpP

| A, ()P =

and we get

2p
/ 86, @I" 4 <o [ YD e, (7)

= < - dr <
F () £ (w)
supp Ay | p

Finally, for the general test-function

wA%ﬂ=n<%>wA@ )

we obtain the inequality

2p?
A p A, |P
—| gip(m,t)| dedt < [ n(t/p%)dt | wfl dr < ¢ pl=2P N, (9)
wh (1) ! ’
supp |App,| P ’ 0 supp |Avp| g
Analogously, using (3), we obtain:
k t p
/ 0 %(,f’ ) o dxdt
8t ©p (ZE, t)

Bkwp
atk

supp |
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. / d*n(t/p")|" o t/p / ool

dtk
supp | dk n(t/p )‘ R<|z|<2p

2p
< cnpg(kpl)c/ N=1dr < e pN =001 (10)
R

For 6 = 2/k the powers in these estimates are equal:
N—-0kp—1)=60—-2p+N=-2p+ N +2/k.

Finally, we have

k p
[ (-1 - A,

e dadt < cop 2PTNF2/k, (11)
P

Dkap
supp |(—1)* atkp —App|

4. PROOF OF THEOREM 1

Let u(z,t) be a global nontrivial solution of problem (1). From Definition 1 with the test
function p(z,t) = gop(x t), defined by (8) with p = ¢ > 1 and 0 = 2/k, using the equalities
% (4,0)=0,i=1,...,k— 1, we obtain

at?
ak Lu 90
ST (:v 0)p,(x,0) d:1:+//|u]q<ppdxdt < — / / pdxdt—i— / uAgp, dxdt, (12)

0 9Br supp |Awp|

where
o
_ k p
Ap, = (-1) ok Apy.
As it was mentioned above %V:R > 0, so that %h:}g > 0 and the first integral in the
right hand side is nonpositive due to our assumption u| 89x (0,00) = 0.
As for the last integral in (12), using the Holder inequality, we find that

ak Ly

ST (m 0)p,(x,0) d:r;—l—//\u|q<ppdxdt
Q 0

ak 1
= | a5 (x 0)¢,(z,0)dx + / |u|?p, dzdt + / |u|?€ dxdt
Q supp |Ap,| wp(z,t)=£(z)
1/q 1/q
q ‘A(pp’q

< lu] - [Ap,| dzdt < \u|?p, dxdt 7o dadt . (13)

supp [Agp| supp [App| supp [Awpy| v

Now, using the estimate (11) (with p = ¢’) for the last integral in the right-hand side, we have

q

/ € () dadt < / A" vt < cop 2+ N2, (14)
@

wp(z,t)=¢(x) supp |Agp|

Now we pass to the limit as p — oo. In the case

—2¢ + N+2/k <0 (15)
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this implies

//]u\qfdxdtgco.
0 Q

Then by the inequality ¢, < £ and taking into account the general properties of Lebesgue
integral we have

/ lu|?p, dedt < / |ul?€ dadt = e(p) — 0

supp |App| supp |App|
as p — 00.
Then from the inequality (13) we finally get

/ |ul € dadt < eY9(p)ct/? — 0
o (a:t)=¢ ()

as p — oo, and [ [, |u|9€ dzdt = 0, that is, the solution u(z,t) must be trivial under condi-
tion (15), which is equivalent to the condition of Theorem 1. O
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General elliptic boundary value problems
with small parameter

L. R. VOLEVICH®
KELDYSH INSTITUTE OF APPLIED MATHEMATICS, MOSCOW,RUSSIA

This paper gives a survey on the concept of ellipticity with small parameter for gen-
eral elliptic boundary value problems with operator and boundary conditions depending
polynomially on a small parameter. We combine the methods of the theory of gener-
al elliptic boundary value problems with the Vishik—Lyusternik method of exponential
boundary layer. The main result includes necessary and sufficient conditions for the
existence of an a priori estimate of the problem uniform with respect to the parame-
ter. These conditions are formulated in terms of interior and boundary symbols of the
problem with parameter introduced in this paper.

Keywords: Elliptic boundary value problem, small parameter, boundary layer, Newton polygon.

1. INTRODUCTION
On a manifold M with smooth boundary OM the equation is considered
A(z,D,e)u(z) = f(z) x € M, (1)

where
A(x,D,e) := ™ 2 Ay, (2, D)

4?2 Ay (2, D) + -+ - 4 Agy(z, D). (2)
Here Ay—j, j=0,...,2m — 2p is operator of order 2m — j with principal part Agmfj.
The boundary conditions are of the form
Bi(@',D,e)u(z’) = g;j(a"), 2’ €M, j=1,...,m, (3)

where
Bj(2',D,e) =% i By (2', D)
+e%7%71By _i(2/,D) + -+ + Bg,(2', D), (4)
and By, x, k =0,...,b; — 3; is an operator of order b; — k with principal part ng_k. We
shall suppose that for a fixed € > 0 the problem (1), (3) is a standard elliptic problem (i. e. the

operator Ay, (z, D) is elliptic and operators {By,(2',D),j = 1,...,m} are connected with
Ay (z, D) by the standard Shapiro-Lopatinskii condition).

SSupported by Russian Foundation of Basic Research, grant 00-01-00387
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If we replace operators As,,_; by Agm_j in (2) and, respectively, By, by ng_k, we obtain
the principal parts A%(x, D, ¢) and Bj(x, D, €) of operators (2), (4). If we assign ¢ the weight

—1 and ¢ the weight 1, then the symbols of these operators become homogeneous functions:

Az, p€,p~te) = p* A(x,€,e), Bjlz, p&,pte) = p” By(x, &, e). (5)

The main problem is to discribe necessary and sufficient conditions on symbols of operator
in (1) and boundary operators in (3), which guarantee

(A) A priori estimate of the problem uniform with respect to e \, 0.

(B) Existence of formal asymptotic solution (FAS) of (1), (3).

(C) Justification of FAS (in other words, when FAS is the expansion of the real solutions in
powers of the small parameter).

We shall start from (B) and in informal way present the Vishik— Lyusternik method, which
will suggest the conditions on inner and boundary symbols of the problem. Then we shall mainly
study (A).

Although problems of type (1), (3) for high-order elliptic equations with small parameter in
higher derivatives arise in mathematical physics (mainly in fluid dynamics and elasticity) the
profound theory of such problems begun from the remarkable paper of Vishik-Lyusternik [11],
where the basic idea of exponential boundary layer was developped and so-called the Vishik—
Lyusternik method was introduced. The main achievement of this method is the possibility to
calculate corrections near the boundary by solving ODE problems in the direction normal to
the boundary.

This approach with great success was used in applications. There is a lot of applied papers,
where the boundary layer method of Vishik— Lyusternik is used to write down the asymptotics
for concrete boundary value problems.

As for purely mathematical papers devoted to this problem, there are not many of them.
The so-called general elliptic theory in mid fiftieth (when the paper of Vishik—Lyusternik was
written) was not so popular as it became a decade later. Vishik and Lyusternik restricted
themselves to the Dirichlet problem for strongly elliptic equations. The generalization of their
results to general boundary value problems was discussed by Frank in series of papers starting
from [9] and Nazarov [10] and later. The presentation below has common points with these
works.

The goal of my lecture is to selebrate Vishik’s anniversary by presenting the small parameter
theory as a part of general elliptic theory.

2. FORMAL ASYMPTOTIC SOLUTION OF THE PROBLEM (1), (3)

The traditional localization of elliptic problems makes possible to "glue"the FAS on M from
local FAS on R™ and on R?.

2.1. Formal asymptotic solution on R".

The construction is absolutely traditional. We seek FAS in the form

Ulz,e) = erup(x). (6)

Substituting (6) in equation (1) and equating the terms with the same power of ¢ we obtain
recurrent relations

Amuo = A2uu1 = —A2u+1uo7 (7)
and for an arbitrary k£ > 1 we obtain
AQ,uuk = _AQ,qulukfl - A2muk72m+2u7 (8)

where we formally set u,_; = 0 for [ > k.
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Equations (7), (8) show that our recurrent system can be solved if the operator, say,
Apy(x, D) : H'(M) — H'™™(M) (9)

has a bounded inverse for some r. It means that A,,(z, D) is elliptic and, in principal, some
additional conditions on the lower terms of Ay, are satisfied.

To justify FAS we need some (weak) estimate from below of the operator A(z, D, ) providing
unicity in R".

Note, that if the right-hand side f belongs to a space H*(M) the series (6) according to (7),
(8) belongs, in general, to H~°°(M). However, if f € C'*°, then according to the hypoellipticity
of the elliptic operator Ay, (x, D) the FAS (6) also belongs to Ay, (x, D).

2.2. Formal asymptotic solution in the half-space. Boundary layer method.

We shall consider the problem (1), (3) in the half-space

RZ’_ = {a’j = (:L‘/’:L'n)’ :L‘/ 6 Rn_l, .:Cn Z O}

We shall use the indexing of boundary operators (3) such that

B < By <o < B
In addition, we make a very important assumption:
Bu < But- (10)
We seek the solution of the problem (1), (3) in the form
Ulz,e) —i—V(m/,%,é), (11)

where the first term is the so-called exterior expansion (6) and the second term is the interior
expansion (boundary layer) of the form

oo
V(z, %, £) = Z 6ZO+IUZ<I/,
1=0

T

—): (12)

3

The integer [y will be indicated below.
For the exterior expansion we obtain equations (7), (8), which we rewrite in the form

Ay (x, D)ug(z) = F(x,ug, - .., up—1)- (13)
These equations will be supplimented with x4 boundary conditions
Bg, (¢', D)uy(2',0) = G;(a', ug, ..., up—1), j=1,... 1 (14)

It is natural to suppose that equation (13) and boundary conditions (14) are connected by
means of the Shapiro—Lopatinskii condition.
The interior expansion we shall search as solution of the equation

A(z, D, )V (2, %,5) —0,

In this equation we change variable =, by t = z,/e. After the change the equation can be
rewritten in the form

> ot (A(et,af eD', Dy )uy) (2 t) = 0.
=0

Expanding A(et,a’,eD’, D,,) in powers of ¢ and equating the terms corresponding to the same
power of ¢ we obtain ordinary differential equations with respect to t (parametrized by 2z’ €
Rnfl)

A0,2',0, Dy, 1))uy (2!, t) = F'(2' t, 00, ..., 01-1). (15)
These equations will be supplimented by m — p boundary conditions

Bj(',0, Dy, Dvy(2',0) = Gi(2', v, ... ,vim1), j=p+1,...,m. (16)
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It is natural to suppose that ODE problem (15), (16) is uniquelly solvable.
Now we see that the construction of FAS is reduced to the definition of the right-hand sides
in (14), (16). In this process the important role plays the choice of the parameter o:

lo — ﬁ# —|— 1
First of all note that
e bj—pB;
Bj(«/, D, e)U(,€)|r,—0 = Y _&'[(Bg, (2, Dyw)(2',0) + > & (Bg4a(', D)ur_s)(2/,0)] (17)
=0 s=1

and

B;(«', D, )V (, %,g)unzo = 3" O [(B, (2,0, Dy, (', 0)
=0

+3 "By (2, D)vi_(',0)]. (18)
s=1
Now we substitute expressions (17) and (18) in the boundary conditions. For j < p the second
sum is O(e) and the first sum gives the relations

Bg, (¢, D)ug(z',0) = g;(="), j=1,...,p (19)
To deal with the boundary conditions with 57 > u we suppose, that
ﬁj:ﬁu_‘_l? j:M+17"'7V

B;i>Bu+1, j=v+1,...,m.
. The sum (17) is O(1) and (18) for j < v is also O(1) and gives
Bj(2',0, Dyp, 1)vg(2',0) = g; — Bg,(D)uo, j=p+1,... v (20)

For j > v expression (18) contains negative powers of . Equating to zero the coefficient of the
greatest negative power we obtain

Bi(2',0, Dy, Dvg(2',0) =0, j=v+1,...,m. (21)
This process can be recurrently repeated.

3. SMALL PARAMETER-ELLIPTIC BOUNDARY VALUE PROBLEMS

Fix a point 2° € M and consider the interior symbol
b y

A& e) = A% & €) (22)
at this point. If 2° € OM we define the symbols
Bj(é,é?) :B?(JZO,§7€>, j: 17"'7m' (23)

We introduce a local coordinate system x = (2’,t) such that OM is given by the equation

{t = 0}, In the traditional theory of elliptic problems the ODE problem on the half-line R, =
{t > 0}

A&, Dy, e)u(t) =0 t>0, (24)

Bj(glthaE)v(t”t:O:gbja j: 17"'am7 (25)

v(t) >0 t— +o0
is called the boundary symbol of the problem (1), (3), here ¢’ is the variable dual to 2’. The
invertibility of this symbol for & # 0 is the Shapiro—Lopatinskii condition. In the case of

problems with small parameter the analogs of ellipticity condition for (22) and the Shapiro—
Lopatinskii condition for (24) are much more complicated.
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3.1. Condition on the interior symbol. Symbol A(,¢) is called small parameter-elliptic

if
[A(E,€)] = CleP# (1 + elg])m 2" (26)

This condition comes from the paper of Vishik-Lyusternik. It is not difficult to show that
inequality (26) is equivalent to the following conditions:

(i) A3,,(€) is elliptic, 1. e. A9,,(€) £0, & #0:

(i) A9, (&) is elliptic; i. e. A3, () #0, & #0;

(iii) A(¢,e) £0, |¢|>0, &>0.

As another equivalent definition of the small parameter-ellipticity we can take the estimate

from above for G(z,&,¢) == A7z, €, ¢):
|G(x7£7€)‘ S C|£’72ﬂ(1 —+ €|£’>*2m+2u

3.2. Small parameter-ellipticity and (weak) parameter-ellipticity with large pa-
rameter

We set A = 1/e and denote by A(x,D,\) and Bj(z, D,\) operators (2), (4) multiplied
by A2™=2 and, respectively, by A%~% . Replacing in (1), (3) operators A and B; by A and,
respectively, by Bj we obtain a problem with a "large"parameter. The theory of it is parallel
to the theory of (1), (3). The principal symbol of A at the point z° is of the form

A(E,N) = A3 () + MG, 1 (&) + -+ + ATHAG,(6).
For this symbol the small parameter—ellipticity condition leads to the inequality
[A(E, A)| > const[€[*(]A] + [€])> . (27)

In the papers of Denk-Mennicken-Volevich [2], [3] it is called weak parameter— ellipticity condi-
tion. This condition is a generalization of the Agmon— Agranovich—Vishik parameter-ellipticity
condition corresponding to the case = 0. The theory of weak parameter-elliptic problems is
based on the boundary layer method.

Note that the weak parameter—ellipticity condition also arise when one studies parabolic
operators which are not resolved with respect to the highest time derivative. In this case the
inequality must be satisfied for A belonging to a lower half-plane of the complex plane. This
analogy shows that the boundary layer method can be also used in such problems.

3.3. Newton’s polygon and parameter-ellipticity conditions

Inequality (26) is connected with the Newton polygon of the symbol A and makes it possible
to use in the context some ideas of the Newton polygon method.

Consider the polynomial

AGN) =D a A\, (28)
a,k

Let N(A) be the convex hull in R? of

{(|Oé|,l€) Dok 7£ 07 (0,0), (’a’70>7 (07 k>}

The polygon N(A) is called Newton’s polygon of symbol (28). In the case of polynomial A(£, )
satisfying (27) (note, that this estimate is two-sided) the Newton polygon of A is a trapezoid
and has the shape indicated in Figure 1

Inequality (26) can be rewritten in the form

AN =C YT e

(i,k)EN (A)NZ2

3.4. Roots of small parameter-elliptic symbols
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2m —

|
T

20 2m 1
Fig. 1. The Newton polygon.

In the study of the boundary value problems (1), (3) an important role play the zeros of the
algebraic equation

A(g 1,e) =0, (29)
belonging to the half-plane C, of the complex plane. It will be convinient to rewrite equation
(29) in the equivalent form

A€ 7,1/e) =0, (30)
and denote its zeros as 7;(¢',1/¢), j = 1,...,2m, they depend continuously on (¢',1/¢). Let
m*(¢’,1/¢) be the number of zeros belonging to C.. According to (26) or (27) equations (29),
(30) have no real zeros 7, so m*(¢’,1/¢) is independent of (¢/,1/¢), and is denoted by m*. From
the continuity of zeros as ¢ — oo follow that m* coincide with the the corresponding numbers
for the equation Py (¢,7) =0

Denote by p* the number of roots of Pj,(¢’,7) = 0 belonging to C..
Following Vishik and Lyusternik introduce the polynomial
Q(7) := 772 A(0,7,1).
If we pose & = 0,¢ = 1 in (26) and divide both sides of the inequality by by 7%* we obtain
Q) > C(1 + o2
Therefore Q(7) has no real zeros. Denote by ¢& the number of roots of Q(7) = 0 belonging to
C..
Proposition. Following relations take place
mt=p"+q", m =p +q. (31)
The idea of the proof is following. As was established by Vishik and Lyusternik (for details
see [2]) zeros of (29) can be splitted in two groups:

{r;(¢,1/e), =12y J{m(€ . 1/e), j=2p+1,...2m}. (32)

The first set in (32) consists of the roots (with regard to multiplicities) uniformly bounded for
small € and as ¢ — 0 it tends to the set

(7€), Po(€, 7€) =0, j=1,...,2u}.

More exactly, for a fixed £, small § > 0, and € < £(6,¢’) in the disk of radius § surrounding a
root T]Q(f’ ) of the multiplicity p; there are exactly p; roots 7;(£’,1/¢). The roots in the second
set (32) are O(1/e) for e — 0 and

eri(€ve) — vy, j=2p+1,...,2m,
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where v; are the roots of Q(7) = 0. More exactly, for a fixed ¢, small § > 0, and ¢ < ¢(6,&’)
in the disk of radius 0 surrounding a root v; of the multiplicity g; there are exactly ¢; roots
e7;(€',1/¢. Since polynomials A(¢, €), A9, (&, €), A3, (€, €) and Q(7) have no real roots, we come
to relations (31).

3.5. Properly small parameter-elliptic symbols The small parameter-elliptic polyno-
mial A(E, ) is called properly small parameter-elliptic, if

mt=p"=m, pt=p" =p (33)

Note that relations (33) are satisfied automatically in the case n > 2, and only in the case
n = 2 it is an additional condition.

Comparing (31) and (33) we obtain that in the case of properly small parameter-elliptic
polynomial

¢ =q =m—p (34)
It is the so-called condition of regular degeneration of Lyusternik and Vishik.

Remark. The existence of the two groups of roots with different behaviour with respect to
the parameter is the main difference of small parameter ellipticity (or weak parameter ellipticity)
from the standard ellipticity or parameter—ellipticity. Namely, one of this group leads to the
boundary layer type solutions.

3.6. Conditions on the boundary symbol

Now we can formulate the analog of the Shapiro-Lopatinskii condition for the small
parameter—elliptic operators.

Condition I. For every ¢ € R"1\{0} and ¢ € [0,00) the ordinary differential equation on
the half-line

A(&, Dy, e)v(t) =0 t>0, (35)
Bj<€/7Dt7€)U(t)‘t=O = (bja .7 = 17"'7m7 (36)
v(t) =0 t— 400
has a unique solution for arbitrary (¢, ..., ¢n) € C™.
Condition II. For every & € R"'\{0} the ordinary differential equation on the half-line
Aou(§', Di)u(t) =0 t >0, (37)
Bﬂj (5/7 Dt)v(t)|t:0 = quv ] - 17 Y 42 (38)
v(t) =0 t— +o0
has a unique solution for arbitrary (¢1,...,¢,) € C*.
Condition III. The ordinary differential equation on the half-line
A0, Dy, Do(t) =0 t >0, (39)
Bj<07Dt71>U<t>’t=0:¢j7 j:,u—i—l,...,m, (40)
v(t) =0 t— 400
has a unique solution for arbitrary (¢,+1,...,¢m) € C"H
Denote by v;(t,&',¢), j = 1,...,m the fundamental system of solutions of the problem
(35), (36), i. e.
A&, Dy,e)vi(t) =0 ¢ >0, (41)
Bk(gla -Dt) g)vj(t>|t:0 - 5k]7 k= 17 -y M, (42)

and
vj(t) =0 t— 400
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The existence of such solutions follows from Condition I. Since the solutions of (35), (36) decay
exponentially as t — 0o, we obtain

+oo
/ IDloy (1,6, <) Pdt) := B(€.2) < oo, (43)
0

In the traditional cases (ellipticity or parameter— ellipticity) the right hand side can be easily
obtained from the homogeneity. In our case it is a rather difficult task leading to cumbersome
expressions.

Main Lemma. Let v;(¢), j = 1,...,m are solutions of (41), (42). Then integrals (43)
converge for [ = 0,1,... and the right-hand sides h;;({’, €) are not greater than constant times

B2 €D, G < ] < B
gt Puti=fi (1 4 g|¢/|)! =Pt Bimbam 12 5 < 1> By
el bu | ¢/ g ¢/ b > 1< by
SRl ) T > >

The rough idea of the proof of the Lemma is following. As in the case of FAS we seek the
solution of (41), (42) in the form

t
ult.€0) = Uy(t,6.) + V(5. €. ), (14)
where
Zgbm e) exp(it (&, e)t)
and
= 3 b€ explilery (€212,
p=p+1
The function U; is a solution of some perturbation of problem (37), (38) in condition II, and V;
is a solution of some perturbation of the problem (39), (40) in condition III. The perturbation
argument leads to special form of the unknown coefficients ¢,;.
3.7. Weakly parameter—elliptic problems with small parameter.
Replacing 1/e by A and A, By,..., B, by A, By,...,B,, we obtain a problem with large
parameter, see [2]-[6]. In this case condltlons (I), (1ID), (III) can be trivially rewritten.
Consider the corresponding system of fundamental solutions of the ODE problen on the
half-line B
A&, Dy, No;(t) =0 t >0, (45)
Bi(€, Di, \)oj(t) |10 = Okjy k=1,...,m, (46)
and
0;(t) = 0 t— 4o0.
It folllows from the unicity of solutions of the ODE problems under consideration, that
(€ ) = Ni~bin;(t, €, 1/N),

and according to the Main Lemma the integrals
+o00
([ 1D830.¢ 2Py
0

are not greater than constant times

12N 1D, G <yl < B
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€1 + P B <> B
12N D0, G > gl < by
A+ 1D Y20 > 0> b
In the case of boundary operators independent of A (i. e. b; = 8,7 = 1,...,m) we come to the
results of [3].

4. A priori estimates for small parameter—elliptic problems.

All the estimates are based on the Main Lemma and follow the plan of [3]-[6]. This technique
also allows to construct left and right parametrices and (under additional conditions on the
lower terms) to construct the inverse operator.

4.1 A priori estimates on a manifold without boundary.

The small parameter—ellipticity condition sugggests the choice of the functional space
H"™(M). In the case M = R™ this space is defined as the space of u € H~>° with the norm

[ullrs = 11+ [D?)*2(1 + [eDJ?) /2 (47)

uniformly bounded for ¢ < gy. The standard localization technique permits to define these
spaces on a smooth manifold M.

Theorem. For a symbol A(z, &, ) with smooth coefficients following conditions are equiva-
lent

(I) A(2°,&,¢) for each 2° € M satisfy the small parameter—ellipticity condition.

(IT) For arbitrary real r, s and large enough R the estimate

||, Ml|.s < C([|A(z, D, €)ullr—2m,s—2u + [[t; M||(~r)) (48)

holds with constant independent of e.

4.2. A priori estimate in R’.

Denote by H"™*(R") the space of restrictions to R’} of the elements from H™*(R") . We shall
consider only the case of positive integer r and r > s.

In the case r > 1/2 the elements u(z) € H™*(R") have traces u(z’, 0) belonging to the space
Hr=1/2s=1/2(Rn=1) with norm (see [2]- [3]).

g, R Mi—1/25-1/2 = ||Er—1/2,5-1/2(D', €)g, R" ]
where
) N R N e V)
Ero1/2,5-1/2(€€) = { 8%—3(1 4 €|£,|>T_%, s<1/2

It is also useful to note that according to the form of operators (2), (4)
A(D,e)H™(R") C H" 2™ 2(R"),
Bj(D,e)H™*(R}) C H % Pi(RY), j=1,....,m.

We now can put in correspondence to our problem the continuous operator

{A(D,¢),Bi(D,¢),...,Bn(D,e)} : H*(RY)

_ Hr72m,372,u(Ri) % HHrfbjfl/Q,sfﬁjfl/Z(Rnfl)7 (50)
j=1

whose norm is uniformly bounded with respect to ¢.

Main Theorem. Suppose that the symbol A(,€) is properly small parameter—elliptic and
inequality 3, < B,+1 holds. Then following conditions are equivalent.

(A) Conditions (I), (II), (III) for the boundary symbol.

(B) Condition (I) and estimates of the Main Lemma for fundamental system of solutions
(37), (38).
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(C) For natural r > b,, + 1/2 and s satisfying

the estimate
||U,, R:L-| |7“,s S C(| |A(D7 5)u, R7-|l-| |7"—2m,s—2u + | |u7 RTH |

+Z o, Ry, —1/2,5-8,-1/2) (51)
j=1
holds with the constant independent of ¢.
The main analytical part of the proof of the theorem is the estimate of the solution in R’} of
the homogeneous problem

AD,e)v(z) =0 =z, >0, (52)
Bi(D,e)v(x)|p, =0 = gr(z"), k=1,...,m, (53)
which directly follows from the Main Lemma. The reduction of the nonhomogeneous case to

homogeneous is following the standard lines.
Now consider the special case of the Dirichlet problem:

Bj(D,ZE) = (Dn)j_l, bj = ﬁj = j — 1.

In this case r >m —1/2 and pp — 1/2 < s < 1 — 1/2, so we can take s = p. The estimate (51)
takes form
1, R < COULACD, )1, Rl + [, B

I
+ D L+ DY (L4 e DY) (DYl 0), R

J=1

+ ) (A e D)D) (-, 0), R ),

J=p+1
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Onenku ommbOOK aJropuTMOB PACHO3HABAHUS

C.U. I'vrOB

B pabome npedarootcerv, Hogvie nodxodvl K NOCPOEHUIO MOYEUHDLL OUEHOK AN20PUTNMOE
KAQCCUPUKAUUL, NPUMEHUMBLE K CAYUAI0 MAAO20 YUCAL NPEUEIEHMOE.

BBEJIEHUE

[Ipu paspaboTke cucTeM paclo3HaBaHUS JJIsi 3aKa3ddKa BayKHO HE TOJIBKO IOJYIUTh
AJITOPUTM, PeAJU3YIOIIi TpedyeMoe pazjeeHne KJIacCcoB, HO M 3HAThb, KaK 9acTO JIAHHBINA
AJITOPUTM OyAeT omubaThbCst IPU KIACCH(DUKAIIMT BHOBb IIPEIbSBIAEMBIX 00BEKTOB. flcHO,
YTO yKa3aHHagd OIEHKa HAIPSIMYIO OIpejesdeT KadeCcTBO PelleHrs MOCTaBIeHHOM 3aa4un. Ha
MPAKTHKE YKe JIATh TAKyI0 0OOCHOBAHHYIO OIEHKY YaCTO OKA3bIBAETCS 3aTPY/IHUTETHHBIM.

Hecmorpst Ha yKa3zaHHYIO BasKHOCTH, METO/bI OIEHKN HAJ/IE?KHOCTU BHIOPAHHOI'O PEIIAIOIIETrO
[paBUJIa PA3BUTHI 3HAYUTE/IHLHO cjlabee, YeM TeOpHUsi MMOCTPOCHHUS PACIIO3HAIONINX aJIOPUTMOB.
[Ipobaema ycyrybssercs emé u TeM, 9TO NPU PEIICHUN MPAKTUIECKUX 3a/1a9 PACIIO3HABAHUS
00pa30B YacTO MPHUXOJUTHCA JTOBOJIBCTBOBATHCA MAaJbIM UHUCIOM HMEIOMNUXCA B HaJIUIAN
IperegeHToB. B 9ToM ciydae THIUYIHON ABJISIETCS CHTYyallds, KOTrja JIMOO IapaMeTphbl
dOpMYyII OlIEHKH OITUOOK PACIIO3HABAHIS HAXOISITCS BHE I'PAHUI] IPUMEHIMOCTU METOa, JIIOO
MOJIyYEHHBIE OIEHKN OKa3bIBAIOTCH CUIBHO 3aHUKEHHBIMU WU 3aBBIMIEHHBIMU U UHTYUTUBHO
HEIPUEMJIUMBIMI JIJIsI 3aKa34uhKa, KakK, HallpuMep, HyJeBasg TOYedHasl OIEHKAa OIMMOKH IIpu
KOPPEKTHOM aJI'OPUTME PacliO3HaBaHUSI.

Brimreckazannoe CBHUJIETEILCTBYET O HEOOXOIUMOCTU IIPEJIOKUATh HOBBIE TIOJIXOJIbI K
IIOCTPOEHUIO OIEHOK AaJI'OPUTMOB PACIO3HABAHMS, CIIOCOOHBIX OXBATUTH BarKHBIN CJIydaii
MaJIoro YHCJa IpeleeHToB. B HacTosmeit paboTe paccMOTPEHbI TOJIBKO TOYEYHBIE OINEHKH
omurbOK aJropuTMOB Kjaaccudukamuu. [[ogxoapl K IOJYUIeHHI0 WHTEPBAJBHBIX OIEHOK
HaMedeHbl B [5]; um Gyzer nocesinena oTe/bHasg pabora.

1. OCHOBHBIE ITIOHATHS U OIIPEJEJIEHN A

Ilox npocmpancmeom obpazos X OyneM TOHAMATH IIPOM3BOIBHBIA HeIycToil KoMIaxT °.
Duementsl X HaszbiBaloTCA o0pazamu. MuoxkectBo X mnojaraerca pasOMTBHIM Ha KOHEYHOE
qucao s > 2 IolapHO Henepecekaiomuxcs obnacteit {X;}, ¢ = 1,5, HasbIBAEMBIX KAACCAMU.
Cy1iecTBeHHBIM SBJISIETCS TO, 9TO MHMpOpPMAIys 0 pazduennn X Ha KJIACCHl OIPAHUYUBAETCS
3HaHUEM O IPUHa/JIC2KHOCTH K TOMY HWJIM HMHOMY KJIaCCy KOHEYHOI'O 4YUCJJIa L1, L2, ..., Tm
snemenToB X. Takme oOpasbl ¢ M3BECTHON KjaccuUKaIpeill HA3BIBAIOT npeyedeHmamu, a
UX COBOKYITHOCTb — o00yuarowet 6vi60pkot (W nocaedosamesbHocmvio) T, (IIMHBI W
obbéma m). O6o3HaUNB Yepe3 )) MHOKECTBO CUMBOJIOB KiaaccoB { K71, ..., K} MOXKHO cKa3aTh,
qro cymectByer ¢gyukmug f* : X — ), 0 KOTOpOil M3BecTeH JIUIIL HAOOP ee 3HAYCHUIA
{f (@)}, = [ (Tm) B TOUKAX Ty OYHKIWS [* HABBIBACTCS UCTIUHHOLM KAGCCUPURAMOPOM.

Kaaccuguramopom win pewarouyum npasuaom (p.ar.) HasbiBaercs mobas Gyakmus f: X —
Y (pacemarpuBaeTcsi, CJieI0BATEIbHO, 3a/1a49a PACIIO3HABAHIS C HEITEPECEKAIOIMMUCS KJIaCCaMu
B JlerepMUHUPOBaHHOI mocTanoBke). Kiaccudukanus obpasa & COCTOUT B BbIYUCJIEHUH
suavenusi f(x). Mbl He GyjeM pasindarh HYHKIMO [ 1 Peau3yIonuil ee ajropuTm.

[Tpu pemenun 3aJa4 paclio3HaBaHusg oOpa30B TpeOyeTcs NOCTPOUTL ONTUMAJBHDLIA B
HEKOTOPOM CMbIcsie Kjaccudukatop f(x), a WMEHHO TakKol, YTOObI HPU IMPEIbsBICHUN

606pun0 Takke cumraor, 9o X €CTb IOAMHOXKECTBO HPSIMOIO IIPOU3BEICHHS KOHEUHOIO HHCJAA 1
METPUYIECKHX ITPOCTPAHCTB, COOTBETCTBYIONINX NPU3HAKAM, M HA3BIBAIOT €r0 NPUSHAKOEHIM MPOCTNPAHCIMEOM.
O 1HAKO 9TO MPEJITOJIOKEHNE, CYIIIECTBEHHOE ITPU TOCTPOEHNH KJIACCU(DUKATOPOB, HE OYIET CIIOJIH30BATHCST HAME
IIpu OIl€HKE Ha/JIe2KHOCTHU ITIOCTPOCHHLIX DEIaroIinuX IIpaBUJI.
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37IeMeHTOB = n3 X B Iporiecce KiacCuUKaIuu Ha TPAKTHKE PABEHCTBO

flz) = f*(z)

(mpaBuIbHAsT KIacCHUKAIs ), BBIIOJIHSIOCh “Kak MOKHO darie’. KosmdaecTBeHHO OlleHeHHAsT
CTeleHb YBEPEHHOCTU U B CIPABEJIMBOCTH JAHHOTO PABEHCTBA JJIsI MPOM3BOJIBHOTO T € X
HA3BIBACTCI HAJEAHCHOCNDIO KAGCCUPUKaUUY. 3aada OIMEHKN HAJIEKHOCTH P.II. U COCTOUT B
OIIpe/IeJIEHNN V.

Ha mnpaktuke wacTo BcTpedyaercss CUTyallus, KOIJa JIJIsi OIEHKHM HaJeKHOCTH P.I. B
PACIIOPSIZKEHUN Pa3pabOTUYNKa UMEIOTCs JIUIIL HAOOPBI 3HAYEHUN Ha IpereenTax UCTHHHOIO
U MOCTPOEHHOIO KJIACCU(PUKATOPOB U, BO3MOXKHO, HEKOTOpasl JIONOJHUTEIbHAsS HHMOpMAIns
0 «BaXKHOCTH» caMuxX mperenenToB. Habop o00pa3oB ¢ wu3BecTHON KJjaccuuKaimei,
UCTIOJIB3YIONIUICS JIJIsT OTIEHKM HAJIe?KHOCTU BBIOPDAHHOT'O P.II. HA3BIBACTCH IK3AMEHAUUOHHOT
nocaedosamesvnocmuio (6v60pkot). BaKHOCTh TPENeIeHTOB, YINTHIBAOIIA UX 3HATHMOCTh
C TOYKHU 3pEeHUsl MOTePhb HPU OMMUOOUHON WX KJaccu@UKAIMKU U/UjIM OTPasKaroas JacToTy
BCTPEYAEMOCTH aHAJOTMIHBIX O0pPa30B Ha IMPAKTHUKE OIMUCHIBAETCH, KaK IPaBUJIO, B BHJE
HEOTPUIATEbHBIX BECOB. BeKTop BecoB {%» = y(xz)}:il Y,, UPENeJeHTOB T, MBI
Oy/ieM BKJIIOYATH B IOHSTHE IPEIEeIeHTHON MH(MOPMAIME BMECTE C CAMUMHU IpPEeeJeHTaMu 1
YKa3aHHBIMA HAOOpaMU 3HAYEHUI KJIACCU(MUKATOPOB HA HUX.

YacrTo 3aKa3zdnky HEOOXOJAMMO UMETh OOOCHOBAHHYIO OICHKY HAJIE’KHOCTHU IOy YCHHOI'O
AJITOPUTMa KJIACCU(DUKAINU B YCJIOBUIX HAJMIHS JIUIIL JIAHHOW TIPEIe/IeHTHON WHMOpMAaIun
U HEBO3MOXKHOCTU HU €€ TONOJTHeHWs, HU OPTraHW3aIlii IMPOBEPKU B XOJE MPAKTUIECKOIO
IIPOBEJICHIA IIPOIiecca KiaaccuduKaIuy . B 9TuX cIydasx OleHIBATH BeJIMUHHY I TIPHXOIUTHCS
mame 1o 3nadenuaMm bynkmuit {f*(z;)}, f(x;)} n BecoB 7(z;) WpeneaEHTOB X1, Ta, ..., Tp,.
dcro, uTO Takag oreHKa OyJeT aJieKBaTHOW B TOW WM WHOW CTEIeHU, €CJIM COCTaB
9K3aMEHAIIMOHHOM BBIOOPKK OyjIeT OTparkaTh XapaKTep MOABJIEHUs HOBBIX MPEIbsABISEMBIX
Jutsl Kyraccudukanun 0o0pa3oB MpU MPAKTUYECKOM IPUMEHEHUH aJIIOPUTMa KJIaCCU(PUKAIIIN.
3Jiech UMeeTcs B BUJLY, 9TO 00pa3bl U3 OJIHUX IOj00acTeil X MOTYT BCTPEUYATHCS Yallle, ueM
U3 JAPyrux, ¥ COCTaB HAbOpa MPeIeIeHTOB JI0JIXKEH 0TPazkaTh 3TOT (hakT.

VkazaHHoe  IMpPEJIoJIoYKeHne O  cBoiicTBax — oOydaromeit W 9K3aMeHAI[MOHHOI
IOCJIeIOBATE/IBHOCTEH HazoBeM 2unomesot npedcmasumenvrocmy (I'IT). Toumee, mox I'TI
MBI OyJIeM MMOHUMATh HPUHATHE ITOJIOKEHUSI O TOM, UTO K
#ipp BCEpn
2

['unoresa mpejicTaBUTENHLHOCTH, MPUHATAS B TOH WM MHON (popMe B paMKaxX KOHKDPETHOM
3ajiaun, BMecTe ¢ runoresoit kKommakraoctn (I'K) ® apngerca onpemensiomum baKTopoM IIpn
OIlEHKE HAJEXKHOCTU IOCTPOCHHOIO PEIaloiero MpaBmia, Ha KOTOPOM OCHOBBIBAIOTCS BCe
JTaJIbHENIINE BBIBO/IBI.

st mpakTUYIecKoro WCIOJIb30BAHUS JIaHHAsT BechbMa 00Mas (OpPMyJUPOBKA TUIOTE3bI
IpeJACTaBUTE/IbHOCTH  opMan3yercs B  TOYHOH  MmareMmarudeckoit  ¢opme. Takas
dbopmanmmzarmst  (OHOBpEMEHHO €  NPHUBEJEHHBIM  BBIIle HHTYUTUBHBIM  KPHUTEPUEM
ONTUMATBHOCTH KJIACCH(DUKATOPA) MPOBOJUTCA B BEPOATHOCTHBIX TepMuHax. Jljisi 91oro
npejiosaraior, 9ro X 06/aj1aeT BepOogTHOCTHON Mepoii fi(+), T.e. Jisd JIF0OOro MOJMHOKECTBA
X mpoctpancTBa 00pa30B CyNIECTBYET MHTEIPAJT

/ w(dz) = P(X) >0,  PX)=1.

X

7Hanp1/n\/1ep, KOTJIa, TIOJTyYIeHUEe HOBOTO IPEIE/ICHTa CBI3aHO C MIPOBEJICHUEM JIOPOTOCTOIOIIEr0 MCC/IeTOBAHMS
WM HEBO3MOXKHO [PHUHIMIMAIBGHO (DACIO3HABAHUE U IIPOIHO3UPOBAHUE IKOHOMUYECKUX, COIUAJIBHBIX
[IPOIIECCOB, B MEJUIMHE, TIOJIMTUKE, BOCHHOM JieJie U T.J1.).

5 g [1].
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P (X)) maswiBaeTcs, Kak n3BecTHO, (DyHKIHEH pacipeieenns BeposTHocTell Ha X . BeposTHOCTD
cobertust A Oymem obosnadars P (A) mmm P {A}. Insa ynpomieHnsi BBIKJIAJIOK HOJIArAlOT
cymecTBoBanne (bYHKIMU IIOTHOCTH BepositHocTH p () Ha X: p(x) = p(dr)/dz. Hamee
IPUHAMAIOT, 9TO U OOydalolias BbIOOpKa, U 00pa3bl ¢ HEM3BECTHON IIPUHA/TIEZKHOCTHIO
K noaMHOKecTBaM X;, t = 1,s, KOTOpble OyAyT B JAJIbHEHINEM PEIbABIATHCA IS
KJIacCU(DUKAIINY, IOTy9IeHbl M3 HPOCTPAHCTBA 00PA30B B pPe3yJbTaTe MOMOOHBIX IMIPOIELYD
BBIOODA, ITO 0DECIIEUNBAET UX AHAJOIMIHbIE CTATHCTHIECKIE CBOMCTBA.

Taxum 06pazoM, Ipu OTCYTCTBUH MHMOPMAIN O BeCax HPENEJACHTOB (Wi, ITO TO ¥Ke, IPU
paBEHCTBE BCEX BECOB) IMIIOTE3a MIPE/ICTABUTEILHOCTH IIPUHIMAETCS B CIEYIONel dhopme.

I'umore3a 1. Ha npocrpancree obpasos X 3ajaHa (MoxkeT ObITh HeW3BeCcTHas1) (yHKIUs
pacpegesenust BepositHocreit P(X), X C X, u moboit paccMarpuBaemblii HaGop 06pa3oB
X1,T9,...,T; SBJISETCS, €CJIM sIBHO He yKa3aHO MHade, peaju3aliueil He3aBUCHUMOI BBIOOPKHU [
CJIyYaiiHBIX BEJIMINH M3 MeHePaJIbHON COBOKYMHOCTH ¢ pacipeeneanem P(X).

HAcno, aro I'nnoresa 1 aBisgeTcs ycjaoBreM PEIPE3EHTATUBHOCTH BLIOOPKHU B MATEMaTHICCKON
CTATUCTUKE.

Eciu P(x) u3BecTHO, TO OIIEHKA HAJIEXKHOCTU MTOCTPOEHHOTO P.1I. HE MPEJICTABIIAET TPy/a (CM.
arzke dhopmyist (2) u (3)). Jamee mbr canraem dyuknuio P(x) HeM3BeCTHOIL.

CreneHb yI0BIETBOPEHHOCTH (TOYHEE, HEYJIOBJIETBOPEHHOCTH) UCCIIEIOBATES MOy YeHHBIM
kytaccudukaTopoM f(x) BeIpakaercst 3HaUeHnEM (DyHKIMOHAA cpednezo pucka R (f) :

Rm—/ S S QU@ f@) | p()de, 1)

¥ \SJ*@)eY f(x)ey

rie @ : Y xY — Ry (Rsg — MHOXKECTBO HEOTPUIIATE/ILHBIX JEHCTBUTEILHBIX HCEIT).
Buecs Q (K;, Kj) = ¢;; > 0 — nHexkoTopast BelOpaHHas (QyHKIH H0Tepb mwin mrpada 3a
oTHeceHue obbekTa u3 Kiacca K; B kiacc K. HacTo MOXKHO 10j1araTh, ITO

cii = 0, Cijzlv 27&]’ Z?J:E

Toryia R (f) ectb BEpOATHOCTH OMUOOUHO KIacCUDUKAIUY TIPU TIPUMEHEHUI P.11. f.

deno, 9TO UpFMOE HUCHOJIb30BAHME 3aBUCUMMOCTH (1) I BBIYMCJIEHUS CPEJHEr0 PHUCKA
HEBO3MOYKHO B CHJIy HEM3BECTHOCTH f*(x) mazke Ipu m3BeCTHOM pactpejiesieHun p (). UTobsr
000TH JAHHYIO TPY/IHOCTD, IPU IOCTPOECHUN KJIACCH(MHUKATOPA 110 IIPEIEIAEHTaM Ty, HCIOIB3YIOT
dbyurIHOHAT 2MnuUpuneckozo pucka RS (f)

R () = = Y@ ), f(w). )

Opaako Takasg 3aMeHa (DYHKIIMOHAJIOB TYT K€ IOPOXKIAeT BOIPOC O CBA3M MHHUMAJbHBIX
SHAUEHUIl SMIUPUUECKOrO U cpejHero puckoB. OTeer Ha 3ToT BoOmpoc jgaer teopus VC
paBHOMepHOfI CXOAUMOCTU YaCTOT K BEPOATHOCTAM B YCJIOBUAX KOHEYHOCTHU B])I6Op()K7
npe/giokentas B.H. Bamnukom u A.¢l. Hepsonenkucom [3], [4]. K coxamenuio okasbiBaercd,
aro B pamkax VC rapantupoBath MajioCcTb R (fm) mpu MagoMm RS (fmmn), T

fmin = arg Il’lfiIl {an (f)}

MOXKHO JIUIIb IIPHU JIOCTATOYHO OOJIBITUX 00bEMAX M 00ydaroIieil BHIOOPKU Ty, .
[Ipobsiema oneHKH HAIEKHOCTHU P.I1. ObLIa ObI CHATA, €CJIU OBl Y/IaJ0Ch OIPEJICTNTD WJITH XOTs
OBl OLIEHUTH BEPOSITHOCTU

pij = P(X;j) = /p(:c) dr, i,j=1,s, (3)
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rne X;; = {z |z € X, f*(z) = K;, f(z) = K;}. Tlonobuacrn {XU}:]; — 310 $% obnacreit
pas3OHeHNst IPOCTPAHCTBA 00bEKTOB X, COOTBETCTBYIONINX CUTYAIUAM, KOI/Ia & IPUHAIICKHT
Kaaccy K, a perraioniee IpaBuio oTHOCUT ero K Kiaccy K. Ilpu i # j  pi; cyTh BeposiTHOCTH
onmbOK KJIACCHQUKAIIII COOTBETCTBYIOIETO POJIA.

Terepb MOXKHO SIBHO BBIHC/IHTB CPEJJHUN PUCK

R(f)zzzcijpij- (4)

i=1 j=1

B npesronokenusx ¢;; = ¢, ¢;j = Cy, (i # j) MOXKHO mostarars X' pasOUTHIM Ha JBe 000 IaCTH
— NIpaBWIBHBIX X, U HenmpaBWIbHBIX X, Kiraccudukamnuii u obosnaunts v = P(X,.). Torna

R(f)=cv+c,(l—v),

anpu ¢, =0, ¢, =1 mmeem R(f)=1—v.

VTak, HaIe?KHOCTD KJIacCU(pUKAIINA P.II. OIIpee/iseTcss HAbOPOM BEPOATHOCTEI { Dij }f]s:l WK
BEJINUUHON ¥ (BEPOSITHOCTD NMPABHILHOMN Kiiaccudbukaimn). ’

3adaua waaccupurayuu Z = Z (X, S, My Ty Tons 7*(Em)) COCTOMT B BBIOOpE P.I. [,
MUHUMUZHPYIOMIEro ToT uin unoit gyukimonan RC (+) (06baHO 3TO cpe/nuii pUCK) U ONEHKHI
nonyuennoit Besmuunabl R (f). Vkazannble mogzagaam Gyjgem obosmadars Z1 m Z2. Korga
[O3BOJIFET UMeromascst uadopmanus (yIaeTcs BOCCTAHOBUTH IJIOTHOCTH COOTBETCTBYIOIIUX
pacipeiesieHnii), 9T T03a/Ia4U PENIaloTCd MapajlleIbHO U coryiacoBano. Ha npakTuke ke,
B CWJIy BBIIEYIOMSHYTBIX IPUYHMH, 00€ MOA3a/Jadd PelmaloT, KaK IIPABHUJIO, HPUOIUKEHHO U
pa3IenbHo (XOTs, BOBMOXKHO, U UCIOJIB3YIOT PE3Y/IBTAThI Z2 J1J1s KOPPEKTUPOBKH W BHIOODA
permnaronux mpasui Z1).

3aMeTuM, 4TO IpeJUIOKUThL JIs pelleHus Z1 pemaloliee IpaBuiio, OCHOBAHHOE Ha Tex
WIN WHBIX WJesAX, BooOIe rosopsi, HecjaoxHo. Takxke cymecrsyer [6], [10]| yHuBepcambHbIi
MeTOJ IOCTPOEHUs KOppexkmuvuix (TOYHBIX Ha Ipele/IeHTax) aJropuTMoB Kiaccudukarmuu. B
HacTosmell paboTe cHavYasa pacCMATPUBAIOTCA METOJbI PeIleHnsd [oa3a1adn Z2 3aja49u Z Ipu
BeIOpaHHOM Kiaccudukarope [ (T.e. mojzagada Z1 cauraercs yiKe PeriéHHO ).

2. ITOCTAHOBKA 3AIAYU

[Iycts B pe3ynbrare penienus nojazajadn Z1 3aja49u pacro3HaBaHus
Z=27(X, s m, T, Y, f (Tm))

nocrpoero p.i. f(z). IIpeamonoxum moka, 910 71 = 7Yy = -++ = 7, U OPUMEM [HIOTE3Y
npejicraBuTesibHoctn B (popme «['mnoresa 1». Ciyuaii HEpaBHBIX BECOB IPENEJIEHTOB OyJler
paccMOTpeH B 1I. 6.

Hamee MBI camTaeM, 9TO IIPOCTPAHCTBO 0Opa3oB X pas3buro Ha v > 2 mnomgobacreit
{X\}}_, u obo3Havyaem Uepe3 My KOJIMIECTBO IPEIEJICHTOB, MONABIINX B obiacth Xi, k =
T,v, Y, = m. B sazavax kinaccuduKaluu BCTPEUAIOTCS TOJIBKO CJICAYIOUHE CJLydan
3HAYCHUI v (HAIIOMHIM, 9TO S > 2).

(1) v = 2. Baech X7 u Xy cyTh 061aCTH TPABUIBHBIX U HEMPABUILHBIX KIACCH(MUKAIHIA.
(2) v = s% 3necs {X;}}_; cyTb nepeoGosHadennble obmacru {X --}S’S IPOCTPAHCTBA
= - O kfk=1 C¥ b ij §; j=1 HPOCTP

obpasos, Te. X;; = {z |z € X, f*(z) = K;, f(z) = K;} = {X1, Xo, ... Xu} (o
o 1).

(3) v = s + 1. 3mecb K OIpeJeNEHHBIM Bblle 00JacTM J00aB/geTcs 0bJacTh
COOTBETCTBYIOIAsI CJIyIar0 OTKa3a OT KJIacCU(pUKAIIIN.

(4) v = s*+ s, KOora MBI XOTUM CHeudUIIPOBATh KJIAcC MpeleeHTa, Ha KOTOPOM
IIPOU3OIIIENT OTKA3.
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O6osnaunm pr, = P (Xg) > 0, k = 1,v. Mbr 6y/ieM onpesieiiTh ONEHKN 3HAUCHWN JTaAHHBIX
BepOSITHOCTEH. fICHO, UTO CIpaBe/INBO yCJIOBHE HOPMHUPOBKU

S = 5)

U IPU JIAHHOM ¥ MBI MeeM (v — 1)-MepHyIo 3a/1ady.

[TockosbKy citydaiiHas BeJIMYWHA = paclpeneseHa B coorsBerctBuu ¢ P (-), TO pj ecThb
BEPOSITHOCTH BBITIOJIHEHHsT cooTHOmennss © € Xj. Torma BeposrtHOCTH P (M, ma, ..., Mmy,)
TOro, YTO IPU HE3aBUCHUMOW CJIydaiiHOW BBIOOPKE m 3JeMeHTOB u3 X B COOTBETCTBUU
¢ pacnpeienennem P (-) coornomenne x € Xy Oyaer BBIIOJHATBCS My pas, k =

Lov, Yi,miy = m mumeer (v — 1l)-MepHoe NoIMHOMUAIBHOE (MYJIBTHHOMUAILHOE)
pacupegenerne M(m; p1, pa, ..., Py), DYHKIUSA IUIOTHOCTH BEPOATHOCTH KOTOPOTO JIA€TCS
dopmyoit
(m my,) = m! TPy sopr € (0,1), k=10 (6)
p 1y «vey My mllmgl...mv!pl Po™ - Dy 5 Pk y 1) y Us

OrmeTuM, ITO MepBbIe MOMEHTHI ITOJTMHOMHUAJIBHOTO PACIPEIeICHUs CYTh
e = mpg, k=1,v—1
a MaTpula KoBapuamnuit —
C = (ui)y 2" i = mpi(L = pi), iy = —mpips, i 5. (7)
[Ipu v = 2, p; = p umeem GuHOMUABLHOE pactpesenenue Bi(m, p) ¢ dyHKIHeR I0THOCTH

BEPOATHOCTH

m

plm) = (7)o@ pm s e )

my
JJIst KOTOPOU
p = mp, 0> = mp(l—p).

Hama 3amada (mapaMeTpudeckoro CTaATHCTHIECKOIO OIEHUBAHUSI) COCTOMT B TOM, YTOOBI
MIOCTPOUTH TOYEYHBIE OIEHKU HEU3BECTHBIX, HO (PUKCUPOBAHHBIX BEJIMYUH D1, P2, ..., Py 1O
CJAy4YalHbIM 3HAYCHUAM 1M1, M, . .., My, 22:1 my = m. [locTpoeHHble ONEHKH JIOJI2KHBI OBITh
[IPUMEHUMBI JUUISL CJIy4dasd MaJIoro YUCJIa 1M IPEereIeHTOB.

3. YACTOTHBIN MMOJAXO/I

B pPaMKax YaCTOTHOI'O IIOAXO/Ia HCIIOJIb3YIOTCA CJIEAYIOINNEe METOAbI ITOJIYYEHHA TOYEIHBIX
OI€HOK HEU3BECTHBIX ITapaMETPOB!:

® MEeTOJI MAKCHMAJIBLHOI'O TIPAB/IOIOI00MSA;
® MEeTOJI MOMEHTOB;
® MEeTPUYIECKNe METOIbI.

Metoa makcumasibHOTO tipaB/onoaobust (MMII) ocHoBan Ha MakCUMU3AIUN GYHKUUU
npasdonodobus L apryMeHTOB pi, P2, ..., Dy. CYHKIUNA [IPABIONOI00US I HAIIErO CJIydast
ompeiesieTcs CaeIyIonuM obpa3oMm. Pesysibrar onpeaeseHns KOJMIECTBA IPEIEJIEHTOB B
obmacrsax { Xy }y_; npeacrasum B Buje 0,1-tabmunpt T = {t;;}. ", e

1, ecim i-if npereeHT TpUHALIEKUT obacTu Xy,

tp; =
0, wHade.

dAcuo, aro

v m v
E trs = 1, E lki = My, E my =m.
k=1 i=1 k=1
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Torma dyHukus mpasIonoa00us ecTh

. o t1,1+-Ftim teai+...+tem to, 1+ Fto,m
L(T; p1, pa, .., p») = const-p, Do D

My

= const-p\" py? ... p

Terepb, OCKOIBKY MakcuMyMbl L u In L coBmasaroT, Haima 3ajada COCTOUT B MAKCUM3AIIUN
dyHKINN

v
InL(p1, p2, ..., pp) = const + g mg 1n py
k=1
[pU ycJIoBUM HOPMUPOBKH (5).
Jannast 3aa4a Ha yCJIOBHBINA SKCTPEMYM JIEIKO PEIIAeTCA METOI0M MHOXKHUTeIeh JlarpanzKa.
Cocrapigsa dyukimio Jlarpanxa

v

£<p17p27'--apva)‘) = 1nL(p1,p2, "-apv) —f—)\{]_ — Z pk;}

k=1
u npupasuuBag J1In L/0p; u 0ln L/OX nymo, nonygaem CJIAY nopsaka v + 1
e XN=0, k=1,

Pk

pelienust KOTOpoit cyTb A = m, pp = my/m, k =1, v.

Taxum o6pazom, MII-orieHKaMu Py, BEPOSITHOCTEN Py, OYIyT OTHOCUTEbHBIE YaCTOTHI MMy, /1M
qrcIIa IPere/IeHToB my, B obnactax Xy, k= 1, v.

Herpyio BUgeTh, 9TO METOJ MOMEHTOB AT TaKHe YKe OIEHKH, IOCKOJbKY MOMEHTBI
[IEPBOrO HOPSIJIKA [ TOJUHOMUAILHOTO PACHpPEJIe/IeHUsT PaBHBI MpPy, & COOTBETCTBYIOIIUE
BBIOOPOYHBIE — My, k = 1, v.

MeTpudeckue MeTOJIbl OCHOBAaHLI Ha PACCMOTPEHUM PA3JMYHBIX MEP PaCXOXKJIEHUs
MeJly HaOJIIOJEHHBIMUA BEJIMIUHAMU My, Mo, ..., M, U UX MATEMaTHIECKUMU OKUIAHUAMU
mpi, mpa, ..., mp,. OueHka pi, D2, ..., Dy OIPEIEIAETCS KaK 3HAYEHUs BEPOSTHOCTEIA,
MUHEMU3YDYIOIUX 9Ty Mepy. JlIsi OLEHHBAHHS HCIOIB3YIOTCS Takide Mepbl, Kak «X »,
«MOIUOUIUPOBAHHDBIN X », «paccTosinne XeJIuHrepay, «iauBeprenius Kajboka-Jleitbepasy,
«Mepa pacxoxjeHust Xosgeitna» u gap. [9]. UsydeHme wux 10KasbiBaer, 4ro K Haieil
3a/laue OKa3bIBAETCs IPUMEHNM (10 KpaifHell Mepe B CBOEM WMCXOJHOM BHUJIE) JIUIIL METO]I
«MOUDUIIPOBAHHDIH X », KOTOPDLil Ia8T BCS Ty Ke OLEHKY B BIJ OTHOCHTEILHBIX YaCTOT.

JIerko mokasbIBaeTCs, UTO MaTeMarHieckoe oxianue M{p} Bekropa orenok {py}7_, ects (c
yuerom (7) u oboznadenuit m = (my, my ... m,)’ up* — v-MIHDIT BEKTOP UCTUHHBLIX 3HAYCHUIL
BEPOATHOCTEN! )

=k
M5} = M{m/m} = - M{m} = "2 = p,

1, TaKUM 00pa30M, TOJIydeHHast OIeHKa, siBJsieTcst hecmewsénnot. Bé mucnepcust D{p} pasna

e %k =%k =%k
D) = Dim/m} = D) = “TLZP) _ PEEF),
m m m
Bnech 1 — v-munbiit secrop (1, 1, ... ,1)T u umeerca Bumy Anamaposo (IIOKOMIIOHEHTHOE)
[IPOU3BEJIeHNEe BEKTOPOB. ECTeCTBEHHO, 3/1eCh U Jjajiee TOJIBKO U — 1 KOMIIOHEHT BEKTOPOB OY/IyT
HE3aBUCUMBI.
13BecTHO, UTO 9TO OllEHKA ¢ MUHUMAJIHHON 3HAUEHWEM JIUCIIepcuu B HepaBeHcTBe Kpamepa—
Pao. Takum 006pasoM MOJIydeHHasi OIEHKA HMeeT MUHUMAJbHYIO JIMCIEPCHI0 B KJacce
HeCMeIEHHEIX (afffermusnoti B obmenpuastom cmbicie). Ilockonsxy D{P} cxomurcs 1o
BeposTHOCTH K () IIPU BO3PACTAHUU 1M, TO OIEHKA ABJISIETCA COCTOATETHHOI.
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MozxHo mokaszarsb |7], uro HecMmerenHas onenka i py (1 — pi), k=1, v, ecrpb

_mmy < mk> :mk(m—mk)

1— 2k
m—1m m m(m —1)

nosToMy HecMerénnoil onenkoii D{p} s jmcnepcun D{P} Oymer v-mumbiii BEKTOp C
KOMIIOHEHTAMU
my (m — myg) S
—, k=1v.
m2(m—1) "~ ’

I[.HH Halllnx ueﬂeﬁ OTHOCHUTEJIbHBbIE aCTOTbl MOI'yT 6bITb IIPUHATBI B Ka49eCTB€ TOYCYHbIX
OIICHOK MCKOMDBbIX BepOHTHOCTeﬁ JIMIIIb B CJIy4dadXx 6OJII-)H_H/IX m. STO CBA3aHO C TEM, YTO B
YCJIOBUSAX MaJIOfi BBIOODKM HE BBIMOJHAETCS OCHOBHOE YCJIOBHE IPEJIEIbHBIX TEOPEM TEeOpUn
BEPOSATHOCTEN — CYIIECTBOBAHUE OOJIBIIOTO YUC/IA CJIyYafiHbIX COOBITUI

C Jpyroit CTOpOHBI, TOYECHBIE OIEHKH B BHJE OTHOCUTUEIHHBIX YaCTOT B 3aJadax
pacrosHaBaHus 00Pa30B YACTO CTAHOBATCS HENPUEMJIUMBIME C TOYKH 3pPEHUs OIbITa U
uaTynimr. HanpuMep, KOppeKTHOe pelraoliee MpaBujIo Mbl BHIHYKIEHbI olleHnBaTh Kak 100%
6e301mmnb0vIHOe, UTO JlaKe Mpu OOJBINX 00bEMAX IPEIeIeHTHON NHMOOPMAITNN TPOTHBOPEYUT
3/IPABOMY CMBICJIY.

OTMeTI/IM, 4YTO B IIocjieJHEM CJIy4dae IIOJyYeHHasd OIeHKa JOJIZKHa 6bITb OTBEpruyTa u
110 opMaJIbHBIM cOOOpaKeHUsIM: 3HadeHue p, = ( He NPUHAJIEXKUT O00JIaCTH U3MEeHEHUS
napamerpa © = (0,1). Xorss B OGOJIBIIMHCTBE CTATUCTUYIECKUX MOJEIell OKa3bIBAeTCs
IIpUEMJIEMBIM PACCMATPHBATL BMECTO obsacTH © ee 3aMblKaHue ©, HO B HAIIEM CiIydae
BKJIIOYATb B paCCMOTPpeHNE HEBO3MO2KHbBIE NJIN JOCTOBEPHbIE CO6bITI/I$I BHU1a T c Xk HET HUKaKUNX
OCHOBAHUMA.

4. BAMECOBCKUI TTOJIXO/]

BaitecoBckue Toueunble OIICHKN ]_9W OJIyH9alOoTCd KaK PpelleHudA 3a/Ja9d MHUHHUMU3allUun
(byHKHI/IOHaJIa CpeJHErO PUCKaA 3allChIBAEMOIT KaK

W(]_)7 q)f(]_)| my, Mo, ... My ) d]_) = R(a) )
p1+pz+...+pu:1517p27---7pu20

Dy = arg min R(q) .
w a+qt...+qu=1 ( )
41,42, -+, quv=>0

3nech
o ]_9 = (ph P2, - pv>7 q = <QI> qz, - - -, QU>7 ﬁW — BEKTODbI U3 Rgo A4 KOTODBIX
CIIpaBeJINBO YCJIOBHE HOPMHUPOBKHN (5), OpruYeEM TMOCJEJHUNA — BEKTOP OIIEHOK

BEpOATHOCTEl 1pu JanHoil pyHKnuu noreps W

- W(p,q : (0,1)" x (0,1)" — Rsy — dyHKnus morepb Jyisi BLIOPAHHBIX 3HAYCHUIT G,
KOrJa P CyTh UCTHHHBIC 3HAYCHUS NCKOMBIX BEPOSATHOCTEIA;

— f(Pp|my,ma,...m,) — amocrepmopHas IUIOTHOCTb BEPOSITHOCTH BEKTOpA P IIPH
HAGIIOCHHBIX 3HAYCHUSX 1101, Mo, . . . M, HOIAJAHUA IPEHEIeHTOB B COOTBETCTBYIOIINE
obJtacTu IIPOCTPAHCTBA 00PA30B.

[IpakTuyueckn UCIOIB3YIOT JTUOO KBAIPATUIHYIO
= =\ = =2
W(p,q) =lp—-1al,
Jimbo “mpoctyio” (YHKIHUIO MOTEPh KOTOpasl MPUIUCHLIBACT HYJIEBbIE IMOTEPU TOUKE, KOTOPAs
arocrepuopu Hambojiee BEpOATHA W EJIUHUYHBIE IIOTEPU OCTAJbHBIM TOYKaM 00JIacTh
N3MECHCHU A HapaMeTpa. HOCJ’IG;[HHH HpI/IBO,ZLI/IT K MeTO,ZLy MaKCI/IMI/ISaHI/II/I aHOCTepHOpHOfI

BEPOATHOCTEN, YTO TIPU WUCIOJb30BAaHUU IPUHIUIEA HeolpejeacaHocTn Jlammaca 1aér,
MII-onenky. O6menpuHsaTo, 9TO HambOJEe aJeKBATHBIE Pe3YIbTAThl MMOJIYIAIOTCS PU
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UCIIOTb30BAHUT UMEHHO KBIPATUIHOMN (DYyHKINU TOTEPD. TOT 2Ke pe3y/IbTar — MaTeMaTUuIeCKOe
OXKHUJIAHUE AaroCTEPHOPHOI IIOTHOCTH BEPOSITHOCTH WCKOMOIO TapaMerpa (amocTepruopHOe
cpejiHee) — TOJIyYaeTcss W IPU UCIOJb30BAHUU JIFOOON JPYroifl BBIMYKJIOH CHUMMETPHYIHOM
dbyukimm moreps [11].

B namewm ciayuae ¢popmysia Baiteca umeer Bujt

f®) f(mi,my ...my |D)
f®@) f(my,my ...m,|p)dp (8)

f(ﬁ\ml,ml...mv): f

p1t+p2+...+py=1
P1,P2, ey Pv >0

31ech
v
flma,my.omy |B) = [
k=1

siBJIsieTCst (DYHKIIMeR paBIonoooust i, eCTECTBEHHO, BBINOJIHACTCS YCJIOBIHEe HOPMUPOBKH (5).

Kak ormedanoch B 1. 2, HCKOMBIE BePOATHOCTH P =  {pPg}p_; NOAUUHSIOTCS
HOJITHOMUAJIbHOMY — pactipeesiennto (6). B ycnoBusix orcyrerBust wHMOPMAIMA O Becax
[pEeIEeIEHTOB IPUHUMAEM B KadecTBe paclipejie/ieHnsi J paBHOMEpHoe. PaBHoOMepHOe
pactipejiesierne ectb pactpeesenne dupuxie Di (1, 1, ..., 1; 1). Hauee, ucnonb3ys (8) u (6)
[OJIy4aeM, 94TO alloCTEPUOPHAs ILJIOTHOCTh BEPOSTHOCTEH MMEET B

~ F(m—i—v) - my,
mip,mo ... My) = B
f(p\ 1 2 ) F(m1 4 1)F(m2+1)_..F<mv+ 1) gpk
(m—l—v—l)' mi,.mo U
Tiph L p
mylma! .o my!

P € (0,1)Y, T.e. siByisiercst IOTHOCTHIO (v — 1)-MepHOrO pacipesenenus upuxiie

Di(mi+1, me+1,...,my_1+1;m,+1).

Jst xBagpaTuanoii GpyHKIUU 1oTepb 0aiieCOBCKUMU OIEHKaMU D; BeposiTHOCTeH P; OymLyT
ABJIATHLCS KOMIIOHEHTBI BEKTODA [}, AllOCTEPUOPHOTO CPeJHero 1 = ({1, fa, ... fy)], PABHBIE
18]

~ mp + 1 —
= = — ., k=10. 9
Pk Mk m+ v ) ) ( )

Kak y»)e ykasbIBajioCh, TOT K€ Pe3y/IbTaT IMOJIyIaeTcsI U IPU J000H CUMMEeTPUIHOHN BBITYKJION
dYHKIUT TIOTEPD.
Ucnosp3yst ¢BOMCTBO BOCIPOM3BOANMOCTH TI0 1M TIOJIMHOMHUAJIBHOTO pactpeesenus M (m; -)
U CcBolicTBa pacupejeseHus Jlupuxie mojgyduM, 9T0 KOMIIOHEHTBI BEKTOPa JIUCIEPCUIT OTIEHOK
(9) cyTb
Dy - Bl —pi)m
(m +v)?

)

a X HeCMelleHHbIC OIICHKM —

D{ﬁk} =

my(m — my,) .
(m—1)(m+v)?’ k=1Lov.

PaccmoTpuM BazKHBI OJIHOMEPHBIN TOJIC/TyYail v = 2, KOTOPBI COOTBETCTBYET Pa3OUEHUIO
MIPOCTPAHCTBa 0OPA30B Ha JBE IMOJ00JACTU: MPABUILHBIX U HENPABUJIbLHBIX KJIACCU(DUKAIINN.
[IycThs momydeHHOE D.I. M3 WMEIOIINXCS 1M IPENEEeHTOB M, PACHO3HaeT MPaBWILHO, a Ha

OCTAJIbHBIX M, = M — m, — ommbaercda. B coorBercTBum ¢ 9 TouedHasi ONEHKA Dy, = Dw
BEPOSITHOCTH OIIMOKK paclo3HaBaHus 1 — v ecTb

- My + 1

pw = ——— - (10)

m+ 2
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flcHo, ITO TIOTy YeHHBIE OTIEHKH SIBJISTFOTCST CMEIEHHBIME (HO HECMEIIEHBIMU ACHMITOTHIECKN )
1 OIIEHKA COCTOSITE€IbHBIMU.
JIerko BUsIeTH, 4TO HecMeleHHast oreaka D{py } auctepcun nosryuennoii onenku (10) pasna

My (M — my,)
(m+2)2(m —1)

D{pw} =

Nmeem D{pw} < D{p} u aucnepcus ouenku D{py } B (m+2)?/m? pas menbiue MUHEMATBHOM
rpaHnvHoil 1o nepasenctsy Kpamepa-Pao.

YKazaHHOe 00CTOATENTHCTBO OOBICHIETCS TeM, UTO IoJIydeHHas OaiiecoBCKasl OIEHKA eCTb
Oll€HKA CMEIEHHAS U MOHU3UTDH JIUCIIEPCHIO OIEHKH Y/IAJ0Ch MMEHHO 38, CUeT BBIXO/a KJIacca
HECMEITEHHBIX. fICHO, UTO BBIMUTPBIII B JAUCIIEPCUN ONMEHKH Oy/IeT OCODEHHO CYIIECTBEHHBIM IIPU
MaJIbIX BBIDOPKAaX.

5. OBCY2KJIEHUE TIOJIYYEHHBIX OLIEHOK. OLEHKU 110 MEJIMAHE U MUHUMAKCHBIE
OLIEHKU

C obmieit TOYKM 3peHns HET HUKAKUX OCHOBaHUil, KpOMe yI00CTBa MaTeMaTHIeCKUX
CBOMCTB (a TakyKe TPAJIUIUN IIPAKTUKOB), BBIJAEISTH DPABEHCTBO HCTUHHOMY 3HAYECHUIO
HMEHHO MaTeMaTHIeCKOI'o OKMJIaHUs OIEHKH B KadecTBe KPUTEPHUs HeCMeIEHHOCTH. BmecTo
MaTeMaTHIECKOr0 OXKMJIAHUSA MOI'YT Tak:Ke ObITh BBIOPAHBI MeJIaHa PaCIpeleseHus W ero
Mojia (T.H. MeJuaHHas HEeCMEIIEHOCTh WJIM HECMEINEHOCTb 10 Moje. B Haimem cjydae Mbl
CTOJIKHYJIUCH C CHTYaIlrell, KOorja CMeIEHHasT OTeHKa NMEeEeT JIMCIIEPCUI0 MeHbBIIe, IeM JIrodast
HeCMeIEHHAs, a 3HAYUT U OOJIbIIYI0 9(DMEKTUBHOCTD (OIEHKY € MeHbIell Jucrnepeuei Mbl
cunraem 6osiee 3dekTuBHOI). MbI cauTaeM 3T0 JOCTATOYHBIM OCHOBAHUEM JIJIS TOTO, YTOOBI
O0TKa3aThCdA OT PACCMOTPEHUS JIUIIH K/Iacca HECMEIIEHHBIX OIEHOK.

Bo-tiepBoix, mojiyuenHas oleHKa 00J1a/1aeT CBOMCTBOM aCHUMIITOTUYIECKOW HECMEIEHHOCTH, a
caMo CMeIEHNEe HEeBEJINKO.

Bo-BTOphIX, mpeacTaBisieTcss {ACHBIM, UTO I CJAydas MaJibIX BBIOOPOK, HMEHHO
9P HEKTUBHOCTD SIBJIAETCA OCHOBHBIM KpPHUTEPHEM KadecTBa OIeHKH. Hajudme y OIEHOK
MIOCJIEJTHETO HEPACCMOTPEHHOTO OCHOBHOTO CBOMCTBA — COCTOSITEIBHOCTH — HWMeEeT IEeHHOCTH
BCE K€ B OCHOBHOM IIPU TEOPETUIECKUX UCCJIETOBAHMAX.

Bamernm, 4ro, HecbopMabHO paccyxaasd, npunarue MII-onenku (mo Mojie) 6y/1eT IpUBOIUTE
K ommbKaM, BOOOIIE TOBOPS, PEIKUM, HO, BO3MOXKHO, 3HAYUTE/ILHBIM, a OailecoBCcKasl OIEHKA
(1o MaTeMaTHIeCKOMY OXKHUJIAHWIO) TIOBJIEUET, KAK IPABUJIO, OIMMUOKH YacThle, HO HeGOJIbIINE.
[Ipencrapisiercss, 9TO0 JaHHBIE OINEHKH B CUJIy YKa3aHHBIX CBOWCTB SABJISIIOTCA B CBOEM pOJIe
IPAHUIHBIME, U UCXOMAsI U3 ClenndUuKN KOHKPETHBIX 3a/ad Z B KadecTBEe TOUYCUHON OIEHKH
HUCKOMO# BEPOSTHOCTH P* MOXKHO BBIOPATDH JII000€ 3HAYCHHUE MEXKJIy MOJION U MaTeMaTUIeCKUM
OXKUJIAHMEM TIoJTydeHHoro B-pactpesenenns. MoxKHO MOKa3aTh, 9TO, HAIIPUMED, €0 MeInaHa
P(8)1/2 BCETa PACTIONOKEHA B YKa3aHHOM JIMAIIa30He U 32 OIEHKY BePOATHOCTH IIPHHATEH UMEHHO
Memany. Takast orieHKa Oy/1eT 06/1a1aTh CBORCTBOM PABHOBEPOATHON HETOOIEHKN U ITEPEOTIEHKN
p*, 9TO MOYKET OKa3aThCs YA0OHBIM JIJIsi HEKOTOPBIX MPUJIOKEHHUIA.

Jlnst Hamreir 3aJ@a9M MOKHO IOIBITATHCSA HUCIOAb30BATh T.H. W -MUHUMAKCHY0O ONEHKY P,
cpeJiHe IOTepU KOTOPOW IPH HEKOTOPO# BBIOpaHHON (yHKIUU 1oTepb W MUHUMAJIbHBI
no p* € (0,1). Eciu okaspiBaeTcsi BO3MOXKHBIM TI0/I00PATh alPHOPHOE pPaCIpee/IeHne, MPH
KOTOPOM IIOJIy9IeHHAs MUHUMAKCHAs OIEHKA OKA3bIBATCA TAKXKe PABHON M COOTBETCTBYIOIIEH
OaiiecOBCKOI, TO TaKOe allPUOPHOE PACIIPE/Ie/IEHNEe HA3BIBAIOT HAUMEHEE OAQ2ONDUATHIM.

Eciu BoiOparh (GYyHKIMIO TOTEPHh KBAPATUYHON, TO MUHUMAKCHAS OIEHKA IlapamMeTpa p
OUHOMHAJIBHOTO pacIpejiesiennst Oyier uMeTsb BuJ, 2],

~_ﬂ@+#l
P= 1y ymm " 1+vvm2
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[IpejncraBisercs, OJHAKO, YTO HCIOJIb30BAHUE IIOJYyYEHHOIl OICHKU B HAIlleM CJIydae
HEJIOCTATOYHO OIpaB/IaHO C TOYKM 3peHus «dusukny 3agadu. JlelicrBurenbno, g
BbHHeyKaSaHHOﬁ OIICHKN HaMUMEHEe 6ﬂaFOHpI/IﬂTHbIM paciipeae/JiecHueM OKa3bIBaeTCA B—
pacpenesenne Be(y/m/2, v/m/2). HescHo, Kak mapamMmeTpbl 3TOI0 pacrpe/ieJieHns: MOTYT ObITh
000CHOBAHBI B paMKax 3ajadu Z.

6. BAIECOBCKUE OIIEHKU TP HEPABHBLIX BECAX ITPEIIEJIEHTOB

[lepeitaem Tenepb K pacCMOTPEHUIO CIydast, KOTJia IpeleeHTHasd nHOpMaIlid BKIIOYaeT B
cebsi BEKTOP BECOB {’yi = ’y(mz)}zm =7,, (DJie He Bce KOMIIOHEHTBI PABHBI) TIPENE/IEHTOB Ty,

SHaveHne 7y; MOKa3blBaeT “BayKHOCTH WM YaCTOTY BCTPEUAEMOCTH IIpereeHTa ;. Jacto
3aKa349nK, NOTOBS MCXOJHBbIE JAaHHBIE JIJIsi PEIIeHUs] 3aJadid paclo3HABaHUSA M Kejasl JaTh
KaK MOYKHO 0oJjiee IOJIJHO€ M KOMITAKTHOE OIIMCaHUe IIPOCTPaHCTBa O0pa30B, HAMEDPEHHO WJIN
BBIHYZKJIEHHO © TIpeJIoCcTaBIIsIeT pa3paboTYHKY CIHCOK IIPEIEJIEHTOB Gojlee-MeHee paBHOMEDPHO
pacipeIeIEHHBIX 110 IIPOCTPAHCTBY 00pa30B, yKa3bIBas OOJIBIIYIO UM MEHBITYIO “TUIINIHOCTD
JTAHHOTO TIPEIEeIeHTa ¢ TMOMOIIBIO MPUINCHIBAHUS €My COOTBETCTBYIOIIETO BeCA. JTOT MPUEM
MOXKET CYIIECTBEHHO ITIOHU3UTH O0BEM IPEIOCTaBIAEMO TpeleJeHTHON wHdopMaluu 0e3
oTepU €€ pernpe3eHTaTUBHOCTH.

SaMeruM, 9YTO “BaXHOCTH WM “TUINUIHOCTH ; > 1 JaHHOTO HpeleaeHTa T; MOXKHO
TPAKTOBAaTh KaK 3aJaHuie <«JIONOJHUTE/JbHBIX IIPEIeIeHTOB> BOJM3M T; C AHAJOTHIHBIMU
HpU3HAKAMU, U TaK, YTO JOIOJHUTE/IbHBIE TIPEIEIeHThI BCEra KIACCUPUIUPYIOTCH TaK»Ke, KaK
1 x;. YKa3aHHbIe «IOMOJHATEIbHBIE IIPEIeIeHThl» Ha30BeM keasunpeyedenmamu. st TO9HOTO
COOTBETCTBUSI ¢ MHMOpMaIeil, 3a/I0)KeHHOII B Becax, UX YHCJI0 He 00s13aHO OBITh IIEJIbIM.
JleitcTBUTEIBHO, B 9TOM CJIydae Ta W WHAas KJIaCCHMUKAINS T; TIPUBEIET K COOTBETCTBYIOIIEMY
YBEJIMIEHHUIO OMEHKN BEPOSITHOCTHU P;, UTO MOBBICUT €€ BKJIaJl B BEJUUUHY CPejHero pucka (4)
U OTPA3UT, TAKMM O00Pa3oM, 3HAYUMOCTH JTAHHOIO IIPeIre/eHTa. 3aMeTHM, UTO BO3MOMKHOCTH
TAKOro IpeJiCTaBIeHUs HHMOPMAIIUA O BeCax BBITEKAET U3 THIOTE3bI KOMITAKTHOCTH.

fcHo, oaHAaKO, YTO B paccMaTrpuBaeMOM CjIydae IIPU OCTaloleiics BepHO Turiorese
IPEJICTBUTEILHOCTH, €€ popMa B Bue «I'nmoresa 1» yxke craHoBUTCA HetocTaToIHOM. [ToaTomy
J71s1 0OOCHOBAHMSA OIpee/eHrsT HaJeyKHOCTA BBIOPAHHOIO P.II. JAHHYIO THIIOTE3y HYZKHO
JIOIIOJTHUTE TPEIITOI0KEHUSIMI OTHOCUTEILHO MMEIOIIErocst BUIA IPEeIeIeHTHON NHMOOPMAIIIH.

Haie ocnoBHOE TIpEIIIONIOKEHNE COCTOUT B TOM, YTO Beca OOBEKTOB 7Y; Uepe3 KOJIMYECTBA
KBa3UIIPEIIEIEHTOB OIMCHIBAIOT BEPOSTHOCTH IIOSIBJIEHUST OOBEKTOB B OKPECTHOCTCSX X; C
TeM JKe 3HaYeHHeM UCTUHHOrO Kiaccuduraropa f*(z;). Takum obpasoMm B ciaydae HaAIMIUs
B IIpEIEeJeHTHON WHGMOPMAINK BEKTOpa BECOB Ipele/ieHToB i ¢gopmanu3aruun I Mbr
nonostasieM ['unoresy 1 HmKecseayroteit ['umoresoit 2.

T'unoresa 2. Ilpu mepaBHBIX Becax 7;, # const, i = 1,m, mabop upeneaentos {x;}™,
He ABJIFETCA peaju3alyeil He3aBUCHUMON BBIOOPKU m CIyYallHbIX BEJIMYUH U3 T'eHepaJbHOIM
coBoKynHOcTH ¢ pacnpesenennem P(X) ma X, omHako Beca mpemnegeHTOB {71, Y2, - .-, Ym}
OTpazKaroT alpuopHyo nHOpManuio o pacipeenenun P(x).

[TockombKy MBI TpakTyeM Beca KakK WHMOPMAIUIO O KOJHUYECTBE KBa3WIIPEIEIEHTOB B
OKPECTHOCTH T;, €CTECTBEHHO CUUTaTh, UTO ;, > 1, 1 = 1, m, (115 uero, npu HeOOXOJAMMOCTH,
HOJIEJINM BCe Beca Ha min-y;). TouHee, KOJMYECTBO JIONOTHATELHBIX KBA3HIIPEIEIEHTOB Oy1eT
OIMCHIBATLCS BeJIMYMHAMU 7y; — 1, T.K. B OKPECTHOCTHU X; YK€ €CTh OJIUH IPEIEeJeHT — caM ;.
Oboznaunm v, = v, — 1, i = 1,m.

EcrecrBeHHO cunTaTh, YTO AIPUOPHBIN Bec ji, obiaactu X aJIUTHBEH U IIPOLOPIHOHAJIEH
BecaM IIOTIABIINX B HEI'O KBa3UIIPEIEIEHTOB, T.€.

gHaIIpI/IMep, n3-3a OTCYTCTBHUA COOTBETCTBYIONINX JTAaHHBIX
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Baeném oboznauenume

Z Yis = Mk -

i, €EX
[TonsTHO, uTO

/
:U’k::uk_mkzoakzlvv) (11)
IOCKOJIBKY My = ». L.
i, €Xp

B kauectBe anpropHOro pacrpejesennst BepositHocreil Ha { Xy }/_; mpumem paciipejiesieHue

Hupuxiie
Lo / / o
DZ(M1+17 ,LL2+]., "'7Mv—1+1a Mv+1)

[Ipeacrapisiercs, YTo Takash TPAKTOBKa BECOB IIPEIEIEHTOB J0CTATOYHO aJeKBATHO OTPaKaeT
paccMaTpUBAEMYIO CUTYAIIHIO.

O6o3HaunM

k=1

Ucnonbsyst dopmyny Baiieca (8) u (11) mosydmm amocrepuopHoe pacrpejiesieHie BEKTOPa

BepositHocTeit D = {p1, pa, ..., Do}, Pk € (0,1), k=10 :
Clmtot ) o
f(p|mi,me...my) = — k=1 Hp;@k M
[T T (me +pf+1) k=1
k=1
(M +v : M+v—1)!
— v(—) p:’k — ('|—)‘p{ilp52p5v7
[T D(pe +1) k=1 pa! pal !
k=1

KOTOpOE SIBJISIETCsI INIOTHOCTHIO (v — 1)-MepHOro pacupesesenust lupuxiie
DZ(:Ul_'_l? /1/2+17 R /,LU,1—|—1; ,uv—i_l)

BaitecoBckoii 0O1eHKOI UCKOMBIX BEpOATHOCTEH 1pu (DYHKIUH [MOTEPh U3 yYKA3AHHOTO BBIIIE
ceMeiicTBa Oy/IeT BEKTOP alloOCTEPUOPHOIO CPETHEro ¢ KOMIIOHEHTaMN

5= et g (12)
M+wv
OTH 3HAYEHWS U IPEJJIAraeTcs HUCIOJIh30BATh B KadeCTBE TOYEUHBIX OIEHOK BEPOATHOCTEH
cobbITHit © € X} B 00IIIEeM ciiydae 3aja9u /.
Aemop eayboko npusnamenern axademurxy PAH FO.U.2Kypasaésy 3a nonumanue u
noddeporcky.

Pabora Boimosinena mpu nojgepxkke rpanta PO®OU N 01-01-00885-a.
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GUARANTEED IMPUTATIONS IN COOPERATIVE GAMES
WITH SIDE PAYMENTS

ZHUKOVSKYI V.I., OPLETAEVA E.N., SACHKOV S.N.
RCITLI

In this review the solution of the cooperative game under uncertainties based on the
imputation notion is considered. Bouth "static"and dynamic versions of the game are
presented.

1. INTRODUCTION

The study of cooperative games with side payments was initiated by J. von Neumann and O.
Morgenstern [1|. Further investigations of cooperative games were developed in some different
ways by R. J. Aumann, L.J. Billera, J.C. Harsanyi, S. Hart, T. Ichiishi, G. Kalai, M. Maschler, A.
Mas-Colell, H. Moulin, R. Myerson, J.F. Nash, G. Owen, B. Peleg, H. Peters, J. Rosenmueller,
A. Roth, H. Scarf, L. Shapley, M. Shubic, D. Schmeidler, W. Thomson. Valuable contribution
to development of cooperative games theory was made by Russian scientists O.N. Bondareva,
G. N. Dubin, O.R. Menshikova, I.N. Menshikov, V.V. Morosov, N.I. Naumova, S.L. Pechersky,
L.A. Petrosjan, A.I. Sobolev, E. Vilkas, V.I. Vilkov, N.N. Vorob’ev, E.B. Yanovskaya, etc.
However, these authors did not take into account the perturbations, noises and other types
of uncertainties. The only thing known about these uncertainties is the limits of changes and
any statistical characteristics are just absent. Such uncertainties arise in many real economic
problems. These uncertainties may be changes of the demand for the produced goods, changes
of quantity and nomenclature of the supplies, breakage and replacement of an equipment,
unexpected appearance of competitors, natural phenomena, etc. How should the players take
into account these uncertainties choosing their strategies? As an answer to this question the
solution of cooperative game under uncertainties based on the imputation notion is considered
in this review (note that we consider bouth "static"and dynamic versions of the game).

To construct the optimal solutions of problems in which the limits of changes are the only
thing known about uncertainties we must use some principles of decision making. There is a
variety of such principles in the theory of decision making under uncertainty (such as Wald
principle (principle of maximin), Savege principle (principle of minimax regret), Hurwitz prin-
ciple (principle of optimism — pessimism), etc.). However all of the mentioned principles were
formulated for single-criterion (scalar) problems only. The switch - over to more complicated
the multicriteria problems under uncertainties requires modifying these principles. In particu-
lar, it is necessary to modify the notion of guaranteed solutions appropriately. The multicriteria
problems under uncertainties are investigated by F. Ferro [2-5], T. Tanaka [6-10], Z.F. Li and
S.Y. Wang [11], S.S. Chang, G.X. Yuan and G.M. Lee [12], R. Raucci [13|, G.Y. Chen and
S.J. Li [14], K.K. Tan, J. Yu and X.Z. Yuan [15], S.S. Chang, G.M. Lee and B.S. Lee [16],
D.S. Shi and C. Ling [17], T.L. Dinh and C. Vargas [18], W.L. Chan and W.T. Lau [19],
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O. Blackwell [21], V.I. Zhukovskiy and M.E. Salukvadze [22-24], etc. For these problems two
general approaches to decision making, called the analogue of saddle-point and the analogue of
maximin, are established and appropriate mathematical methods are developed, especially for
dynamic positional problems [22 — 26].

It is natural to pass from the multicriteria problems to the game problems under uncertainties.
These games are actively studied only in Russia (see [27],[28]). The theoretical basis of coopera-
tive games with side payments under uncertainties is being investigated by V.I. Zhukovskiy and
his pupils. In this paper the authors try to review the obtained results and outline the ways for
futher investigations of cooperative games under uncertainties. To shorten the notation

i the first place, we restrict ourselves to the cooperative games of three players;

secondly, we investigate the guaranteeing imputations only;

in the third place, the proofs of all results mentioned in this paper are omitted (their proofs
can be found in [29]).

1.1. Formalization of cooperative three-person game

Let us consider the cooperative three-person game under uncertainty (in the normal form)
with "pure'"strategies and uncertainties

({1,2,3}, { Xi}izm123, Y, { fi(z,9) Fiz1.2.3)- (1.1)

Here 1,2 and 3 are the players numbers. The ¢-th player chooses and uses his strat-
egy x; € X; C R™. This choice is done with the other players simultaneously as
a result of negotiation among the players. Then the situation =z = (z1,29,23) €

3

€ X =]][X; € R" (n =ny + ny + ng) is composed. Irrespective of players’ actions some
i=1

uncertainty y € Y C R™ is realized in the game (1.1). On the couples (z,y) € X x Y the

payoff function f;(z,y) of the i-th player is determined. The value of the function f;(x,y) on

the formed couple (z,y) is the preliminary payoff of the i-th player (: = 1,2, 3).

Three features of cooperative games with side payments difference them from non-cooperative
ones:

at first, interests of every coalition K C {1,2,3} are taken into account;

secondly, there is a possibility of unrestricted negotiations among the players. The result of
these negotiations is a simultaneous choice and employment of the game situation. We assume
the agreements are fulfilled;

in the third place, for each player there exists a possibility (or impossibility) for transmission
of a portion of his preliminary payoff to other players. If such redistribution is possible the
game (1.1) is called a cooperative game under uncertainty and with side payments. If such
redistribution is impossible the game (1.1) is called a cooperative game under uncertainty and
without side payments.

In the case of side payments we shall assume that players’ payoffs are measured in the one
and the same scale and can be redistributed without loss.

To formalize solutions of the game (1.1) we shall use the notion of imputation (from the
theory of cooperative games without uncertainties). Besides, we take into account that the
players should allow for emerging of any uncertainty y € Y unpredictable in advance.

Parallel with the game (1.1) we shall consider a cooperative three-person game under uncer-
tainty and with informational discrimination of the players

({1,2,3} {Xitim128, Y5 {fi(z,9) bimr23)- (1.2)

In contrast with (1.1), in the game (1.2) the strategical uncertainties y(-) € Y* are presented,
which are the m-vector-functions y(z) determined on X with values from Y (the set of functions
y(+) is designated by Y*). Usually such uncertainties arise in market models. In this case the
uncertainties are the strategies of one more seller-competitor, who has suddenly appeared on
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the market and therefore he was not included to the set of players in the model (1.2). Forming
his strategy (for example, it may be prices of goods) the competitor can get known the strategies
of the 1-st, 2-nd and 3-rd players. The sence of informational discrimination of the players is
that the players do not know which uncertainty will be realized in the game. Therefore they can
suppose the formation of uncertainty happens under any conceivable information. In particular,
this uncertainty can be formed using an information about the strategies chosen by the players,
i.e. the informational discrimination of the players takes place.

In both the game (1.1) and the game (1.2) the players come to an agreement about the
common choice of the situation # € X. Then irrespective of players’ actions some uncertainty
y(z) : X — Y, y(-) € YX is realized. Note, that in a partial case the "roles"of uncertainties
can be performed by y€Y, i.e. the case of "pure"uncertainties

ylx) =y €Y, VrelX,

is not excluded.
As a result the couple (z,y(+)) € X x Y is composed. On such couples the payoff function
of the ¢-th player

fz(x7y> :fz(xay(x)) (Z:1’273)7

is determined, the value of which on the concrete couple is player’s preliminary payoff. Finally,
in the game (1.2) it is possible the redistribution of preliminary payoffs (side payments).

1.2. Auxiliary assertions

Let us assume that in the game (1.1) (or in (1.2)) the situation 2% € X is fixed. Then we
obtain a three-criteria problem

(Y. f(z",y), (1.3)

where f(xKa y) - (fl(wKa y)v f?(xK7 y)7 fS(xKa y))
The vector f5 = (f7, f5, f5) is called the Slater guarantee corresponding to the situation x
if there exists an uncertainty y° € Y such that f° = f(2%,4°) and the system of inequalities

LS y) < f7, Wyey (i=1,2,3),

is incompatible. We designate the set of y° by Y¥. Note, that y° is a minimal by Slater solution
for the problem (1.3).

The vector f£ = (fF', fF, f¥) is called the Pareto guarantee corresponding to the situation x
if there exists an uncertainty y” € Y such that f£ = f(2¥, y*) and the system of inequalities

fiz®y) < 7, wyeY (i=1,2,3),
is incompatible, besides at least one inequality is strict. The set of y” uncertainties is designate
by Y.
We introduce the sets
FEY) = "y, RL={feRf;>0 (i=123)},
yey
R =-RY, f(a"Y)=f("Y)+RL

The vector fZ € R? is called the Borwein [30] guarantee corresponding to the situation x
if th