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An approach to the computation of effective strength characteristics of porous materials is developed. The approach is
implemented for 2D problems (plane strain) within the scope of linear elasticity. The approach can be generalized for 3D
problems and nonlinear elasticity. The specific features of the proposed approach are as follows. First, a representative area of
material which contains pores is specified. A series of boundary-value problems is solved under periodical boundary conditions
for different types of deformation of the external boundary. The finite element method is used for solution. Averaging of
stresses is performed for each problem, and the principal values of averaged stresses are computed. The maximal value of the
stress intensity over the representative area is then calculated. Finally, principal values of stresses at which fracture occurs are
computed. By this way, a point on a plane of principal stresses is determined, which corresponds to the specified boundary-
value problem. A set of such points is formed for the series of boundary-value problems, and the boundary points of this set
are determined. The obtained set of boundary points is approximated by a polygonal line. The parameters of segments of this
polygonal line are computed. This computation allows one to obtain a macroscopic strength criterion in an analytical form.
The obtained relations can be further reduced to the form of the Mohr-Coulomb criterion. The numerical results are given in

the paper for a particular case in which the representative area is a square containing a centered elliptical hole.
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1. Introduction

The computation of effective strength of inhomogeneous
materials is an important problem of micromechanics. The
solution of this problem is important for the improvement
of mechanical properties of materials by means of
microstructure controlling [1]. The essence of this problem
is to determine the strength characteristics of materials at
the macrolevel by given properties and structure of these
materials at the microlevel. Different approaches to the
solution of this problem are developed, for example, in
[2-9].

The backbone of the idea of effective strength estimation is
as follows. A representative region of a material is considered
(volume in 3D case, area in 2D case). Stresses are applied
to this volume, and inhomogeneous stress state is induced
by these stresses. A “local” strength (fracture) criterion is
prescribed; this criterion prescribes fracture at a point of this
volume. It is assumed that the representative volume (area) is
fractured “as a whole” provided that the fracture criterion is
satisfied at some point of this volume.

The widespread approach to the estimation of effective
strength is based on analytical solutions of linear elasticity

problems and stress concentration tensor [2,3]. However,
there are some limitations on this approach. These limitations
are related, in particular, to the fact that analytical solutions
for regions containing interacting holes and for periodical
arrangement of holes are tedious.

The paper presents an approach to the computation of
effective strength characteristics on the base of finite-element
analysis. The proposed approach is based on the solution
of a sequence of elasticity boundary-value problems for a
representative volume (area) for different types and values
of average strains of this volume (area). As a result, a set of
points of fracture surface is formed in the space of principal
stresses. Using these points, one can approximate the fracture
surface analytically. As a result, the strength criterion is
obtained in an analytical form.

2. Methodology

The approach to the computation of effective strength
characteristics is described for the 2D case (the case of plane
strain). The sequence of doubly periodic boundary-value
problems of elasticity theory is solved under given average
strains
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Here § is a constant, a, § and y are parameters that vary
within limits &«  <a<a , B <B<B .,y  <y<y by
prescribed steps h, hy, h , respectively. The finite-element
method is used for solution. This method is implemented
in the Fidesys CAE-system [10]. The specific features of the
meshing algorithm for the case in which periodic boundary
conditions are imposed are described in [11].

The averaging of the stress tensor o is performed for each
boundary-value problem of elasticity theory (for the given
values of parameters , 3, and y in the expression for the strain
tensor E). For this, the following relation is used [12 - 14]

(0)=1/5 [JodS=1/s §N-oRdS,

where S is a representative area, I' is the external boundary
of S, N is the unit normal to this boundary, and R is the radius
vector of a point of this boundary. Then the maximal stress
intensity over the representative area is determined for the
considered problem:

0, = %\/(011_022)2"’(0_22_033)2"' (533_0-11)2"’ 6(0_122"'0-223"’0123)2 .
At the next step, the principal values of the averaged stress
tensor (o) in the plane of strain are computed. These values
are further denoted by ¢, and o,

Assume that the local fracture criterion at the micro-level
has a form 0,>0", where 0" is a prescribed value. Assume
additionally that it is sufficient for fracture of a representative
area at the macro-level if the local fracture criterion is
satisfied at least at a point of this area. Within the scope of
linear elasticity and small strain theory, the limiting principal
values 07" and o} of average stress tensor (¢) can be computed
by formulas
0=0, 0/0_.
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These limiting values correspond to the fracture of a
representative area at the macro-level.
The set of points (7", 0;") in the plane of principal stresses
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Fig. 1. (Color online) The distribution of stress intensity in the
representative area for a particular case.

is formed as a result of solving the sequence of boundary-
value problems.

The following approach is used in order to extract
boundary points from this set of points and to obtain the
strength criterion in analytical form. The plane of principal
stresses is divided onto M equal sectors (M is a sufficiently
large integer) by rays emerging from the origin. A point that
is nearest to the origin is chosen in each sector. The obtained
set of points is the desired set of boundary points. At the
next step, the set of points is approximated by an analytical
relation between the principal stresses o, and o, (the method
of least squares can be used for this purpose). As a result, the
effective strength criterion is obtained in analytical form.

3. Results of computations

The computations are performed for a particular case
in which the representative area is a square containing a
centered elliptical hole. The semi-axes of the ellipse are equal
to a=0.2], b=0.1], where [ is the square side. The following
values of parameters are used: §=0.02; the parameters «, f3,
and y range from -1 to 1 by the step of 0.1. The material
properties are described by Hooke’s law with the Poisson
ratio v=0.25. The example results of stress analysis of a
representative area are given in Fig. 1.

The set of points (7", o)) in the plane of principal stresses
is given in Fig. 2. This set of points is obtained as a result of
computations. The stresses are referred to the value of ¢".

The set of boundary points is shown in Fig. 3. This set is
obtained by processing of the data that are shown in Fig. 2.

One can see from Fig. 3 that the set of boundary points
can be approximated by a polygonal line. This line consists
of four segments. The approximation results in the following
relations:

0,=0.17530,+0.20"; 0,=0.1710,+0.20".

One can see that the coefficients of these two relations
are approximately the same. So, the set of boundary points
is well approximated by a rhombus centered in the origin.
The obtained relations can be reduced to the form of Mohr-
Coulomb stress criterion [15].
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Fig. 2. The set of points in the plane of principal stresses.
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Fig. 3. The set of boundary points in the plane of principal stresses.

4. Conclusions

Astheresult, the paper gives an approach for the computation
of effective strength characteristics of porous elastic media.
The developed approach is intended for numerical solution
of a series of elasticity problems for a representative volume
(area) of a medium. The finite-element computations are
performed, and the analytical expressions for the strength
criterion are obtained.

In addition, the proposed approach can be used for the
estimation of effective strength of composite materials [12]
and core samples. One can extend this approach to the
nonlinear problems under finite strains. The computations
in this case are more time consuming when compared with
linear elasticity, because in the nonlinear problems the
stress analysis should be performed for some values of the
parameter 6.
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