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Abstract: Optical properties of two dimensional periodic system of the silicon micro-cones
are investigated. The metasurface, composed of the silicon tips, shows enhancement of the
local optical field. Finite element computer simulations as well as real experiment reveal
anomalous optical response of the dielectric metasurface due to excitation of the dielectric
resonances. Various electromagnetic resonances are considered in the dielectric cone. The
metal-dielectric resonances, which are excited between metal nanoparticles and dielectric cones,
are also considered. The resonance local electric field can be much larger than the field in the
usual surface plasmon resonances. To investigate local electric field the signal molecules are
deposited on the metal nanoparticles. We demonstrate enhancement of the electromagnetic field
and Raman signal from the complex of DT NB acid molecules and gold nanoparticles, which are
distributed over the metasurface. The metasurfaces composed from the dielectric resonators can
have quasi-continuous spectrum and serve as an efficient SERS substrates.
© 2017 Optical Society of America
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1. Introduction

The low-loss and high quality optical dielectric resonators attract much attention due to the
importance for the fundamental and applied research. Optical microcavities can greatly enhance
light-matter interactions by storing optical energy in small volumes. The ability to concentrate
light is important not only to fundamental physics studies, but also for R&D of many new hi-tech
devices. Optical microcavities confine light to small volumes by resonant recirculation. Devices
based on the optical microcavities are already indispensable for a wide range of applications and
studies. For example, microcavities made of active III-V semiconductor materials control laser
emission spectra to enable long-distance transmission of data over optical fibers; they also ensure
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narrow spot-size laser read/write beams in CD and DVD players. In quantum optical devices,
microcavities can force the atoms or quantum dots to emit spontaneous photons in a desired
direction or can provide an environment, where dissipative mechanisms such as spontaneous
emission are overcome so that quantum entanglement of the radiation and matter is possible (see,
e.g., [1–3]).
Electromagnetic resonances can be excited in any piece of a low loss dielectric. Yet, quality

factor Q is very different for various em modes so that some of them are very lossy even in a
rather large resonator [4]. Among all em modes the whispering-gallery modes (WGM) have
large quality Q. Some interactions of light with dielectric interfaces could be associated with the
phenomenon of WGM, which is known for hundreds years [5]. The effect of the "Whispering
galleria" comes from architectural acoustics when the sound propagates not along the shortest
path, but rather along the concave surfaces. It is well known that the light can suffer the total
internal reflection at the boundary while it propagates from the denser medium to the less dense
medium at the small angle of incidence. Therefore, whispering gallery waves can be explained as
the waves of the total internal reflection. Typically WGM resonators are made of silica, CaF2,
MgF2, GaN , GaAs etc. WGM resonators typically have shape of disk, sphere, cylinder, or torus.
The quality factor Q in a WGM resonators can be as large as 107 and 109 [6–12].

Most of work that has been done so far is done on the disk or spherical resonators. More
complicated three-dimensional resonators have additional degrees of freedom and can produce
interesting effects that do not exist in a simple geometry. Thus, localization of light in bottle-shaped
resonator with varying radius, that called "whispering gallery bottle" was proposed in work [13].
The conical dielectric resonators were studied in [14–16]. In work [14] it was shown that small
variation of an optical microcylinder radius results in strongly localized conical WGMs.

Because of extraordinary high Q-factor, WGM resonators can be used in optical devices such
as filters, modulators, switches, sensors, lasers, et al. The extremely long lifetime in a WGM
makes it sensitive to absorption of a single molecule or virus onto the cavity surface [17,18]. The
phenomena of quantum chaos in WGM resonators is reported in works [19–22]. It was shown
that depending on the type and degree of shape deformation of the circular boundary, whispering
gallery orbits can evolve from regular to fully or partially chaotic.

Since the resonances in dielectric and combined metal-dielectric nano and microstructures lead
to the focusing of giant local electromagnetic fields, it can be used for the surface enhanced Raman
scattering (SERS), see for example, [23–32]. The electric and magnetic fields concentration in
the dielectric micro-structures attracts a lot of attention in recent years [19, 33]. The electric
field enhancement between two neighboring resonating dielectric spheres was predicted [34] and
observed in the experiment [35] for the nanodimer consisting of two silicon nanocylinders of
diameter 140, height 150, and gap 30 nm. The chain of six dielectric nanoparticles was suggested
as Yagi-Uda antenna [36]. The dielectric Yagi-Uda antenna much increases the radiation of a
dipole placed between first and second particles. It is clear that the antenna will concentrate
the incident light in the same point. Enhanced light focusing was proposed and observed in the
work [37], where the authors investigate a ring of plasmonic metal nanoparticles interacting
with each other and with adjoining dielectric micro resonator. The plasmon resonance in the
plasmonic ring results in a considerable increase of the em field near the surface of the dielectric
micro resonator far away from the ring. Note that the electric field is much less enhanced in
the case of spatially separated metal clusters and dielectric micro resonators [38]. The light
propagation in dielectric metamaterials is discussed in the review [39]. For example, the em wave
can be much confined within sub-wavelength scale in the dielectric waveguide with anisotropic
cladding [40]. The electric field concentration due to a resonance between periodic dielectric
rectangular resonators was simulated [41], supper resolution of the resonate microstructures
can be achieved by a dielectric microsphere (see [42] and references therein). The enhancement
of optical nonlinearity was observed [43] due to the magnetic resonance in the system of four
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closely packed dielectric disks. Effective absorption of em energy in the periodic semiconductor
metafilms was investigated for the solar cells (see [44] and reference therein). A strong electric
field enhancement and SERS in periodic metafilms, constructed from the dielectric micro
beams were obtained in [23, 45] for microwave and optical spectral ranges. Distributed dielectric
resonances in randomly faceted ceria metafilms were also considered [31, 46, 47]. Dielectric
metamaterials can be used for the bio-sensing [48–50].

In our work we investigate the light interaction with tip-shaped, regular dielectric metasurface
made of the silicon cones. Cone shaped tips exhibit various dielectric resonances in visible and
near IR spectral ranges. We develop the analytical theory of both electric and magnetic resonances
in the sub-wavelength high refraction conical resonator and obtain a spectrum of resonances.
The tip-shaped metasurface reveals an anomalous bright diffraction in the visible spectrum
range. We also investigate metal-dielectric resonances, where an anomalous large em field can
be achieved. Gold nanoparticles are placed on the surface of silicon micro tips. We discuss in
details the structure of the metal-dielectric resonance. Computer simulations are performed for
plasmon resonances in single or dimer gold nanoparticles placed on the tip surface. We use a
system of tip-shaped silicon surface with immobilized gold nanoparticles to demonstrate SERS
phenomenon. DTNB (5, 5’-dithio-bis-[2-nitrobenzoic acid]) molecules are immobilized on the
surface of gold nanoparticles. A semicontinuous molecular mono-layer is used as an effective
indicator of the local field enhancement and SERS phenomenon.

2. Anomalous diffraction by tip-shaped metasurface

We investigate an optical metasurface. The experimental samples are fabricated by NT-MDT
Inc., Moscow. The dielectric metasurface is made of silicon cone-shaped grating as it is shown
in Fig. 1(a). The geometric parameters are: square lattice with the period d = 2.1 µm, height
0.3 − 0.7 µm, the cone opening angle 2θ0 ≈ 30◦ degrees, the tip curvature radius ≤ 10 nm,
the whole area 2 × 2 mm. The metasurface can be considered as a diffraction grate since the
inter-particle spacing d is larger than the wavelength λ in the visible spectral range. It is well
known that the condition for the positive interference is that the difference in optical paths equals
to an integer number of the vacuum wavelengths. The existence of a higher diffraction order
requires that −1 < m1λ/d < 1, −1 < m2λ/d < 1, where m1 and m2 are diffraction orders. For
example, in the case for the red laser λ = 632.8 nm (see Figs. 2 and 3), there are 37 diffracting
modes: the mode with m1 = m2 = 0 is the reflected wave, whereas orders with m1 = m2 = ±1, 2, 3
are the diffracted waves.

In our experiment we use a traditional approach. The red laser beam (λ = 632.8 nm), directed
through the circular hole in the screen, reflects from the metasurface. The micro-tip diffraction
produces a pattern on the backside of the screen, as it is shown Fig. 2. The parameters are: laser
power I = 34.8 mW , the circular hole diameter 1.0 mm, the distance between the screen and the
metasurface is 20 mm. The sample was rotated with respect to the point of zero diffraction order
by 0.5◦ degrees to exclude the spurious reflectance.
The diffraction pattern reviles all 37 modes which have different radiance I(m1,m2) as it is

shown in Fig. 3(a). The total reflection R = R00 +
∑

Rm1m2 is estimated as ' 0.32, where 0.26
corresponds to zero order reflectance and 0.06 - to the diffraction. In other words, 19% of the
reflected energy goes to the diffraction beams. The silicon tips cover only 8% of the total area
of the metasurface. Hence they provide a very effective diffraction, which could be called an
“extraordinary” optical diffraction. A similar experiment for the blue laser beam with λ = 405 nm
also gives a bright diffraction pattern [Fig. 3(b)], in spite of a large optical loss in silicon for
wavelengths (λ < 500 nm) (see, e.g., [51]). It is not surprising since the electric field is greatly
enhanced on the surface of a sharp tip regardless of the loss as it is discussed below in Sec. 3
The diffraction pattern does not change when we shift the system with respect to the laser

spot. Therefore, it is save to suppose that periodicity and cone shape are well defined all over the
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metasurface. In the next section we consider the electric field enhancement due to em resonances
in a silicone cone. The maximum enhancement comes from the resonance between single cone
with the metal nanoparticles coated the cone. The resonance em field concentrates in close
vicinity to the cone. Since the the shortest distance between the cones d = 2.1 µm is significantly
larger than the cone size (see Fig. 4) the inter-cone interaction can be neglected. Yet the collective
interaction can be important for the mid-IR frequency band, where the wavelength λ ' d. We
speculate that a collective surface mode can be excited in this case.

a) b)

Fig. 1. Scanning electron image (SEM) of silicon tip-shaped metasurface; on right image it
is possible to distinguish aggregates of gold nanoparticles that are deposited on metasurface.

Fig. 2. Scheme of the laser beam passing through the circular hole in the screen, reflecting
from the metasurface and making a diffraction pattern on the other side of the screen.

3. Electric and magnetic resonances in cone nanoparticles

The electric field enhancement in dielectric micro particles is a well known phenomenon. Electric
and magnetic resonances can be excited in any particle made, for example, of silica, ceria
and other dielectrics [19, 33, 52]. The electromagnetic (em) field enhancement in whispering
gallery resonances is used in bio and chemical sensing [53] including detecting micro- and
nanoparticles [54], virus [18] and, even, single molecule [2, 55]. The size of whispering gallery
resonators is typicallymuch larger than thewavelength. Yet, the electric field could be concentrated
in a hot spot, which size is much smaller than the wavelength [23, 24].

Electromagnetic enhancement factor of SERS G = 〈|Eω(r)|2 |Eω−∆ω(r)|2〉/|E0 |4, where ∆ω
is the Stokes shift (see [26–28]), depends on the shape and arrangement of the resonators. It
seems promising to use tip-shaped particles to concentrate a hot spots over the surface. Some
properties of cone shaped metallic arrays were theoretically considered in [56].

Since the inter-cone spacing d is much larger than the wavelength in the visible frequency range,
we focus on a single cone-shaped particle. We use the finite-difference frequency-domain (FDFD)
method for numerical calculations in COMSOL Multiphysics environment. In the computer
simulations the plane electromagnetic wave is incident from the vacuum on a single cone-shaped
particle [Fig.4(a)]. The cone-shaped target is made of material with refractive index n = 4, which
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a) b)

Fig. 3. Photos of the diffraction pattern produced by the metasurface from a normally incident
polarized laser beam; a) laser power I = 34.8 mW , wavelength λ = 632.8 nm, the circular
hole diameter 1.0 mm, the distance between screen and the metasurface is 20 mm; b) blue
laser beam, wavelength λ = 405 nm.

approximates the silicon refraction index for λ > 550 nm [51]. The electric field distribution is
computed for a wide frequency range, yet, we are focusing at visible and near infrared ranges
due to the SERS application. The volume of the cone was chosen to be equivalent to the volume
of the tip-shaped inclusions in the silicon metasurface we experimentally investigate. Figures
4(b)-5(i) present strong em resonances in the optical and IR frequencies. In the resonance the
electric field is much enhanced with respect to the incident light. The silicon cone resonator
exhibits various em modes including dipolar modes and hybrid whispering gallery modes (WGM)
[Figs. 5(a)-6(h)]. At a large wavelength (resonances at wavelength λ = 820, 790 nm) the field
concentrates at the apex of the cone.
We develop a semi-quantitative analysis of em field oscillations, the resonance frequencies,

and em field enhancement in a cone dielectric resonator. For this purpose it is convenient to
introduce a spherical coordinate system, which has its origin in the cone vertex. That is the cone
vertex has coordinates x = y = z = 0. The axis ”z” originates from the vertex and coincides
with the cone shaft as it is shown in Fig. 4(a). Inside the cone the polar angle θ < θ0, where
2θ0 is the cone opening angle. The permittivity of the surrounding space is equal to 1 and the
harmonic time dependence ∼ exp(−iωt) is assumed for all the em fields and currents. The axial
symmetry of the cone results in angular momentum quantization and excitation of the modes
with polar quantum number l, azimuthal quantum number m, and radial quantum number q.
Various em resonances can be seen in Figs. 4 – 6 at closely spaced frequencies, corresponding to
different polar and axial degrees of freedom. The highest quality factor Q = λ/∆λ corresponds
to WGM with minimal l and q but large m. The modes with small polar and radial "quantum"
numbers propagate along the side surface of the cone. Besides the internal modes shown in
Figs. 5(a)- 5(i) and 6(a)-6(h). there are also external modes with much lower Q factor with em
fields partially located outside the cone boundary. These modes correspond to the “leaky” region
and can be explained in terms of the Husimi function, when the condition for the total internal
reflection is violated |sinχ | ≤ 1/n, where χ ' π

2 (1 −
2
m ) is the angle of the "incidence" inside

the cone (see [19]). In general the high Q modes in a dielectric resonator are typical for the small
wavelength λ. For example, for silica microspheres the record Q ' 8 × 109 is achieved [11].

To estimate the resonance frequencies the vector potential A(l,m) for the em oscillations in the
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a) b)

Fig. 4. a) Scattering from the cone dielectric resonator, direction k of the incident light is
perpendicular to the cone shaft; b) maximum of electric field |E/E0 | inside the resonator as
function of frequency of the incident light; the cone parameters are: vertex radius 10 nm,
bottom radius 160 nm, height 595 nm, cone opening angle 2θ0 = 30◦, refraction index n = 4;
E0 is amplitude of the incident light; calculation step ∆λ = 1 nm.

dielectric cone resonator is taken in the standard form

A(l,m)(r, θ, ϕ) = E0nr
Jl+ 1

2
(r1)
√

r1
F1(l,m, θ) sinmθ

(
cos mϕ
sin mϕ

)
, (1)

where E0 is the electric field amplitude, defined by the incident em field, r = {r, 0, 0} is the
radius vector, r1 = nkr is the dimensionless radius radiated from the cone vertex, n is the
refraction index, the wave vector k = ω/c = 2π/λ, the polar angle θ changes from zero to θ0
inside the cone, the azimuth angle 0 ≤ ϕ ≤ 2π, Jl+ 1

2
(r1) is the Bessel function of the first kind,

F1(l,m, θ) = F
(
m − l, l + m + 1; m + 1; sin2 θ

2
)
is the Hypergeometric function, which is defined

in a usual way, namely, F(a, b; c; x) = ∑∞
n=0 Γ(a + n)Γ(b + n)Γ(c)xn/[Γ(a)Γ(b)Γ(c + n) n!]. It is

convenient to consider the em field in the narrow cone in terms of a Hypergeometric function
since it has simple behavior for θ0 � 1: F

(
m − l, l + m + 1; m + 1; sin2 θ

2
)
⇒ 1, for θ → 0. For

the integer l the function F1(l,m, θ) is proportional to the usual Legendre polynomial Pm
l
(cos θ).

It is of common knowledge that there are “electric” and “magnetic” em modes in the cone
resonator. The electromagnetic field for the "electric" oscillations equals to H (l,m)E = curl A(l,m),
E(l,m)E = icurl H (l,m)E /(n2k) and the field for the "magnetic" oscillations equals to E(l,m)M =

curl A(l,m), H (l,m)M = −icurl E(l,m)M /k. For example, the magnetic field in the “electric” mode
equals to: H(l,m)E,r = 0,

H(l,m)E,θ = −E0mn
J
l+ 1

2
(r1)

√
r1

F1(l,m, θ) sinm−1θ
(sinmϕ
cosmϕ

)
, (2)

H(l,m)E,ϕ = E0n
J
l+ 1

2
(r1)

2(m+1)√r1
F3(l,m, θ) sinm−1θ

(cosmϕ
sinmϕ

)
, (3)

and the components of the magnetic field in the “magnetic” mode equals to

H(l,m)M,r = −iE0nl(l + 1)
J
l+ 1

2
(r1)

r
3/2
1

F1(l,m, θ) sinmθ
(cosmϕ
sinmϕ

)
, (4)

H(l,m)M,θ = iE0n R(r1)
2(m+1)r3/2

1
F3(l,m, θ) sinm−1θ

(cosmϕ
sinmϕ

)
, (5)

H(l,m)M,ϕ = iE0mn R(r1)
r

3/2
1

F1(l,m, θ) sinm−1θ
(sinmϕ
cosmϕ

)
, (6)
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a) b) c)

d) e) f )

g) h) i)

Fig. 5. Electric field distribution |E (x, y, z) /E0 | for the resonance wavelengths in the
dielectric cone resonator whose parameters are given in Fig. 4; light is incident normal to the
cone shaft, electric field is aligned with the shaft (see Fig. 4); red color corresponds to the
maximum amplitude of the electric field while the blue color corresponds to the minimum;
the field is normalized to the amplitude of the incident field E0; bottom of the cone is placed
on plane z = 0; a) λ = 820 nm, top of the cone; b) λ = 820 nm, m = 4, cut plane z = 80 nm;
c) λ = 790 nm, top of the cone; d) λ = 790 nm, cut plane z = 340 nm e) λ = 790 nm, cut
plane z = 250 nm, f) λ = 633 nm, m = 6, cut plane z = 80 nm; g) λ = 589 nm, m = 4, cut
plane z = 190 nm, h) λ = 589 nm, m = 4, cut plane z = 260 nm; i) λ = 447 nm, m = 10, cut
plane z = 80 nm.

where the dimensionless radius r1 = nkr, m = 1, 2, 3 . . .; the function F1(l,m, θ) is defined in
Eq. (1); the functions F3(l,m, θ) and R(r1) in Eqs. (3), (5) and (6) equal to

F3(l,m, θ) = (l − m)(l + m + 1)F2(l,m, θ) sin2θ − 2m(m + 1)F1(l,m, θ) cos θ, (7)
R(r1) = (l + 1)Jl+ 1

2
(r1) − r1Jl+ 3

2
(r1) , (8)

correspondingly; where the function F2(l,m, θ) is also Hypergeometric function, namely,
F2(l,m, θ) = F

(
−l + m + 1, l + m + 2; m + 2; sin2 θ

2
)
. In all these equations, the only "true"

quantum number is the azimuthal number m, which is always integer due to the axial symmetry
of a cone. The index l takes a positive value, which is defined from the boundary condition at
the side surface of the cone θ = θ0. Recall that 2θ0 is the cone opening angle. Since l is a real
value the azimuth number m can take arbitrary large integer number. Therefore, it is easy to
excite WGMs that “rotate” around the axis ”z”, i.e., the cone shaft. The em field in the large m
modes has minimum at the cone shaft and em field concentrates near the cone surface θ ∼ θ0 as
it follows from Eqs. (2)-(6) and can be seen in Figs. 5(a)-6(h), where we present results of our
computer simulations and analytical, generic theory.
We consider, for simplicity, the case of the cone made of material with large refraction index

n � 1. The magnetic field H in a em mode inside the resonator is proportional to H ∼ nE that is
H � E when n � 1 as it follows from the Maxwell equations. Outside the resonator the em field
has the form of an evanescent wave, where H ∼ E . Since the tangential components of the electric

                                                                                                    Vol. 25, No. 15 | 24 Jul 2017 | OPTICS EXPRESS 17029 



and magnetic fields are continuous, their values inside the cone near the surface must be related
in the same way. Therefore, the magnetic field at the cone surface is much smaller than the inside
field. For the qualitative analysis we assume that the tangential component of the magnetic field
approximately equals to zero at the surface of the cone. First we consider the “electric” mode [see
Eqs. (2) and (3)]. Than the boundary condition at the side surface of the cone HE,ϕ(r, θ0, ϕ) = 0
results in the equation F3(l,m, θ0) = 0. We fix the “true” quantum number m. Then the roots
lE1, lE2, . . . lEp, . . . of the equation F3(l,m, θ0) = 0 give the parameter l. The boundary condition
at the bottom surface of the narrow cone is HEθ (h, θ, ϕ) = HEϕ(h, θ, ϕ) = 0, where h is the cone
height. The bottom boundary condition results in the equation JlEp+

1
2
[nkh = νE (m, p, q)] = 0,

as it follows from Eqs. (2) and (3). The dimensionless resonance frequency νE (m, p, q) equals
to the q − th root (q = 1, 2, 3 . . .) of the Bessel function of the first kind of the order lEp +

1
2 .

The dimensionless resonance frequency νM (m, p, q) of a “magnetic” em mode is obtained from
the equations HMr (r, θ0, ϕ) = HMϕ(r, θ0, ϕ) = 0 and HMθ (h, θ, ϕ) = HMϕ(h, θ, ϕ) = 0 where
θ0 is the half of the cone opening angle and h is the cone height. Then Eqs. (4)-(6) give the
equations F1(lM,m, θ0) = 0 and R(νM ) = (lM + 1)JlM+ 1

2
(νM ) − νM JlM+ 3

2
(νM ) = 0, where

νM ≡ νM (m, p, q) is the dimensionless “magnetic” resonance frequency. Thus obtained electric
and magnetic dimensionless resonance frequencies νE and νM are defined by the cone geometry,
namely, they depend on the cone opening angle 2θ0 only. Real resonance frequencies are obtained
from the equation nkh = νE,M . We consider the cones with 2θ0 = 30◦ that is θ0 = π/12. The
lower dimensionless resonance frequencies of the θ0 = π/12 cone are

νE (1, 1, 1) = 11.18, νE (1, 1, 2) = 14.92, νE (2, 1, 1) = 16.42, (9)
νM (0, 1, 1) = 11.05, νM (0, 1, 2) = 15.55, νM (1, 1, 1) = 16.78. (10)

Note that the electric and magnetic resonances have almost the same frequencies when the
azimuthal numbers m differ by one, i.e., νE (m + 1, p, q) ≈ νM (m, p, q). The doublet resonances
can be clearly seen in Fig. 4(b) and Fig. 7. The em field distribution in the cone resonances is
shown in Figs. 6(a)- 6(h) for the lower frequencies given by Eqs. (9)-(10). We also show intensity
of the electric field for the higher azimuthal numbers m when the analytical solution gives the
resonance field in the form of WGM (see Figs. 6(g) and 6(h)). The resonance frequencies for the
cone resonator, where the refraction index n � 1, is obtained from the equations nkh = νE or
nkh = νM , where h is the cone height; the frequencies equal to ωE,M (m, p, q) = c

nh νE,M (m, p, q).
We use this equation to estimate the resonance frequencies for the cone with n = 4, θ0 =
π/12, h = 595 nm obtaining the lower resonances

ωM (0, 1, 1) = 0.92 eV, ωE (1, 1, 1) = 0.93 eV, ωE (1, 1, 2) = 1.24 eV, (11)
ωM (0, 1, 2) = 1.29 eV, ωE (0, 1, 1) = 1.63 eV, ωE (0, 1, 2) = 1.98 eV (12)

that are similar to the resonances obtained in the computer simulations (see Fig. 5(b)). The
spectrum of the resonance frequencies for the cone resonator is presented in Fig. 7. Electric
and magnetic resonances are shown by red and blue colors correspondingly. The density of the
resonances increases with increasing the frequency. The resonances are non-degenerate due to
a low symmetry of the resonator. For the frequency greater than 3 eV the spectrum looks like
quasi-continuum, it means that it is possible to find either electric or magnetic resonance in a
vicinity of any given frequency.

The angular dependence of the em field in the cone is given by dimensionless Hypergeometric
functions F1(l,m, θ) and F2(l,m, θ) that have a characteristic scale ∼ l+m. To satisfy the boundary
conditions at θ = θ0 � 1 of a narrow cone the parameter l should be large, namely, l & θ−1

0 � 1.
We expand the functions in series of sin θ

2 and take limit l →∞ in each term. We obtain, in the
case when l � 1 and l � m, the function sinmθ F1(l,m, θ), which enters the equations for the
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em field [see Eqs. (2)-(6)], is approximated as

sinmθ F1(l,m, θ) = m!
(
2
l

cos
θ

2

)m
Jm

(
2l sin

θ

2

)
, (13)

where Jm is the Bessel function of the first kind of the order m. The same approximation holds for
the function F2(l,m, θ), but the index m should be replaced by m + 1. The Bessel approximation
(13) allows to simplify the field calculation in the cone dielectric resonator.

To understand the em field behavior in the vicinity of the cone vertex we consider the simplest
case, namely, the electric oscillations with azimuth number m = 0. In this case the magnetic field
H(l,0)E ≡ H(l) has only azimuth component. We use the Bessel approximation (13) assuming that
the cone opening angle θ < θ0 � 1 and obtain

H(l)ϕ (r, θ) = θl(l + 1)nJ1(lθ)Jl+ 1
2
(r1)/2

√
r1 (14)

the electric field equals to

E (l)r (r, θ) = il(l + 1)J0(lθ)Jl+ 1
2
(r1)/r3/2

1 (15)

E (l)θ (r, θ) = −iθl(l + 1)J1(lθ)R(r1)/2r3/2
1 (16)

where r1 = nkr; the functions J0, J1, and Jl+ 1
2
are the Bessel functions of the first kind; the

function R(r1) is defined by Eq. (8). To further simplify the consideration we suppose that the
refraction index n � 1. Then the boundary condition at the side face of the cone [H(l)ϕ (r, θ0) ≈ 0]
gives the index lp = µp/θ0, where µp is the pth root of zero Bessel function: J1(µp) = 0, e.g.,
µ1 = 3.83 and l1 = µ1/θ0 = 14.64 for the considered cone, where θ0 = π/12. We obtain that
l1 � 1 and the Bessel approximation (13) holds indeed. The boundary conditions at the bottom
face of the cone is H(l)ϕ (h, θ0) ≈ 0. It gives the dimensionless resonance frequency nkh = ν(p, q),
where h is the cone height and ν(p, q) is the qth root of the lthp Bessel function: Jlp+ 1

2
(µq) = 0.

For the considered cone with n = 4, θ0 = π/12, and h = 595 nm [see Figs. 4(a)-6(h)] the first
two frequencies are estimated as ωE (0, 1, 1) = 1.62 eV and ωE (0, 1, 2) = 1.98 eV. These results
coincide with “exact” Eq. (12).

It follows from Eqs. (15) and (16), that electric field vanishes as |E(r)|2 ∼ e3

64π
[
θ2l2

pJ1(lpθ)2

+4J0(lpθ)2
] (

er1
2lp

)
2(lp−1) when r → 0 (recall r1 = nkr). Therefore, em modes, excited in the

cone, do not reach the vertex from within. To estimate the electric field at the top of the cone,
where the local radius ρr = r tan θ0 is small enough so that ρnk < 1 we use the quasistatic
approximation, which is in detail explained in our recent work [24]. We obtain the following
estimate |Es |2 = n4 |Ez · s |2 + |Ez × s |2, for the electric field intensity at the outer surface of
the cone, where Ez is a component of the external field aligned with the cone shaft, s is the
unit vector perpendicular to the cone surface. This result holds for a narrow cone with small
opening angle θ0 � 1. There is always natural regularization of the vertex singularity in the cone
resonator. The vertex of the dielectric cone always has a finite radius ρ of the curvature. Thus we
obtain two orders on magnitude enhancement of the local electric field intensity at the vertex of
the silicon cone whose the refractive index n ≈ 4. The field enhancement at the top of the cone
resonator is clearly seen in Figs. 5(a)- 5(d). We also speculate that the external field Ez could be
much enhanced as compared with incident em wave in the case of the resonating cone.

4. Metal-dielectric resonances

A standard procedure to reach large enhancement of local electric fields is duly arrange gold (Au)
or silver (Ag) nanoparticles in plasmon resonators. The resonant nature of metal nanoparticles in
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Fig. 6. Electric field intensity |E(r, θ, φ)|2 in dielectric cone resonator with opening angle
30◦ and refraction index n � 1; "electric" resonances are shown in Figs. 7(a),(b),(c) and
(g); "magnetic" resonances are shown in Figs. 7(d),(e),(f) and (h); each resonance is labeled
by dimensionless frequency ν = nkh, orbital number l and azimuthal number m; the low
symmetry of the resonator results in noninteger orbital number l.

optics has been studied in numerous works starting from seminal work of Michael Faraday’s (for
recent references see, e.g., [57–59]). The electric field E in a sub-wavelength spherical metal
nanoparticle can be estimated as Ein ' E0/(εm + 2εd), where εm and εd are permittivitties of
the metal and the surrounding space correspondingly. According to [60] the plasmon resonance
of an isolated Au nanoparticle is excited in the air at λ ' 500 nm. We consider a metal-dielectric
resonator, which is a spherical gold particle with the radius a surrounded by the spherical dielectric
envelope with the thickness ∆ as it is shown in Fig. 8(a). Such a spherical sandwich structure was
considered previously using the hybridization approach (see e.g. [61, 62] and references therein).
The refractive index of the dielectric layer equals to n = 2.5, which approximately corresponds to
the average refraction of air and silicon; the refraction index of an ambient medium is assumed to
be one. The result of computer simulations of the light scattering by a metal-dielectric resonator
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Fig. 7. Spectrum of em resonances in cone resonator; cone opening angle 30◦, refraction
index n = 4, height h = 595 nm; frequencies of electric and magnetic resonances are shown
by red and blue lines correspondingly.

a) b)

Fig. 8. a) Metal-dielectric spherical resonator (Russian doll); b) Electric field enhancement
|Emax/E0 | in the resonator gold core for different thickness ∆ of dielectric layer; the
parameters are: radius of gold particle a = 50 nm, refractive index of dielectric layer n = 2.5;
blue line corresponds to isolated Au particle without dielectric layer; orange line for thickness
of dielectric layer ∆ = 50 nm, red line for ∆ = 100 nm, purple line for ∆ = 150 nm.

Fig. 9. Resonance frequency ωR (drop-down curves) and quality factor Q (up-going curves)
of gold-dielectric resonator, shown in Fig. 8, as function of thickness ∆ of dielectric layer,
refraction index n = 4; brown and red curves correspond to gold core radius a = 50 nm,
orange and green to a = 100 nm

composed of Au nanoparticle, placed in the dielectric case, is shown in Fig. 8(b). When the
thickness ∆ of the dielectric layer is larger than the radius of Au nanoparticle (∆ > a), the
resonance frequency of the metal-dielectric resonator become closer to the dipolar resonance of
the dielectric sphere of the radius b = a + ∆. For example, according to the asymptotic solution
of Eq. (7) in our paper [23], the resonance of the dielectric sphere with the radius a = 200 nm
and the refraction index n = 2.5 corresponds to λ = 690 nm, which is in agreement with Fig. 8(b).
The existence of the dielectric layer provides a shift in the plasmon resonance of an isolated metal
particle and the electric field is increased due to the generation of plasmon-dielectric resonance.
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The effect of a cascade field enhancement in hybrid optoplasmonic structures was studied in
works [23,37,38,63,64]. Hybrid photonic-plasmonic modes are already used in WGM resonators
to detect standard Bovine Cerium Albumin protein [65].
We believe that the increase of the quality factor Q in metal-dielectric resonators is due to

the decrease of the radiation loss. The conducting current in the metal part of the resonator and
the polarization current, excited in the dielectric, flow in the opposite directions since the metal
permittivity is mainly negative. The radiation loss is proportional to the sum of currents and,
therefore, the loss decreases in a resonator, where permittivity is of different signs.
To quantitatively discuss the dielectric screening we consider the eigenstate of a plasmonic

nanoparticle of radius a surrounded by a spherical dielectric envelope with radius b = a + ∆ > a,
where ∆ is thickness of the dielectric layer. We consider, for simplicity, the electric dipole
eigenstate. Then, the electric field outside the metal-dielectric resonator is given by magnetic
vector potential

Ae = inzE0beik(r−b)/(kr), (17)

where nz is the unite vector in z direction. The outside magnetic and electric fields equal to
He = curl Ae and Ee = −icurl He/k for r > b. The magnetic field He rotates around the z axis.
It is still convenient to use the spherical coordinates r, θ, ϕ. Then the magnetic field He has the
component Hϕ only. The coefficient for the external vector potential Ae in Eq. (17) is chosen to
meet the radiation boundary conditions at infinity Ee → (b/r)E0eik(r−b) sin θ for r →∞.
In the dielectric layer (see Fig. 8), for the radius a < r < b the em field is given by the vector

potential
A f = ia

[
Aeikn(r−a) + Be−ikn(r−a)

]
/kr, (18)

which is composed of the inward and backward spherical waves. That is the dielectric layer reflects
the em field radiating from the metal core. The coefficients A and B are chosen to fit the boundary
conditions Ee,θ (r = b) = E f ,θ (r = b), He,ϕ(r = b) = Hf ,ϕ(r = b) at the outer boundary of the
metal-dielectric resonator. The field inside the metal nanoparticle is given by the vector potential
Ai = −3iEin sinh (r1) /(2kr1), where it is convenient to denote r1 = kr

√−εm ∼ (ωp/c)r , where
c/ωp is the skin depth in Drude approximation; the electric field Ein is the field in the center
of the metal core of the metal-dielectric resonator. The value of the “central” electric field Ein

is obtained from the field-matching at the metal-dielectric interface Ei,θ (r = a) = E f ,θ (r = a).
The second boundary condition Hi,ϕ(r = a) = Hf ,ϕ(r = a) gives the dispersion equation for the
eigenfrequency ω = ω1 + iω2, which is complex due to the radiation loss. We chose the radiating
boundary equation in Eq. (17), hence, the imaginary part of the eigenfrequency is negative
ω2 < 0. The quality factor of the resonator Q = −ω1/(2ω2) defines the em field enhancement in
the resonance.

We consider the plasmon resonance in the gold nanoparticle of the radius a, which corresponds
to our experimental situation. For a rough estimate we use the Drude approximation εm =
εb − (ωp/ω)2/(1 + ωτ/ω), where the parameters of εb = 4.1, ωp = 8.7 eV, ωτ = 0.11 eV are
chosen to fit the experiment [60] for ω < 2 eV. The quality factor of the naked gold particles
with size of a1 = 50 nm and a2 = 100 nm equals to Q1 ≈ 12 and Q2 ≈ 1.4 correspondingly. The
drop of the resonance quality Q by an order on magnitude with doubling the radius is due to
the radiation loss. It is not surprising since the radiation is proportional to (ka)3. The Q factor
increase when the metal nanoparticle is surrounded by the dielectric sphere, as it is shown in
Fig. 9. We speculate that the increase of Q is due to the radiation screening by the dielectric layer.
We put the gold nanoparticle in the hot spot generated by the cone dielectric resonator (see

the previous section). We focus on the resonance at wavelength λ = 790 nm, when the em field
concentrates outside the cone. The local electric field |E/E0 | in the metal-dielectric resonator
of the gold nanoparticle and silicone cone reaches giant values that are more than two orders
on magnitude larger then the amplitude of the incident field and the local SERS factor G can
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be as large as 109 [Fig. 10(a)]. For double particle (two touchable spherical particles) factor G
can be even larger 1011 [Fig. 10(b)]. Therefore, the conglomerate of gold particles could provide
a stronger resonant behaviour into red and near infrared spectral range due to the excitation of
multiple plasmon-dielectric resonances.

a) b)

Fig. 10. a) Electric field distribution |E(z, x)/E0 | for a gold particle with radius a = 50 nm
placed on the surface of silicone cone; resonant wavelength λ = 800 nm. b) Electric field
distribution |E(z, x)/E0 | for two gold particles (with equal radius a1 = a2 = 50 nm) placed
on the surface of silicone cone; resonant wavelength λ = 800 nm; the field is applied along z
axis, i.e., cone shaft; for cone parameters see Fig. 4.

5. SERS in metasurface

5.1. SERS tag preparation

The silicon tip metasurface, shown in Fig. 1(a), was modified by SERS-active tags, namely the
gold nanoparticles (Au-NPs) with average size 55 ± 5 nm covered by semicontinuous monolayer
of 5.5-dithio-bis(2-nitrobenzoicacid) (DTNB) molecules. The DTNB molecule use their sulfate
groups to form chemical bonds with the gold nanopaticle [Figs. 11(a) and 11(b)] [31]. We
measure the Raman signal from Au-NP to estimate the enhancement of the local electric field. The
covered Au-NPs are not mere convenient indicators, they could interact with the cone resonators
to form metal-dielectric resonances shown in Figs. 10(a) and 10(b) . Au-NP were prepared
by a well-known citrate method [66]. The conjugate of Au-NP-DTNB was adsorbed onto the
cone metasurface after deposition of polycation film (polydiallyldimethylammonium chloride)
according to the procedure described in [67].

a) b)

Fig. 11. SEM images in two scales of gold nanoparticles deposited on the silicon metasurface;
bright blurred points, organized in regular lattice, are the apexes of cone resonators (cf. Fig. 1).
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a) b) c)

Fig. 12. Optical mapping of the intensity distribution for DTNB Raman spectral line with
Stokes shift 1338 cm−1 a) Raman signal from the flat silicon film, b) Raman signal from the
cone metasurface; the parameters of mapping are: 100x objective, mapping area 50 × 50 µ2,
step of scanning ' 0.56 µ, depth of focus ∼ 0.5 µ; c) intensity of Raman signal from
Au-NP-DTNB as function of Stokes shift; blue color corresponds to the flat silicone region,
red color corresponds to the cone metasurface.

5.2. Raman signal

We perform the experiment in two stages. Firstly SEM mapping is done, secondly, the Raman
signal is measured. At first stage SEM image is performed with particular coordinate grid of
metasurface. The fraction p of the surface occupied by the gold nanoparticles, is estimated from
the SEM images by using GNU "Gwyddion" software. The surface fraction p of nanoparticles
is estimated as 6.8% for the flat region, and 7.2% for the cone metasurface. The conjugate of
Au-NP with DTNB ( Au-NP-DTNB) has series of well defined Raman spectral lines and can
be used as an effective SERS indicator. We use the Raman spectrometer of WITec Instruments
Inc. to collect the spectra which are excited by the laser with the wavelength of 785 nm. The
Raman spectrum is collected with 100x objective (NA=0.9). The Raman scattering of NO2 line
of DTNB with the Stokes shift 1398 cm−1 is used to investigate the SERS phenomenon.
The optical mapping of the intensity distribution for the Raman line 1338 cm−1 of DTNB is

shown in Figs.12(a)-12(c). The result of the optical mapping was compared to the coordinate
grid in SEM to find the signal from each point of the surface. We demonstrate a significant
enhancement of the intensity distribution in the metasurface (red line) with respect to flat region
(blue line). It can be explained by excitation of the metal-dielectric resonances in Au-NPs and
silicone cones in the metasurface. The cone-shaped silicon tips operate as a resonators that
convert the laser light into longitudinal electric field as we discussed in our recent paper [24].
The detailed research of spectra after the normalization to the amount of Au-NP shows that SERS
signal depends on Au-NPs position at the surface. For example, Figs. 13-15 show the position
of Au-NPs at the surface and Raman signal from each point of the surface. The signal after the
normalization to the amount of Au nanoparticles is presented in Table 1. We are focusing on three
characteristic points: 1) the conglomerate of Au-NP-DTNB on the flat silicone surface outside
the cone metasurface [Fig. 13], 2) Au-NP-DTNB at the side surface of the silicone cone [Fig. 14],
3) the conglomerate of Au-NP-DTNB is the point equidistant between the cones [Fig. 15]. It can
be seen from Table 1 that the intensity of Raman signal is two orders on magnitude larger for the
tip-shaped metasurface than for the flat silicon film (outside the cone metasurface). The Raman
signal enhancement is reached by placing Au-NP on the side face of a cone of the metasurface,
where hot spots can exist (see Figs.10(a)-10(b) in the previous section). Therefore our theoretical
prediction is confirmed. The results of the analytical theory and numerical calculations are in a
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Fig. 13. Raman signal (from red frame) and SEM image of Au-NP-DTNB deposited on the
flat silicone film out of grating.

Fig. 14. Raman signal from Au-NP-DTNB placed close to silicon cone (bright blurred area).

qualitative agreement with our experimental results.

6. Conclusions

We investigate optical properties of the dielectric metasurface composed of silicon micro-tips.
Our computer simulations reveal electric and magnetic resonances in the silicon cones. The
resonances in the micro-cones result in a very bright diffraction. We develop the theory of
em resonances in a cone dielectric resonator and find the spectrum of resonances. The hybrid
metal-dielectric resonances are excited when metal nanoparticles are deposited on the surface of
the silicon cones. When gold nanoparticles are placed in a proper place of the cone surface, the
resonance electric field enhancement can be more than three orders on magnitude. Hence, the
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Fig. 15. Raman signal from Au-NP-DTNB placed in equidistant point between cones of the
metasurface; signal collected from red frame.

Table 1. Intensity of Raman signal (Stokes shift 1338 cm−1) from conjugate Au-NP-DTNB
on the metasurface vs flat plane, a.u. (normalized to the amount of gold nanoparticles)

Signal, CCD cts Number of Au-NP Normalized signal

The side of pyramid 786 1 786
Between pyramids 553 30 18.4
Out of grating 553 89 6.2

SERS, which is proportional to the fourth power, could be huge for the metal-dielectric resonance.
We cover the surface of the gold nanoparticles with signal molecules and observe clear SERS
from the metasurface. We can tune the frequency of the resonances by varying the cone height
and opening angle. We can make the spectrum to fit the Raman spectrum of the substance we are
interested in. The light localization in the dielectric resonator metasurface open new venue in
R&D SERS substrates including sensors for determining the specific substances.
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