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ABSTRACT

The interaction of the propagating periodic surface
waves of finite amplitude over the plane bottom in
homogeneous fluid covered by floating broken ice is
considered. The dependence of spatial profile of the
basin’s surface elevation, fluid particle transitional
horizontal movement velocity, and total mean mass
transport on the ice thickness and interacted harmonic
parameters is investigated.
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INTRODUCTION

The propagation of the surface gravity waves of
small amplitude in homogeneous fluid covered by
floating ice was investigated by Peters (1950), Weitz
and Keller (1950), Kheisin (1967), Bukatov (1970),
Bukatov and Cherkessov (1971), Wadhams (1986).
The non-linear wave propagation under the ice field
was considered by II’ichev and Marchenko (1989) in
the case of shallow-water, and by Bukatov and
Bukatova (1993) for the basin of constant finite
depth.

The liquid particle stationary transport in the
direction of the movement of periodic waves
predicted by theory by Stokes (1847) was considered
by Nesterov (1968), Newman (1985), Longuet-
Higgins (1987) under the deep-water assumption,
and by Sretenskii (1936), Phillips (1977), Aleshkov
(1981), and Longuet-Higgins (1988) for the basin of
finite depth. The influence of floating broken ice on
the non-linear mass transport caused by propagating
periodic wave in the fluid of finite depth was
investigated by Bukatov and Bukatov (1999).

In this paper we consider the influence of floating
broken ice on the non-linear interaction of periodic
propagating waves of the first and second harmonics
in the homogeneous fluid of constant finite depth.
We use the method of multiple scales to obtain the
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asymptotic expansions defining the fluid movement
velocity potential and basin’s surface elevation up to
values of the third approximation order. Involving
the Lagrange’s coordinates we obtain the expressions
for the transitional horizontal particle movement
velocity and total mean mss transport. We study the
dependence of the spatial profile of the basin’s
surface elevation and Stokes’ drift velocity on the ice
thickness and parameters of interacting harmonics.
We estimate the ice effect on the range of the second
harmonic amplitude satisfying the condition of
consistency, and on the interval of the frequency
shift.

PROBLEM STATEMENT

Let us consider a basin unbounded in horizontal
directions and of constant depth H . This basin is
filled with inviscous incompressible fluid. Its surface
is covered by floating broken ice. We study
influence of the ice on the non-linear interaction of
propagating periodic waves of the first and second
harmonics, assuming the friction of floating floes to
be negligible. We also assume that the floes’ sizes
are small in comparison with the wavelengths, and
oscillations of the floes are non-separating. Under
mentioned assumptions, the floes’ bend does mat
occur. In this connection, we take into account the
gravity force as a single restoring force. Introdumos
the dimensionless variables x=kx,, z=kg.

r=JEr, where k is the wavenumber. Then in e

case of potential movement of the fluid, we have e
following problem:

")

Ap=0~<x<w, —H<z<(
with boundary conditions at the surface (z =)
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and at the basin’s bottom (z =-H)
2 _y 13)
0z
At the initial moment (¢ =0)
g
= — = 4
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Here k = hp,/p,h and p, are thickness and demilly
of the ice, p is the fluid density, g is the accelemiiig
of gravity. The velocity potential ¢ and e

surface elevation £ are connected via the kimeansill
relation
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The term with multiplier x in the dynamic
condition (Eq. 2) represents the inertia of the ice
vertical displacements. From Eq.2 for « =0 there
follows a dynamic condition on the open water..

()

EQUATIONS DEFINING THE NON-LINEAR
APPROXIMATIONS

We find a solution to the problem defined by
Egs. 1-5 using the method of multiple scales
{Nayfey, 1976). Such a technique allows to obtain
the uniformly converging expansions for ¢ and .
Let us introduce two new variables T =¢¢,

T, =& ¢ which are changing slowly in comparison
with ¢ =T, where ¢ is small but finite. We assume

Cost= e tmon s+ OF°)

n=l
Here f, are functions of x; £, are functions of x,
T}; and @, are functions of x, z ,7; where j = 0, 1, 2.
Substituting these expansions into Egs. 1-5 and
setting the terms with same orders of € to zero, we
obtain (Bukatov, 1994) the appropriate equations for
defining the approximations £, and ¢, with orders

" . n=123
Ap, =0,~w<x<w,~-H<z<{ 6
%9y , 2%
=20 2 =P 7=0 7
C.’l a}a an n? ()
oG, , o9,
bt Bk R P | 8
ot = ®
% _ ;=g ©9)
oz
o¢,
=G,,t=0 (10
fulx), at O )

Expressions for P,,G,,L, are given in Appendix 1.

DEFINITION OF VELOCITY POTENTIAL AND
SURFACE ELEVATION

A problem defined by Eqs. 6-10 is written in
general case of unsteady disturbances of finite
amplitude. Here we consider only propagation of
periodic waves by choosing f,(x) in appropriate
forms.

We choose the first order approximation (n = 1)
of the basin’ surface elevation {; in the form

397

{; = cosB + g, cos26, B=x+‘r'ﬁ1+[’u(7'|-?'3) (an

where a is a constant of the order of unit; $,(0)=0.
Satisfying the boundary condition at the basin’s
bottom and taking into account correlation between

the wave parameters via the boundary conditions at
the basin’s surface (Eqs.7, 8), we write

=t[cosh( +H) . iwsmm] (12)
sinh H sinh2H

1% =15 tanh H, 7y = 1+ kktanh H

We'll define the amplitude a; and the phase shift
B, from the following approximations.
Substituting &;,¢, form Eqs. 11,12 into the right-

hand sides of Eqs. 7 and 8 for the second-order
approximation, and solving the problem defined by
Egs. 6-9 with n = 2 taking into account requirement
of absence of the first and second harmonics in a
particular solution, we obtain

4
Gy =a,c0s20+ Y a,,cosnd
n=3

4
@, =Tbyt +1) by, coshn(z + H)sinh™ nHsinn (14)

n=]
a = 151 0T, coth HtanhZH}yz
T, =1+2ktanh2H,B, = et +B,(T)

(13)

(15)

T = :i(«xcoth 2H +coth H ~3tanh )
To

Expressions defining a,3,a,, and b,, (where
n=0,1,.,4) are given in Appendix 2, and
expressions for a, and B, may be obtained from
the third-order approximation.

The expressions for £;,p, (Eqs. 11, 12) and for
G2,9, (Eqs.13,14) define the right-hand sides of the

dynamic (Eq.7) and kinematic (Eq. 8) conditions
with 7 =3. Excluding there the secular terms, we find

:
a, =5(‘°2 ‘5)/‘”: B = 52“2*’
8=1(y, — g, tanh 2H)/(4a,z,)

I
T =0 03,0 = -7 /g0, =5(Y| ~gtanhH )/,

and expressions defining v,,v,,9,,9,are given in

Appendix 3.
Now we may write the solution to the problem in
the third-order approximation (» = 3) in the form



6
Gy = a3c0820+ ) a3, cosnd

h=3

6
@3=12byot+1 by, coshn(z+H)sinh™ nH'sinn (16)
n=]

The expressions for aj,,bs;, (where n=0, 1,
2,..,6) are given in Appendix 4, and a; may be
defined from the equations for the fourth-order
approximation.

Thus, we obtain the following expression up to
the third-order approximation for the disturbance of
the surface of the basin of finite depth covered by
broken ice when the propagating periodic waves of
two first harmonics are interacting:

3
=¢gcosO+ 23"0,,(:0329 -

n=l
3 4 ¢
+Y &" Y a,,cos jO+ ajzag,,, cosnb
n=2 j=3 n=5

6= Jnc-!-cﬂ‘,cr=-c(1+scrl +820‘2),0'] =1,/1,06,=1,/1

We define the wave disturbance phase velocity
from the formula

v= 'rk'l(l +€0) +320'2).

Basing of Eqs. 12,14 and 16, we may write the
corresponding expression for the velocity potential in
the form

0 =0, +670, +8°9;

The expression for the basin’s surface elevation

in dimensional variables (x=x/k,¢= r/ Jk_ 5
€ =C/k,a=¢/k where a is an initial value of the
main harmonic amplitude) may be written as

§ = agy +a’kGy +a’ kG
In this connection,
O=ke+ot,o= 1:,/@(1 +ako, + azkzcz)

v=1,[g/ k(l+aks,+a’k*s,).
ANALYSIS OF THE WAVE CHARACTERISTICS

It follows from the obtained expressions that the
frequency o and phase velocity v depend not only on
the ice thickness but also on the amplitudes of
interacting harmonics. In this connection, the
influence of amplitudes in the ice-covered basin and
basin with open water manifests itself both in the
second- and first-order approximations. If a,=0 then

the wave frequency and phase velocity in the ice-
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covered basin and basin with open water depenc o=
the initial harmonic amplitude in the second-order
approximation only. It is seen from Eq.15 that the
amplitude a, of the second initial harmonic may

change between 1/2 and 1/ J2 when the ice &
absent. Its value for the ice-covered basin varies
within the range from 1/(2J§)to 1/v2 . The valse
of a, may be found under the deep-water (a ) amd

shallow-water assumption (a; ) as

l+xkk 1 [ 1+xk*H

o
,aq =% —_—
2wk’ T2 Vi axk’H

a!= —

2V1+

Under the same conditions, the expressions far
oy = rJEcI defining the oscillation phase shift =

the approximation of the order of &€ may be written i
the form

] k
d g
o0 = e k) VT4 20k
3-(kH )

( ,
all+wk?H )\ 24 +ixkzﬁj'

The direction of this phase shift is defined by the
sign by a,.

op =1
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Fig.1. Initial amplitude of the second harmonic ==
a function of the wave number in the cases h =@
(line 1), A= 3m (line 2), and 4 = 5m (line 3).

In order to estimate the dependence of the wawe
disturbance on the ice conditions and parameters of
interacting harmonics, we carried out the numesicsl
computations for



H=100m,0 < h<5m,p,/p=0.87 an

Our analysis showed that the second harmonic
initial amplitude a, decreases with increasing ice
thickness and decreasing the interacting harmonic
wavelengths. It is seen on the plots of a; as
functions of the wave number k in Fig.l. Here the
lines 1, 2, and 3 correspond to the ice thickness 0,
3, and 5m. The change in the second harmonic
initial phase to its opposite deforms the spatial
profile of the basin’s surface disturbances both
quantitatively and qualitatively. This may be seen
by comparing the profiles of {(x)showed in Figs.2
and 4 for a, >0 with ones in Figs. 3 and 5 for
2, <0.

x,km

Fig.2. The wave profiles along the x-axis as
functions of the main harmonic amplitude for

L=51/3-10°m, h=0, £ =0 in the case @, > 0.

x, km

Fig.3. The same as in Fig.2, in the case g, <0.
12:10%<e<1.2.10°

The illustrations are given in Figs.2 and 3 for
H=0.12, 1.2:10*5£<1.2:107, and for €=10"?,
0.1<kH <0.2in Figs. 4 and 5 in the case =0,

2=0. The mentioned € and k correspond to the
bllowing values of the wave amplitude @ and the
wavelength A  of the initial harmonic:

O.lm<a<im,h=5n/3km (Figs.2and3) and
05m<a<im, 10n<A/H<20n (Figs.4 and 5).

It is seen that the maximal vertical deviations of
the basin’s surface are displayed as the peaks and
troughs in the cases a; > 0 and a, <0, respectively.

Fig4. The wave profiles along the x-axis as
functions of the main harmonic wavelength for

£ =10"%, A =0, 1 =0 in the case @, > 0.

Fig.5. The same as in Fig.4, in the case a, <0.

The increasing 7 results in the disturbance phase
shift. The direction of the horizontal deviation in the
wave disturbance spatial profile with time coincides
with the direction of the propagation of this
disturbance. In the case =107, kH=0.1, h=0,
such deviations are shown in Fig. 6 for a, > Oand
Fig. 7 for a, < 0. The plots for # = 0 are shown by the
lines 1 in both Figures. The lines 2 correspond to
1=60s in Fig.6 and ¢ = 30s in Fig.7.

Remind that we consider the waves propagating
in the opposite x-direction.

The oscillation phase shift occurs also with
increasing ice thickness. This effect amplifies with
time. The larger the initial harmonic wavelength the
later (intime) such phase shifts manifest. In
particular, in the case e=107, kH=0.1, they
become noticeable only for > 10 hours, although
for € =107, kH = 10 they appear already when ¢>10
seconds. The direction of the phase shift caused by
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Fig.6. Surface elevation for z = 0 (line 1) and
1=60s (line 2) in the case a,>0, h=0. Here the
main harmonic wavelength and amplitude are
A=2n-10°m and a= Im.

Fig.7. Surface elevation for ¢ = 0 (line 1) and
1=30s (line 2) in the case a, <0, #=0. Here the
main harmonic wavelength and amplitude are
A=2m10’manda= 1 m.

ice effect does not change when the second harmonic
initial phase (or the sign by a;) changes to its
opposite. In this connection, in the case a; <0, the
effects both of the ice and of the non-linearity lead to
decrease in the initial frequency of the oscillations
(and decrease in the wave disturbance propagation
phase velocity). If a; > 0 then the ice effect results in
decrease, and non-linearity effect results in increase
in the velocity of the disturbance spatial profile
displacement. In such a case, under the deep-water
approximation, the non-linearity effect is stronger
than the ice effect when the wave number « is less
than €/(2x). If k > &/(2«), the opposite phenomenon
QCccurs.
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Fig.8. Frequency shift in the ¢ -order
approximation as a function of the wave number for
h =0 (line 1), A= 3m (line 2), and h = 5m (line 3).

Under the shallow-water approximation, the ice
effect is stronger than the effect of the non-linearity

3
when k>k where ko= 35(2J5KH’)'] .

k> kqthen the effect of the non-linearity accelerates
the waves stronger than the ice effect brakes them.
The influence of the ice on the frequency shift in the
approximation of the first order of € is shown on the
plots in Fig.8. In Fig.9 we showed a, versus o, In
both Figures, the curves oy(k) and ai(c,) with
numbers 1, 2, and 3 correspond to the ice thickness
being equal to 0, 3, and 5m. The point | in Fig®
denotes value of @, for 00(0)=3;’4(312H)”2. The
points II and III denote a\corresponding to the local
maximum and local minimum of oo(k).

Under the deep-water approximation when A=8,
the local maximum of oy(k) is achieved far

k=(Jﬁ —IISK)‘i. Its value is

oM 2\!; ’/ﬁ"l "
8 7+J1_7 2xl3+\/l—'?)

and limits the range of the frequency shift (in e
approximation of the first order of €) from abows
This value decreases with increasing ice thickmess
There are values of ogin whose the amplitude afcd
of the second interacting harmonic may have thees
different values (see Fig.9). The funcmm

c’(k)=tJEcrz characterizing the frequency shifl im
the €’ —order approximation, and the functise
q, (o‘) , have the same features.
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Fig.9.Initial amplitude of the second harmonic as
a function of the frequency shift in the e-order
approximation for =0 (line 1), A= 3m (line 2), and
h=5m (line 3).

In the case of short waves, the ice effect
manifests " itself not only in the decrease in the
phase velocity but also in the weak decrease in the
wave heights. In this connection, the last effect is
stronger when a, > 0 than in the case a; <0. This
may be seen by comparing the plots in Fig.10 (for
a, >0) and in Fig 11(for a,'<0). These plots are
given for g = 107, kH =10, ¢ = 15s. The lines 1 in
both Figu-res characterlze disturbances of the
basin with open water (h=0). The lines 2
correspond to h=3m in Fig.10, and #=5m in
Fig.11

Remind that the value of a;, being of the same
order as the a3, (n = 3 +6) and determining along
with them the solution  in the third-order
approximation, may be found form the fourth-
order approximation only.

Therefore, this value was not taken into
consideration ‘in the numerical calculation of the
C(x) profiles. 'However, in order to estimate
tentatively the error (in the quantlty of the third-
order contr:bunon) admitted in this way,
computations were carried out for both a;,=0
and a;, # 0. A comparison of the results obtained
did not establish fundamental quantitative
differences between them. Ignoring the quantities
as, leads only to an insignificant decrease in the
extreme values of £ and to only a slight flattening
of the tops of the peaks and the bottom of the
troughs, this effect decreasing with decrease in the
initial harmonic wavelengths.
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Fig.10. Surface elevation for A#=0 (line 1) and
h=3m (line 2) in the case a,>0, t = 15s. Here the
main harmonic wavelength and amplitude are
A=20nmanda= Im.

1.0

0sF
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Fig.11. Surface elevation for A=0 (line 1) and
h=35m (line 2) in the case a; <0, i = 15s. Here the
main harmonic wavelength and amplitude are
A=20mmand a=1m,

MASS® TRANSPORT

Following Newman (1985), we can describe the
orbital movement of ‘a fixed liquid particle with
using the Lagrange’s coordinates defining its
position.

It can be shown that the liquid particle: vertical
displacement is periodic with the velocity

3
w= Y &"dp,/dz up to quantities of the fourth order

n=|



of €. The expression defining the horizontal velocity
3
of the particle displacement 4 = E”" 8, /ox

n=|
contains not only a periodic component but also a
Stokes’ steady transitional displacement velocity
which may be written in this case in the form

2 8% 4 (1-edy -c24)+Ofe*)
Jig
Ap=0 ‘(Az "C)Az_]
A=06,+[F-D+o,(4,-2C)]4"

(18)

uo =-—£

2
A,= 4,, sinh ™ nHcosh2n(z +H), i=1,2

n=]

1
Ay =E, A|2=2012, Ay = by, Ay =4aby

4
C=agFC,D= ZD,,sinh‘ancosh%(z +H)

n=l

F =FC by +2bya)+8byal F,Cy +

3
+% abyyFo] [ sinh™ nH
n=l

C, =4cosh4(z+H)~-cosh2(z+H)
F, =<sinh? jHsinh™ 2jH,j = 1,2
4
Fo = Zzzcosh 6(z+H)-4coshd(z+H)-
-%cosh 2(z + H)

DI =b3] +%b22| " Dz =4ﬁ|b32 +2b222

Ly 'g‘bzzs , Dy =8b3

If z=0 and k # 0, 4, characterizes velocity of the
ice Stokes’ drift under conditions of non-linear
interaction of periodic:propagating waves of the first
and second harmonics.

It should be noted that the expression defining
the velocity of the mass’ transport by a propagating
wave in fluid of finite depth with open surface given
by Sretenskii (1936), Phillips (1977), Aleshkov
(1981), may be obtained by restricting Eq. 21 to the
quantities up to the second order of € in the case
@,=0, h=0. Under such assumptions, the mass’
transport quantity is in agreement with the results by
Longuet-Higgins (1987, 1988).

Integration of Eq. 18 over the vertical coordinate
z yields the total mean mass’ transport in the
direction of propagation of the wave harmonics

(Qo +eQ; + EZQZ)

Q=32 gt

19
o (19)
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Q, = %colh H+ai coth2H, 0, =0y, -0y
2 1 (5 3 2
Qz:ZB,ncothnH--ia, Z--*-zcmh H

n=1

2
On = Z[B;,{%é»%cothz nH]— By, coth nﬂ}-

n=|

4
- Z-'- D, coth nH

n=|

0, = El;' a,by, (9sinh6H — 4sinh4 H —

3
—sinh 2H) [ [ sinh ™ nH

n=|

1
By = by ”5‘31- By, = 01(2522 g4 )
1 2
By, = (o, "bzt)"abzz»Bn =-2a; by,

1
By =00y "‘50'2»332 =a)(26,by + a)0,)

It follows from Eqgs.18 and 19 that the main
approximations to the particle transitional movement
velocity are magnitudes of the second order of
smallness. They do not depend on the initial phase of
the second interacting harmonic and decrease with
increasing ice thickness. Their values exceed those
for the case of propagating non-linear surface wave
(a; = 0) when other conditions are the same. Besides,
if @, # 0 then the magnitudes of the third and fourth
orders of smallness introduce their contributions ta
up and Q,, too. If a; =0, the terms of the third order
are absent in », and Q.

In order to estimate the transitional movement
velocity of the liquid particles at the basin’s surface
and total mean mass’ transport in the fluid, as well 25
their dependence on the ice thickness and parameters
of the interacting harmonics, we carried o
(Bukatov and Bukatov, 2001) a numerical analysis
basing on Egs. 18, 19 and parameter values from
Eq.17.

The main harmonic wavelength A = 2n/k changed
within the range 0,2n H<A<20nH .

Note that the term of the fourth order of
smallness in Eq. 21 for the liquid particle transitional
movement velocity depends on the quantity a; which
is one of three terms of the same order in the
expression for a;. In our computations, a; wes
assumed to be equal to zero because it may be
defined only from the equation for the fourth-ordes
approximation. However, in order to estimate
tentatively the error introduced in this manner, we
computed the Stokes’ drift velocity both for a =%
and for a3 #0. The comparison of the obtaimed



results showed that a mistake caused by neglect of
aj is less than one percent.

The obtained results show that the liquid particle
transitional movement velocity and total mean mass’
transport in the direction of propagation of the
interacting harmonics in the ice-covered basin are
less than in the basin with open water. These
differences increase with increasing ice thickness
and harmonic amplitudes but decrease with
increasing wavelength A of the main harmonic. In
particular, when A = 62,8m, the values of U= —uy(0)
and Q decrease by 33.3 and 27.8%, respectively with
h changing from O to 5m, if a = 1m, and by 29.9 and
25.1%, respectively , if a=0.5m. For A =125.6m,
the same change in h leads to decrease in U and Q by
19.4 and 16%, when a= 1m, and by 17.8 and 15%,
when a=0.5m.

Being involved into the formation of the wave
disturbances, the second . interacting harmonic
increase the liquid particle transitional movement
velocity and total mean mass’ transport. However,
the change in U and Q caused by the second
harmonic becomes weaker with increasing ice
thickness. For example, for a= 1m and A = 62.8m,
the values of U and Q in the case a, # 0 are greater
than if a; = 0 by 85.5 and 35.8%, respectively, when
h=0, and by 47.9 and 17.2%, respectively, when
h=5m,

CONCLUSIONS

When there occurs non-linear interaction of the
wave harmonics of finite amplitude, the disturbance
frequency depends on the main harmonic initial
amplitude not only in the second- but also in the
first-order approximation. In this connection, in the
first-order approximation, the range of variation of
the phase shift is bounded above because of the ice
effect.

The influence of the ice may appear in the case of
interaction of short waves as well as in the case of
interaction of long ones. In the last case it manifests
itself mainly in the phase shift of the wave
disturbance spatial distribution. This shift increases
with time. The longer the initial main harmonic
wavelength the later the phase shift appears. In the
case of short waves, the noticeable ice effect
manifests itself in the decrease not only in the phase
velocity but also in the disturbance amplitude. In this
connection, the decrease in the amplitude is more
appreciable when the initial phases of interacted
harmonics coincide at the origin than in the case
when their phases are opposite.

The change in the phase of the second initial
harmonic to its opposite leads to both quantitative
and qualitative deformations of the profile of the
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disturbance spatial distribution. In this connection,
the direction of the phase variation caused by the ice
does not change. - '

The contribution of the second interacting
harmonic in the formation of the wave disturbances
leads to the increase in the non-linear mass transport.
The floating broken ice decreases the transitional
velocity of the liquid particles and total mean mass
transport. The ice effect amplifies with increasing
steepness of the initial harmonic wave. The thicker
the ice the lower its Stokes’ drift velocity.

Appendix 1. Expressions for P,,G,.L,.

P|=L|;G]=0
2 2 2
pz=z;l..._a‘|’l +00 100 ) (%] |_
Moz on, 2|\ ox Bz
2
—21dc—-—-ac’
AT,
_3, 99 3, , 2% . &,
Ly el Oy B
dx dx oT, 522 a7,

g B o, 8
P3=§1N‘ +_c2 P +C2 9, i @,

27 ar,022 P oTyez o
:aq)‘ ..é?!.atpz _g‘_"_!_a‘P? —Ksz
0T, &x dx 9z oz
N =20 0%, 29 0’0 09 2’0,
' T omoz oT,0z o0x 0z0x 0z 9z°
2 2 2
N2=aC|+26§2 aCI
oT2  OT,8T, ~ aT,aT,
o, o*g, d, 1,0,
Ly = k. o L JEE -
: Cl[a e ot ) 27 5
%o aC, &,
= +N 2 Gy == 25
S22 N G=gror
N, =52 90 3G, B0, 3G, _9¢,
dx 9x 9x 8x BT, T,
Appendix 2.

A2n =—a]TZan;l,n=3,4,
K, =(l - nzmi‘r‘rl’)tanl'lm'-a"—Jr:'t2

F = -;-[3(2 coth 2H +coth H)+
+(2coth Heoth 2H - 7)tanh 3H]



Fy =|4coth 2H +(coth? 24 - 3)tanh 4H |,

by =%[cothz H ~1- 4a?(1 - coth? 2H)|

by

byy = ay3— %(Zcoth 2H +coth H)a

—%q(2c0m2ﬂ+comﬂ)+ oy, by =a, +ay

by = ay ~atcoth2H , ay = a0 -%cothH

Appendix 3.
Y = % a,(by, coth H +3b,, coth 3H )+

+(a0 +alaz3)00ﬂ1 21'1'+:i—a12 +%

¥y =(byy +ay; )coth H +3(b23coth3H + ai,')
+a,(2a,, coth2H+4b,, coth4H +3)

3 3
q = qun dr = Zan ’

n=l n=1
S 1 2
i = 01[501 = 'Ebzl +2“23]+ ap + Kkoj

Q2 = [o’lbn -g«::,2 —%)cothh’ -5ak coth2H

g3 = a]bn[%-Scoth 2Hcoth3H)-—

—(“o +ayby; ) coth Heoth 2H

g = (Zaoal -5a + al)coth 2H - %a, coth /

4

Gy = dayby (1 - coth2Hcoth4H )+ bnll —%cothz H

+ %b_u(z —coth H coth3H)
2) 1
g2 =24 (024 + 2kko; )+ '2'("23 + Ul)

Appendix 4.
as, = tz(q,,tanhnH——'r,,)].z;l ,n=3,4,56

27 , 3
Y3=Yn +Y32, Ya ="8—0t -3ay0y +§

)
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Y2 = %(bna‘ +a; +ay )Coth H +
+3(ay + a, )coth 2H + 6byy coth 4 H

Y4 = 2ay; coth H + & [4(2a, + a Jcoth 2H + 3]+
+6by; coth3H - 4ay,0,

ys= al[San coth 2H + %bn coth3HJ+
+%a24 coth H +10b,, coth 4H +?af

Ye = a, (6,4 coth 2H +12b,, coth 4H )+3a;]

3 2 2
qs3 =EG'3” 194 =Z‘I4n »qs =Z'?sn

n=l n=l n=]

g6 = a4y, (3- coth2Heoth4H) + a? coth2H + 2as |

Gs =4a, L-—;— - coth H coth 2H) +
+3(by; coth 3H + 6xkay, Jo,
3 5
q;: = ﬂl[bn[‘i‘ - coth HCOﬂlZH] + EU‘ ] o
2 11 1
—ay| —coth H —~—coth2H
8 2
g33=2by(3 - coth Hcoth4H )+ay (3+coth Heoth 2H)
+ -;'-COth.H + —;' Ay
94 =20 [2(bz4 coth4H +8kkay, )+ af ]+
+ %b23(4 ~ coth Heoth3H)
qs =24 I"2 (3 - coth? H)-i- ay (2 — coth? 2H)+
2

+ %cochH - -;—coth H]+ ian

gs) =2by, (5 - coth Heoth 4H )+ %“24 -

: af[%

Qsy = 2a,[az3 +%bz3(5-200ﬂ1 2Hcoth 3H)]

th H - %cochH]

by =%[0'|'(1 +4a} )— by, coth? H]

= zat[bzz coth? 2H + %(Scothh' +2coth2H — a,_)]



bSn = (na‘,m +Yp }/n y Gy ==0y +a, coth-Hcoth2H
ag, = ay +(a0; +3,06), 65 = 1,17
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