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1. INTRODUCTION

In this paper, we consider the following three nonlinear equations with model nonlinearities:

20 u(x t)

a—Au(x 1) + Z(o +|Vu(x,n|" = 0, (1.1)

l

_Au(x N+ z o8 o u(x ) 8|Vu|q 0,
8 ox; ot (12)
. .
Au(x rH+ Z(J)2 oul, t) & |Vu| 0,

or’ p= ox; or’

whereg > 1, (x,1) € R"Y x [0,7], and u = u(x,t). These equations arise in the study of magnetostatic waves
in ferrites (see [1]). This paper continues the research begun in [2—6], where critical exponents for
Sobolev-type equations were found. Note that the case of N = 3 was studied in [2]. Below, the results of
[2] are extended to the case N > 3. It turns out that the solutions of Cauchy problems exhibit a signifi-
cantly different behavior for
<g<-N_ > N >
1 q\N_1 and ¢ — N > 3.

Most of the statements are trivial generalizations of the results from [2], which we present without detailed
proof.

Equations (1.1), (1.2) are nonlinear Sobolev-type ones. Linear and nonlinear Sobolev-type equations
have been addressed in numerous works. For example, initial-boundary value problems for a wide variety
of classes of linear and nonlinear Sobolev-type equations were studied in the general form and as examples
by Sviridyuk, Zagrebina, and Zamyshlyaeva (see [7—9]).

Potential theory for nonclassical Sobolev-type equations was first considered by Kapitonov [10]. Later,
potential theory was studied by Gabov and Sveshnikov [11, 12] and their students (see Pletner’s work [13]).

In their classical work [14], Pohozaev and Mitidieri used the fairly simple method of nonlinear capac-
ity to obtain profound results concerning the role of critical exponents. Note also the papers of Galakhov
and Salieva [15, 16].
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766 KORPUSOV, OZORNIN

2. DESIGNATIONS
Define

Iy =1{1,2,...,N}.

In what follows, we will systematically use abstract Banach spaces of the form C(")([O, T1;B), where B is
a Banach space with respect to the norm ||, n € Z,. This space is defined inductively. First, the Banach
space C(]0,7T];B) is defined as the linear space of functions f :[0,7] — B such that

|/ ()= f(t)y = +0 for any 4,5,€[0,T], | —1|— +0.
The linear space C([0,77];B) is a Banach one with respect to the norm

171 = sup lf @)l

1€[0,T]

A function f belongs to the class C(')([O,T];IBB) if fe C([0,7];B) and there exists a strong derivative
df /dt € C(]0,T];B) defined as

L+ 80 - f(r)]—"f wf =o

|At|—>+0

Then the Banach space C(”)([O,T];IBS) is inductively defined for an arbitrary n € N.

The symbol C, (]RN) stands for the linear space of continuous and bounded functions, which is a Ban-
ach space with respect to the norm

|f(x)], = sup | /(). 2.1
xeR

For all x e R", the symbol C, (p(x);]RN) with p(x) > p, > 0 denotes the linear subspace of functions

from C, (]RN) for which the following norm is finite:

[fy, =

where C, (p(x); RN) is a Banach space with respect to this norm.

Consider also the linear space C;"" (p(x) R ) where p(x) > p, > 0 forall x € R" and Y > 0,v, >0,

which is defined as the linear subspace of functions f from the Banach space C;')(RN) with a finite norm

af )

J

G, = SUR P LS|+ D sup ph(x) (2.2)

IEIN XER

Lemma 1. The linear space C,"" (p(x) R ) is a Banach space with respect to norm (2.2).

We introduce the Banach spaces
e (1 1) sRY) = i (pro )

1/2
for p(x) = (1 + |x|2) ,7; = 0, and y, = 1; its norm is denoted by the symbol |-|;:

S, =), + D

Jely

(1 + |x|2)l/2 9 (x)

J

- ()R = ) @)

0
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ON BLOW-UP OF SOLUTIONS TO CAUCHY PROBLEMS 767

for p(x) = (1 + |x|2)1/ > y=N-=2,and 7, = N —1. In what follows, we will use the Banach space

Cl(,z) ((1 + |x|2 )B;RN) with B > 0, which is a linear subspace of the Banach space C;Q)(RN) with a finite

norm

71, o= sup (1 +) " G0l 3 sup (1 + )LD
xR Jjely xeR" axj
P f(x)
1 =2 B> NJ2.
- 3 sup(1 b EEEL By

The symbol C(()z)[O,T] denotes the linear space of functions f from C?[0,T], £(T) = f(T) = f(T) =0,
which is a Banach space with respect to the norm

@l =1l + el + 176

where the norm |-|, is given by formula (2.1). The following notation is used for the norms of special Ban-
ach spaces:

1/2
C([O,T];C,?" ((1 +|x|2) ;]RN)) 1oz = sup [£e0),
1€[0,T']
M 0 0\2 o)) . — 3f(f)H
c ([O,T],Cb ((1 +]x") R )) A ,2[‘3,%[ +‘—t :

c® ([O,T];C,?’l ((1 #lxp)” ;]RN)) Ay = s[%%{
t€l0,

‘afa)‘ ‘a f@)

|

where the norm |-|; is defined by equality (2.3). The symbol C(0 " (RN x[0, T]) , where n € N U {0}, stands
for the space of functions f such that

f%feC(R x[0,T]) for j=0,n

The symbol D (Q) denotes the topological vector space of test functions with a compact support, and
D'(Q2) designates the corresponding spaces of generalized functions.

The symbol W Toc (R x[0,T ]) denotes the space of measurable functions f with weak partial deriva-

tives; moreover, for any compact set K € RY , we have

7, ale Lq(KX[O,T]).
ox

J

The symbol qulgc (RN x[0, +oo)) denotes the space of measurable functions f with weak partial deriv-

atives; moreover, for any compact set K € R" and any 7 > 0, we have

f, a—fe L'(K x[0,T)).
ox

J

The symbol W (]RN) denotes the space of measurable functions f having all weak derivatives such

q,loc

that, for any compact set K RN, it is true that

Yk,
ox;
The symbols I/Vql(D) and H’ (O(xy, Ry)) denote classical Sobolev spaces, where O(x,, R,) is the open

ball of radius R, > 0 in R" centered at the point Xy € R".

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS Vol. 65 No.4 2025



768 KORPUSOV, OZORNIN

Finally, for a function f € C"(=es,0] U C"[0,+o0), where n e N and the derivatives at the point 7 = 0
are understood as one-sided limits, we will use the following notation

Aol _ 0w it g>0uk<oy, j=
or’ arbitrary if r=0.

1,m
Let f be a function defined for r € [0,7']. Then f denotes its extension by zero to # < 0

if 0,71;
f(t)_{f()'fl t<t;[ ]

3. CONSTRUCTION OF A FUNDAMENTAL SOLUTION
AND ITS PROPERTIES

Let us construct a fundamental solution of the operator
2 2
M, fule) = L Auteny + 3 0] HEED, >

, . (3.1)
iel N ax[z
Applying the Laplace transform with respect to 7, we obtain the equation

N
Yo +m)a§i"” H5<)

One of the solutions of this equation is the function

I,N LN

1N 1-N /2
5 - _ 2)l/(N-2) 2\N-2,.2
) =~ 2)[21_[(1’ +o (p” + ;) x,}

i j#i

ILN LN

1-N /2
) {1 STT0 + a2 + @iy 2} .
TSy V)

i j#i

Assume that Re p = ¢ > R, for sufficiently large R, > 0. Then | p| > R,. The notation ZO -

. + impli
ki, EIPLIES
repeated summation over all the indicated indices in the range 0,+co
I,N
LV N LE Y ( ) H(N 2)
H(p +0.))1/(N 2)( +(D)N2 2=pN— Z — 2
i#j kiyoky Ly ok ‘1
[kt
i
0,k
H(m -r), k>0,
1, k=0.

‘We use the notation

a| (v, U7, |

Otk],...,kN(x):=z V-2
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ON BLOW-UP OF SOLUTIONS TO CAUCHY PROBLEMS 769

Then, according to these expressions, the original function can be rewritten as

4 0 Z]’Nk 1-N /2

5 1 . i
E(x,p) = ——— PN Z Ol ooy ()P

Syl" PN =2k

4 4 O w N2
1 N2, N2 N 22, ki
- PYREPYE Y oy (0P 2
Sy |x| (N -2) k4 >0

R e ka 1-N/2
=- {] {1"‘ Z O, .. kN(X)P ' 1 .

Sylx" PN =2)| S0

Consider the series expansion

kit +ky>0

e zl_—Nk 1-N/2
1 ok
_{1 + Z Oy ke (X)P ' }

=(1=N/2 0.t o
ZZ( . J zm[ Z Oy i ()P 2, ==+ d(x, p),
k V4

1ok >0
where
. S-N2) 1 | %S T
B(x, p) := Z( j sl DL sy (P 2N
a= a 4 kg4 hy >0

Since | p| > R, > 0, applying the inverse Laplace transform yields the expression

a

LN
— 2 k-1
0,40 Z,- 2a+1

B(x,1) = e(t)i (1 - flv/zj Z ak"m’kll\’lijf]X)t N t ’ (3.2)
a=0

2a +1)!
e To (22&_1} (2a+1)

where

N
o 2y kil

O, (01 Ottty (X) I(,_ & e

> a o=
ky+e-+kny>0 [22](1 _ 1]' ky+-- +kN>O(2Zk _ IJ' 0

For a = 0, this operator degenerates into the operator id. Thus, the following relation holds for the fun-
damental solution:

0,400

G+ico
E(x, 1) = L I E(x, p)e’'dp, o> R, > 0.
21

G—ioo
Taking into account equality (3.2), we have
10(t) + ®(x,1)
Syl (v -2)

E(x, 1) =— 3.3)

where S is the area of an N-dimensional unit sphere.
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770 KORPUSOV, OZORNIN

Theorem 1. The fundamental solution £ has the following properties:

(1) €€ COMRM\{0} %[0, +e0)).

(2) For x # 0 and t € [0,T], the fundamental solution satisfies the estimates
Ki(T)

N-2°
X

kM |9
h |x|N71 ’ |8tk8xjax,»

<

9“E
87(?5, 1)

ak-Hg
at"ax,

(1) <

(x,1) N

where all mixed derivatives are permutable, k € N U {0}, andi,j =1,N.
(3) For x # 0 and t > 0, it is true that

9E (1,0) = £(x,0) =0,
0x

J

a_Eﬁ(x’O)z_ ] a /]\1_23 n=051a
ax" o1 Sy(N —2)0x |
(4) Forx 20 andt > 0,
ak+25
——(x,0) = 0.
atzaxf( )

4. ESTIMATE FOR AN INTEGRAL

Consider the function

Ine = [ KGe= )y,
]RN

Ke CO®RM\{0}), feCPR"Y), leNu{o},

C o
— S X#EY. k=0,

DK (x -y <
x

C 5
—— k=0,L
(1 + |y|2)(y+k)/2
Lemma 2. For N >3, 7> N, and 0 < d < N, we have the estimate

C
)(N—6+1)/2 :

D} F| <

DLJ y(x)|<
! x‘\(1+|x|2

Proof. Note that

Dy = [ (DLf()Kx = p)dy.
RN
Now we obtain the first estimate for DL/ (x). It is true that

Dy = [ (Df@)Kex=ndy+ [ (DLr)Kex=-»dy,

[x=yI<1 [x=y[>=1
which implies the estimate

DIyl <C _ 1 _a+[—1 __al<c
n )‘ [ .[ 4 I(1+|y|2)(Y+/)/2 y]

N-§
Mﬁ@h_ﬂ RY
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ON BLOW-UP OF SOLUTIONS TO CAUCHY PROBLEMS

Now we derive the second estimate:
Dy = [ (DfW)Kx=pdy+ [ (Dif()Kx=»dy =K + K,
[¥I<]xl/2 [y=IxI/2

If|y| < |x| /2, then
=31 > = i > /2
Therefore, integration by parts in K| yields the equality

I-1
=0 [ (DK =)+ Y. [ (Do) (D K= ») [lj as,,
picl2 k=0 1y1u1/2 i
where Y, are bounded functions. Then we have the estimate
I~

C 1 C
|Kl| <| |N -3+ (1 | | )y/2 Z(l +| | )(y+k)/2 |x|N—8+/—1—k < |x|N—5+/.

Additionally, K, satisfies the estimate

1 1

|K2| <C 2)(y+/)/2 |x —y

—dy;
ity (1] N

moreover, if|y| > |x| /2, then
e =yl <+ ] < 3D
Therefore, for [y| > |x| /2, we have the estimate

1 _ 1 1 1 1

(1+|y|2)(7+l)/2 (1+|y|2)(1v—s+/)/2(1+|y|2)(y+5—1v)/z X (1+|x|2)(N_5+’)/2(1+|x—y|2)(Y+5‘N)/2'

Thus, combining (4.5) with (4.6) yields the inequality

C 1 1
| 2| (1+ |x|2)(/v75+1)/2 ui[’ (1+ |x B y|2)(y+afzv)/z |x _ y|N_8 y

= | Ly C
(1 + |X| |2)(N—5+I)/2 h (1 N |y|2)(Y+8—N)/2 |y|N—5 X (1 + |x|2)(1v_§+1)/2

Therefore, from (4.3), taking into account (4.4) and (4.7) we derive the estimate

(x)‘ W

In turn, estimate (4.1) follows from (4.2) and (4.8).
The lemma is proved.

5. WEAK SOLUTIONS OF THE CAUCHY PROBLEMS
In this section, we consider weak formulations of the following Cauchy problems:

zag(x ) L =0, (x,neR"x(0,T],

a—Au(x 0+ Zm

i

u(x,0) = uy(x), a—”(x,O) —u(x), xeR";

q
a—Au(x 1) + Z‘oo2 o u(x ) 8|Ztu|

u(x,0) = uy(x), %(xﬁ):ul(x), xeRY;

=0, (x5eR"x(0,T],

i
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772 KORPUSOV, OZORNIN

2 N 2 2 q
9 Aux,1) + mea ux.1) ) |V2”| =0, (x,neR"x(0,T],
ot & o ot (5.3)

u(x,0) = uy(x), %(x,O) =u(x), xeR".

Definition 1. A function u € W 1OC(R x[0,71]) is called a local-in-time weak solution of the Cauchy
problem (5.1) if for any function ¢ € D(R X (—o0,T))

JT. J. {[Vu(x, t),V—az(b(f’ t)J + ﬁ: 2 0u(x, 1) 9L, t)} dxdt
0 RN at i=1

ox;  ox;

T
+ I [(V%,Vuo(x)) (Vo(x,0), Vul(x)} JO' j 0Cx, 1) Vaulx, 1) dr,

R
where uy,u; € Wi, lOc(]R ).

Definition 2. A functionu € W;

g,loc

(]R % [0,4e0)) is called a global-in-time weak solution of the Cauchy
problem (5.1) if for any function ¢ € D(R" x (—eo, +00))

oo ) N
[ [Vu(x,t),V—a q’(f”)j o Qulx, 1)U | 1 iy
0 gY ot i=1 ax,- ax,-

+ J‘[( 8¢(x 0) ,Vu, (X)) (V(I)(X,O),Vul(x))}dx = j j¢(X,t)|VM(X,I)|q dxdt,
N 0 RN

R
1,0 N
where uy,u; € Wi, .(R7).

Definition 3. A function u e W)

q,loc

problem (5.2) if for any function ¢ € D(R X (=0, T))

(]R x[0,T7]) is called a local-in-time weak solution of the Cauchy

T

0’ q)(x 1) o u(x,1) 9d(x,1)
+ Zl). J- [[Vu(x N,V ]+ Z Y ox }dxdt

T
+ ug[ [(V—at ,Vuo(x)) (Vo(x, 0), Vi (x)) + 0(x,0) [Varo ()| | ! j LWV u(x.o)! ddt,

where uy € W0, (R") and u; € W0, (R").

Definition 4. A functionu I/Vq loc (RY x[0,+00)) is called a global-in-time weak solution of the Cauchy
problem (5.2) if for any function ¢ € D(R" X (—oo, +o0))

i Q0,1 - o2 0Us1) a¢(x nl,
'0[ HJN HVu(x, t),V—at2 + ; o

+ Hé[v[(v aq)(;;’())’WO(x)) (Vo(x,0), Vi (x)) + d(x, 0)|Vu0(x)|"} J’

() N
where uy € W0, (R") and u; € W j0(R").
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ON BLOW-UP OF SOLUTIONS TO CAUCHY PROBLEMS 773

Definition 5. A function ue W

q.,loc

problem (5.3) if for any function ¢ € D(R X (=0, T))

(R x[0,T7]) is called a local-in-time weak solution of the Cauchy

T

%0(x,)) . <o 2 du(x, 1) dd(x, 7)
J‘ J- HVu(x, t),V—at2 + wa —axi —Bxi dxdt

0 RV i=1

+ [(V@,Vuo(x)) + (Vi(x,0), Vi (x)) + |[Vurg () %)(x,O)

R

T
- 0(x,0)q (Vi (0). [V, (0> Vit (x) } =] [ 20 ik
0 Ry

where uy(x),14(x) € Wi (R").

Definition 6. A functionu € W (R" x[0,+o0)) is called a global-in-time weak solution of the Cauchy

1oc

problem (5.3) if for any function ¢ € D(R" X (=00, +o0))

i D00x,1)) | N 2 QU1 A0, 1)
'([ R'[N HVu(x, t),V—at2 + ; i ™ dxdt

. J.[( 8¢(x 0 Vi (x ))_(V¢(x,0),Vu1(x))+|Vu0(x)|f/%(x,0)
RN

— 0(x,0)g (V14 (o), [Varp(0)f Vuo(x))}dx = |
0 RrV

where uy(x),u(x) € W, jo.(RY).
The following result was proved as Lemma 7.1 in [2].

Lemma 3. Any global-in-time weak solutions in the sense of Definitions 2, 4, and 6 are local-in-time weak
solutions for any T > 0 in the sense of Definitions 1, 3, and 5, respectively.

The following theorems were proved as Theorems 7.1—7.3 in [2].

Theorem 2. Let u be a weak solution of the Cauchy problem (5.1) in the sense of Definition 1. Then, in the
class of functions u, u,, and u, such that there exist convolutions

U,(x,1) i= — j I Ex =yt = )|V, dydte Lo (RY x (-=,T)),
—oo ]RN

V= [ 6= y.0Am()dy € Lo (R x (=,1)),

Wy = [ EE=2Dpyp)dye Lo (RY x (1)),

we have the following representation in the form of a sum of three potentials:
u(x,ty =U,(x,t) + V(x,) + W(x,t) for a.e. (x,0)€ R" x (—oo,T),
where E(x,t) is the fundamental solution of the operator I, defined by equality (3.3).
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774 KORPUSOV, OZORNIN

Theorem 3. Letf u be a weak solution of the Cauchy problem (5.2) in the sense of Definition 3. Then, in the
class of |qu|q eC i?,")(RN x[0,T]) and functions u, u,, and u, such that there exist convolutions

t

Uy(x,1) = j j EGx—y,t— T){W}dydt € Lo (RY x(=o0,T)),

—oo RN

Veon = [ E6c=ynAuM)dy e Lo (RY x (-,7)),

RN

Wenn = [ LDy e L (R x (=),
RN

we have the following representation in the form of a sum of three potentials:
u(x,t) =U,(x,)) +V(x,t) + W(x,t) for almost all (x,t)e R" x (=00, T),
where £(x, 1) is the fundamental solution of the operator M, defined by equality (3.3).
Theorem 4. Let u be a weak solution of the Cauchy problem (5.3) in the sense of Definition 5. Then, in the
class of |Vu|q € C)(C?,ﬂ) (RN %0, T]) and functions u, u,, and u, such that there exist convolutions

o’ |Vi(y, 1)’
ot

t

Us(x,1) == —j j E(x—y,t—1)

—oo RN

}dydr € Lie (R" X (=o.7)),
V= [ Ex=pnAm()dy € Lo (RY x(=,7)),
]RN

dE(x — y,t
W= [ SCLD A (p)dy € L (RY x (o=, 7),
RN
we have the following representation in the form of a sum of three potentials:

a(x,t) = Us(x, ) + V(x,t) + W(x,t) for a.e. (x,0)€ RY x (—oo,T),
where E(x, 1) is the fundamental solution of the operator I, defined by equality (3.1).

6. PROPERTIES OF VOLUME AND SURFACE POTENTIALS

We introduce the notation

(1 +P)”

GB(-xsy’t) = 2)5/2 g(x_y’t)’

(1 + | y|
where E£(x,¢) is the fundamental solution defined by formula (3.3).

Consider the following volume and surface potentials, which play an important role in the study of
local-in-time solvability of the Cauchy problems formulated in Section 5:

UGt = Ulplx,) = [ [ Gyx,v,t = 0p(y, Dy,

ORYM

V(x, 1) == VIul(x,1) = J-Gﬁ(X, Y.t = DW(y)dy,
RN

dGg(x, y,1)

W(x.t) == W[c|(x.1) = j y

]RN
The following main theorem holds (see Theorem 8.1 in [2]).

o(y)dy.

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 65 No.4 2025



ON BLOW-UP OF SOLUTIONS TO CAUCHY PROBLEMS 775

Theorem 5. If p e C([O,T ];Cb(]RN)) and B> N, then the volume potential U belongs to the class

C? (10,7563 ((1+ )% RY)).
Theorem 6. The following estimates hold:

0" Gy(x, y, t)
sup [ (B0 dy = B T) < 4o,
(0eRYX0.7] Sy ot
12 ¢ PGy(x, y, 1
sup (1 +|x|2) J. #dy=83(B,T)<+oo, j=1,N,
(eneRY 0,77 v 0t ox;

where 3 > N and k = 0,1,2,3.
Now consider the volume potentials

¢ G(x,y,t -1
0 = [ [ SRR D o, gy
0 N

U (x,) = j j aGB(x T

The following result holds (see Theorem 8.2 in [2]).
Theorem 7. [f} > N andp e C([O,T];Cb(RN)), then

U e C(l)([O’T];C;),l ((1 +|x|2)1/2;RN))’

1/2
U? e C([O,T];C,?’l ((1 + |x|2) ;RN)).
The following result holds (see Theorem 8.3 in [2]).

Theorem 8. Assume that 1,6 € Cb(]RN) and 3 > N. Then, for an arbitrary T > 0, the surface potentials
satisfy

V.wec? ([0,T];C,?~‘ ((1 +|x|2)1/2;]RN)).

Consider volume and surface potentials (with no weight) of the form
t
U'een = [ [ &=yt = vpi, Ddydr,
0 RN

Vi = [ &= yomG)dy,

ag(x — yat)
ot

where &£(x, ) is the fundamental solution defined by equality (3.3). The following theorem on the smooth-
ness of these potentials holds (see Theorem 8.4 in [2]).

Wix.n) = Sy,
Theorem 9. prl e C([O,T];Cb ((1 + |x|2)5/2 ;RN)) and

w,o, € G, ((1 + |’ )B/z RN),
then, for 3 > N, we have

U'ec? ([O,T];C',fv_2’N_1 ((1 + |x|2)1/2;]RN)),
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viow'ec? ([O,Tl];C,fV v ((1 + |x|2)1/2 ;]RN))

forany T, > 0.
The following result holds (see Theorem 8.4 in [2]).

/2
Lemma 4. Assume that p, € C([O,T];Cb ((1 + |x|z)B ;RN))forB > N. Then

(M0 10,0(0)) = (p1(6,1),0x)  for all 1€ [0,T]

and all € D(RN), where (-,-) denotes the duality brackets between D(]RN) and D'(]RN) and the operator
9N, is defined by the equality

9’w(x, 1) 2
M WIGet) = A== 22 D oW, (x.0), (6.1)

Jely
in which the spatial derivatives are understood as generalized functions from D'(RN). Moreover,
1
U'(x,0) = aalt(x,O) =0 forall xeR"
The following result is proved in a similar manner (see Theorem 8.4 in [2]).

2\B/2 N
Lemma 5. Assume that \,,0, € C, ((1 +|x| ) ;R )forB > N. Then

(M7 K 0,000) = 0, (M W' 1060, 0(x)) =0 for 1€ [0,+)

and for all ¢ € DR"™), where the operator 9N, is defined by equality (6.1).
The following result holds.

/2
Lemma 6. Assume that u,u, € C, ((1 + |x|2)B ;RN)forB > N. Then

_ Auy(y) _

w'A ,0)=— 0 dy = ,

[ UO](X ) RN SN(N _2)|x_y|N_2 y uO(x)
1

v [Aul](x’o) — _J‘ AI’ll(y) 5 dy = U](x)
ot D Sy(N =2)|x -y

/2
forall x € RY. Additionally, for all \,,6, € C, ((1 + |x|2)B ;RN) with B > N, the following equalities hold:

W' (o]

T(x,0)=0 for all xe R,

V' w](x,0) =0,
Define

L(x,0) == U'[p,]e,0) + V' [Aw ] (x,0) + W' [Auy ] (x,1).

Theorem 9 and Lemmas 4—6 imply the following result.

/2
Theorem 10. Assume that p, € C([O,T];Cb ((1 + |x|2)B ;RN))’

Uy e C? ((1+|x|2)ﬁ1/2;]RN), u e C,gz)((1+|x|2)ﬁ2/2;RN)
forB> N, B, > N,andB, > N. Then

LeC? ([O,T];lev 2N ((1 + |x|2)1/2 ;RN))
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and
(M LI(x, 1), 0(x)) = (py(x,0),0(x))  for all t€[0,T]

and forany ¢ € DRY), where (-,-) is the duality brackets between D(R" ) and D'(R" ) and the operator m.,,
is defined by the equality

9’ w(x,1) 2
mx,t[wl (X,f) = AXT; + 2 (Dijjxj(xa t)a

Jely

in which the spatial derivatives are understood as generalized functions from D'(R"). Moreover, the following
initial conditions are satisfied.:

L(x,0) = uy(x), E3)—1;()@0) =u(x) forall xeR".

7. CAUCHY PROBLEM (5.1): EXISTENCE OF LOCAL-IN-TIME WEAK SOLUTIONS
AND BLOW-UP OF GLOBAL-IN-TIME WEAK SOLUTIONS

Consider the auxiliary integral equation

t
dE(x — y,t
u(x,t) = —j j E(x = y,t — )| Vu(y, D dydt + j %Auo(y)dy + j EGx = y,0HAu(y)dy.  (1.1)
0 RN RrY RrRY
In this equation, passing to the new function

vt = (1 + |x|2)(N_2)/2 u(x, 1) (7.2)

and taking into account the equality

q ‘ q
VuGx,n|" = |V V(f’(’lg_z) o = 21 o VD) = (N = 2)——— (1)
(1+ ) (1+1+) (1+ )
, (7.3)
1/2
- 1q(N—l)/2 (1 + |x|2) Vv(x,t) = (N - 2)%‘«)@1‘) )

2
(1+|x| ) (1+|x| )
in the class of differentiable functions, we obtain the following integral equation for the new function v:

t

vt = [ [ Gexnt—opmodyde+ [ S0y Gy + [ Guxoyady, (4
0R" RY RY
(1 +7)"
Gy(xayat):z —Z-Yg(x_yat)a 732 (N_l)q/za
(1 + |y| )
q
p(x, 1) = — (1 + |x|2)1/2 Vv(x,1) — Lzz)ffzv(x’f) ,
(1 +|x

M) = (1+ o) Auy(x), o) = (1+ |x|2)B Auy(x).

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS Vol. 65 No.4 2025



778 KORPUSOV, OZORNIN

172
Lemma 7. [fqg > 1 and v,,v, € C([O,T];C,?’l ((1 + |x|2) ;RN)), then the function p belongs to the class
C ([0, T1;C, (RN )) and the following estimate holds:

sup [p'e.0) - p2x. ], < qmax{lwl L vall s - vl
1[0,T]

(N =2)x

/2

P (x,1) == (1+|x|2)1/2Vvk(x,t)— vt , k=12,

"ano,T = rs[%};]h/k(x’t)"

The following result holds (see Lemma 9.2 in [2]).
Lemma 8. I[fg > N/(N —1), N > 3, and

uye C ((1+|x|2)a;]RN), ueC? ((1 +|x|2)B;RN)
Joro.> N/2 and 3 > N /2, then there exists a maximum Ty = T, (uy,u;) > 0 such that for each T € (0,T;)
the integral equation (7.4) has a unique solution v in the class C ([O,T];C,? ! ((1 + |x|2)1/2 ;]RN)); moreover,
either Ty, = +o or Ty < 4+oo, and, in the latter case,
i

This lemma implies the following solvability result for the integral equation (7.1).
Lemma9. I[fg > N/(N —1), N > 3, and

B
uy € C ((1 + |x|2)a;]RN), u e CP ((1 + |x|2) ;RN)
Joro.> N/2 and 3 > N /2, then there exists a maximum Ty = T, (uy,u;) > 0 such that for each T € (0,T;)

. . . , . L AN-2,N-1 N2 vy,
the integral equation (7.4) has a unique solution u in the class C([0,T];C, (1 + |x| ) ;R ||; more-

V”O,T = too.

over, either T;, = +oo or T;, < +co, and, in the latter case,

lim
71T,

(N-2)/2
(1 + |x|2) u(x, t)H = oo,
0.7
Additionally, forq > N/(N —1),

pu(x,1) = —|Vu(x, 0] € C([O,T];Cb ((1 Fp) ;RN)) (7.5)

Joreach T € (0,T;).
Theorem 10 implies the following result.
Theorem 11. I[fg > N/(N —1), N > 3, and

uy € C° ((1 + |x|2)a;RN), u e CY ((1 + |x|2)B;]RN)

Jor o> N/2 and B> N /2, then the Cauchy problem (5.1) has a unique local-in-time weak solution u in

1/2
the sense of Definition 1 in the class C ([0, T1; C;H’Nfl ((1 + |x|2) ;RN )) , which forevery T € (0,T;) belongs
to the class

ue c? ([O,T];C'lfv_Z’N_1 ((1 + |x|2)1/2 ;]RN))
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and satisfies the initial conditions
_ du _ N
u(x,0) = uy(x), a—(x,O) =u(x) forall xeR
1

where the time T, = T (uy,u,) > 0 is given in Lemma 9.

Now the task is to prove the nonexistence of local-in-time weak solutions of the Cauchy problem (5.1)
in the sense of Definition 1 for g € (1, N/(N —1)]. First, we note that the following result holds (see
Lemma 9.4 in [2]).

Lemma 10. If u is a local-in-time weak solution of the Cauchy problem (5.1) in the sense of Definition 1,
then the equality from Definition 1 holds for any function ¢ = ¢,9,, where ¢, € D(RN) and ¢, € C(()z)[O,T].
Definition 7. We say that a pair of functions u,, u, € I/V;(RN) belongs to the class of initial functions M !

(designated as (uy,u,) € M") if there is a ball O(x,, R,) = R" of positive radius such that

2 2
(Aup(x))* + (Auy(x)) > 0

on a subset of O(x,, R,) of positive Lebesgue measure.
Theorem 12. [f1 < g < N/(N —1), then the Cauchy problem (5.1) has no local-in-time weak solution in

the sense of Definition 1 in the class of initial functions (uy,u, ) € M forany T > 0.

Proof. Let u be a local-in-time weak solution of the Cauchy problem (5.1) in the sense of Definition 1
forsome 7" > 0. In view of Lemma 10, as a test function ¢ in the equality in Definition 1, we use the prod-
uct

O(x, 1) = ¢;(x)9,(?), (7.6)
where
) = i =]l if 0<s<l,

O (x o el 0o (s) 0 if s>2,

here, ¢, € C;’[0,+e0) is a monotonically nonincreasing function and the function ¢, is given explicitly by
A

0,(f) = (1 —%) e CP10,T] A>2, ¢ = Ll. (7.7)

q —

The following estimates hold:

<17 (R,T),

O —y

2
j [Vu(x, z),V%j dxdt
N t

R

D" wie, (R,

Jely

T
0)5.[ I u, (x, 00, (x,)dxdl| <
0N

Jely

R (7.8)
j (Vo(x,0), Vi (x))dx| <
]RN
[ (V260 Vuw)id < 2em|vul,
RN
where
g 1/q
‘ 9’ ¢(x ) ;
— _ Vo | _ (N=a)/d
a(RT) = le q)‘“q(x Tt —c”(T)[j q)q/lq() = ¢, (T)e,, RN,
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e (RT) = } I 0, (x, t)
0OR

! T g 1/q
VP L < U f dedt} = ¢y (T)RN 4 (7.9)

0 ]RN (l)(-xs t)‘l/q
1/4
&s(R) = ( [ v de = e R,

1= j [ 0Gen|Vucx,nf dxdr. (7.10)

0 RN

Taking into account estimates (7.8), (7.9), and notation (7.10), from the equality in Definition 1, we derive
the inequality

RV (g (T)eyg + Nov'eyy(T)) 1% + R (c30 Ve, + exo %|||Vu0|||q) >1, o =max{w}}. (7.10)
J

Using the arithmetic Holder inequality

a7 <2y b gps0, 1iloy
q9 49 q 4
we find from (7.11) that
-q' q. { —q' ! A«
RV (e(Teyg +30%en(D)) + g R (030 [Vall, + c30;|||Vuo|||q) > 1. (7.12)
Consider the case where 1 < g and ¢' < N. Then
N
I<g<——.
1 N -1

Now we separately consider the case 1 < g < N/(N —1) and the critical case ¢ = N /(N —1). In general,
the line of reasoning is similar to the one used in [2]. In particular, by applying the classical Beppo Levi
theorem, in the case 1 < g < N/(N —1), the following equality is obtained from (7.12) in the limit as

R — +oo:
[(-4f

R

= 0. (7.13)

O —

The same equality is also derived in the critical case ¢ = N /(N —1). It follows from (7.13) that

u(x,f) = F(f) forae. (x,f)e R" x][0,T]. (7.14)
Combining the equality from Definition 1 with (7.14) yields
J. [(V%(x,O),Vuo(x)) (Vi(x,0), Vul(x))} dx = (7.15)
RN

for an arbitrary function ¢(x,7) = ¢,(x)d,(¢), where O,(¢) is defined by equality (7.7) and ¢, € DRY).
Since (uy,u;) € M ', it follows from (7.15) that

RIN [% Altp(x) A”l(x)} 0,(x)dx =0

for any function ¢, € D(R") with a support supp ¢, < O(xy, Ry). Inview of the fundamental lemma of the
calculus of variations, we obtain the relation

%Auo(x) +Au(x) =0 forae. xe€O(xy,R). (7.16)
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Note that if u(x,?) is a weak solution of the Cauchy problem forsome 7" = T7; > 0, then u(x, #) is also a weak
solution for any 7" € (0, T;]; then equality (7.16) must hold forall T € (0, T;]. Therefore,
Aug(x) =0, Au(x)=0 forae. xe€O(xy,R,)),

which contradicts the definition of the class of functions M'. The theorem is proved.

Now our task is to prove that in some class N' of initial functions uy(x), u(x) forg > N/(N —1) the
local-in-time weak solution of the Cauchy problem (5.1) in the sense of Definition 1 blows up in a finite
time 7, = T; (uy,u;) > 0 defined in Lemma 9.

Definition 8. We say that initial functions u,, 4, belong to the class N ! (designated as (uy,u;) € N 1) if

there is a nonnegative test function ¢ € D (RN X (—oo, +oo)) such that the following nonlinear capacity is
finite:

Va2¢(x7 Z‘) ! ,
E\(0) := T j L0 | ar s > oﬁT j dedt < oo (7.17)
S AT i AT
and it satisfies the inequality
q/q
l(Z) E/(9) + j [(V%)(X,O),Vuo(x))—(V(l)(x,O),Vul(x))}dx <0. (7.18)
RN

Note that the existence of a test function such that the nonlinear capacity (7.17) is finite was proved in [14].
We fix this test function ¢(x,7). Assume that

j [(Va—q)(x,O),Vuo(x)) - (V(l)(x,O),Vul(x))}dx <0.
et ot

If the initial functions u, and u, are replaced by ruy, and ru; with r > 0, then, for sufficiently large » > 0,
inequality (7.18) holds. Now assume that

j [(V g—i)(x,O),Vuo(x)) - (V(l)(x,O),Vul(x))}dx > 0.
RN

If the initial functions u,(x) and u(x) are replaced by ru,(x) and ru,(x) with » < 0, then, for sufficiently
large r < 0, inequality (7.18) holds true. Thus, Definition 8 is well defined.

Theorem 13. If g > N /(N —1) and (uy,u;) € Nl, then the Cauchy problem (5.1) has a unique local-in-

. ., . . L AN-2,N-1 N2 N
time weak solution in the sense of Definition 1 in the class C(|0,T];C, (1 + |x| ) 'R for all

O N— 172
T € (0,T,) of smoothness class c? ([O,T];leV 2N l((1 + |x|2) RV )), moreover, 0 < T, < +oo and the weak

solution blows up at the time T in the sense that

)(N -2)/2

tim (1 + |’
1T,

u(x, t)H = oo,
0,7

Proof. Assume that 7; = 4o, where 7 is defined in Lemma 9. Then, in the same manner as in the
proof of Theorem 11, we can show that, for any 7 > 0 in the class

C ([o,T];CbN 2N ((1 + |x|2)1/ ’ ;RN))

the Cauchy problem (5.1) has a unique global-in-time weak solution u# in the sense of Definition 4 of

I N— 172
smoothness class C? ([0, T1; C,,N 2N ((1 + |x|2) ;RN)) forany 7" > 0. Let us prove that, for initial func-
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tions (uy,u;) € N ' we obtain a contradictory inequality. Indeed, using the Holder inequality and the
three-parameter Young inequality

q 1

ab < ea’ + 1,1

NI a,b}O, >0, —+—‘:1,
q'(eq) q 4q

the following estimate can be derived from the equality of Definition 4 (by applying the standard tech-
nique from [14]):

LB+ [ | (V220000 Vo) - (Vo 0). Vo)

;(34)‘”(1 RN (7.19)
> (1-2¢) J' J' 0Cx, 1) |Vau(x, 1) dxdt
0 rN
for any function ¢ € D (RY X (~es,+e)). Setting & = 1/2 in (7.19), we obtain
q/q
l(Z) E(9) + I [(Vg—qt)(x,O),Vuo(x)) —(Vo(x, O),Vul(x))} dx >0 (7.20)

RN

for any nonnegative function ¢ € D (RN X (—oo, +<><>)). Since (uy,u) € N ! , there is a nonnegative test func-

tion ¢ such that inequality (7.18) holds, which contradicts (7.20). Thus, we have proved that the time 7,
in Lemma 9 is finite. Then inequality (7.5) holds. The blow-up of a local-in-time weak solution to the
Cauchy problem (5.1) in the sense of Definition 1 is proved, which completes the proof of the theorem.

8. CAUCHY PROBLEM (5.2): EXISTENCE OF LOCAL-IN-TIME WEAK SOLUTIONS
AND BLOW-UP OF GLOBAL-IN-TIME WEAK SOLUTIONS

Consider the auxiliary integral equation

u(x,t) = j I E(x—y,t—
0RY 8.1)

N J‘ W Auy(y)dy + J' E(x — y,0Au,(y)dy.
RrY R

q
T) M dydT
ot

Passing to the new function (7.2) in Eq. (8.1), we obtain the integral equation

’ G
v = [ [ 6,000 = Dpr,Ddvdt+ | Wua(y)dy
ORY RY

+ j Gy(x, 1, )0y = U(x,1) + W (x, 1) + V (x,1),

R
(1+x2)
G,(x,y,1) = —ﬂé’(x - 1), (8.2)
(1 + |y| )
p(x1) =2 (1+ |x|2)1/ Vi1 - (N;f)l’/‘zv(x,t) :
ot (1+ )

M) = (1+ o) Auy(x), o) = (1+ |x|2)B Auy(x).
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1/2
Lemma 11. I[fg > 2 and v € c ([O,T];C[?’1 ((1 + |x|2) ;RN)), then the function p belongs to the class

1/2
C([O,T];Cb(]RN)); moreover, for any v, (x,t) € c ([O,T];Cl?’1 ((1 + |x|2) ;RN )) with k = 1,2, the follow-
ing inequality holds:

sup [p1(x,1) = pa(x. )|, < dig) max {7,
t€|0,T’]

g-1
V2| l,T} ”Vl - V2||1,T >

where

q
1/2 _
puxr) = {1+ ) Vi - =2 ol k=12,
or (1+ )
a ’t op—
"VHI,T = "V"O,T + V(a); )L . "Wno,r T tsllE}I;JW(X, 1}, -

The following solvability result holds for the integral equation (8.2) (see Lemma 10.1 in [2]).
Lemma 12. If g > 2 and

B
uy € Cy° ((1 +|x|2)u;RN), u e Cy ((1 +|x|2) ;RN)
foro.> N/2 and 3> N /2, then there exists a maximum T, = T (uy,u;) > 0 such that for each T € (0,7;)

1/2
the integral equation (8.2) has a unique solution v in the class c? ([O,T];C,?’1 ((1 + |x|2) ;RN)); moreover,
either Ty, = +oo or 1 < 4o, and the following limit property holds in the latter case:

lim[,, =+
Lemma 12 implies the following solvability result for the integral equation (8.1) (see Lemma 10.2
in [2]).

Lemma 13. If g > 2 and

p
uy € C\° ((1 + |x|2)a;]RN), u e Cy ((1 + |x|2) ;RN)
Joro.> N/2 and B > N /2, then there exists a maximum Ty = T, (uy,u;) > 0 such that for each T € (0,T;)

I N-— 1/2
the integral equation (8.1) has a unique solution u in the class C(l)([O,T];C,fV 2N l((1 +|x|2) ;]RN )),

moreover, either T, = +co or Ty < +oo, and the following limit property holds in the latter case:

) (N-2)/2
hTm (1 + |x|2) u(x,1)

717,

= oo,
1,7

Lemma 12 implies that

Vil e C(l)([o,T];Cb ((1 +|x|2)(N—l)q/2;RN)) - C;?;1>(RN ><[0,T])

b

(N-1)q/2
o= 2|Vif c([o,T];c,, ((1+|x|2) ’ -RN)).
ot
The following result holds (see Theorem 10.1 in [2]).
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Theorem 14. If g > 2 and

Uy € C” ((1 +|x|2)“;RN), u € C ((1 +|x|2)B;RN)
Jor o> N/2 and B> N /2, then the Cauchy problem (5.2) has a unique local-in-time weak solution u in
I N— 172
the sense of Definition 4 in the class C(l)([O,T];C,fV 2N l((1 + |x|2) ;RN )), which for every T € (0,T;)

O N— 172
belongs to the class u € c? ([O, T1; C,,N 2N ((1 + |x|2) ;RN )) and satisfies the initial conditions

u(x,0) = uy(x), %(x,O) =u(x) forall xe RN,

where the time T, = T, (uy,u,) > 0 is defined in Lemma 13.

Lemma 14. If u is a local-in-time weak solution of the Cauchy problem (5.2) in the sense of Definition 4,
then the corresponding equality holds for any function §(x,t) = ¢, (x)d,(¢), where ¢, € D(RN) and
0, € C3[0,T1.

The proofis entirely similar to the proof of Lemma 10.

Definition 9. We say that functions u, and i, belong to the class M ? of initial functions (designated as
(ups1,) € M) if ug,u, € I/V;(RN | = 0 foralmost all x € R", and there is a ball O (x,, R,) = R" of

positive radius such that (Aul(x))2 > 0 on a subset of O (x, R,) of positive Lebesgue measure.

Theorem 15. If1 < g < N /(N —1) and (uy,u,) € M?, then the Cauchy problem (5.2) has no local-in-time
weak solution in the sense of Definition 3 for any T > 0.

Proof. Step 1. Derivation of the a priori estimate. Let u be a weak solution of the Cauchy problem (5.2)
in the sense of Definition 3 for some 7" > 0. As a test function ¢ in the equality of Definition 3, we use the
function defined by (7.6) and (7.7), where A > ¢'. The following estimates hold:

II{Vu(x 0, R E)) t)jd i <

0 RN

b(R,T)",

T

M

j W (x5, 1), (x, D)dxdt] <

Jjely 0 RNz

D" wiby(RTHIM,

Jely

j (V%}(x, 0),Vu0(x)) dx

< BRIVl = 50k [V,

R (8.3)
[ (Vox,0), Vi (0) x| < by(B®[Vas|, = bR
RN
7 1/q
) ‘ yoeen
— _ (v
b(R,T) := ! j a¢(x 5 L _dxdr| = by(T)R
R
( ot )
/¢
T
by(RT)=| [ [ = OO | = by R
A e ( A0, r))“q 2
ot
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T
fi

Now we consider the case where 1 <gqg and ¢'> N. This case is equivalent to the inequalities
1<g < N/(N —1). Combining the equality from Definition 3 with estimates (8.3) and (8.4), we obtain
the estimate

(8.4)

bIO(T)R(N—q')/qvll/q + Z (Dibzoj(T)R(N—q')/qvll/q

Jely

. (8.5)
+ (Bt IVuol, + IVull,| B + [ o000 Wuoftdx > 1
RN

Now using the three-parameter Young inequality with € € (0,1/2), we derive the following inequality
from (8.5):

;
R"e,(e) [bfﬁ(T) + ( > wibzo,-(T)j J + (% by |||vu0|||q + |||Vu1|||q) RV

Jely

(8.6)
1

( 8)‘I/l]

Separately, we need (as before) to consider the case 1< g < N/(N —1) and the critical case

qg = N/(N —1). For example, if 1 <g < N/(N —1), then we can apply the Beppo Levi theorem. As a
result, in the limit as R — +oo, the following a priori estimate can be derived from (8.6):

.[ [Vuy(x)|" dx > %(1 _ 28)]‘ J- (1 _%)7»—1
. 0RY

+ j 0,0 [Vt dxc>(1 - 26),  ¢,(€) :=

ee (0,1/2). (8.7)

In the limit as € — +0, relation (8.7) implies the desired a priori estimate

T _
J Wacofas > 2 j j (-1

R

A>q. (8.8)

Step 2. Blow up of local solutions. Since (uo,ul) € Mz, it follows from (8.8) that

u(x,t) = F(t) forae. (x,/)e R"x[0,T].
Substituting this equality into Definition 3 yields
J | (¥226:0. Vi) - (V.0 Vo | = .
RN
which holds for all 7 > 0 and all functions ¢(x, ) = ¢,(x)0,(¢) defined by equalities (7.6), (7.7). The rest
of the argument is similar to the proof of Theorem 12. We obtain a contradiction with the fact that
(ug,u) € M*. The theorem is proved.

Now we prove that, for ¢ > 2 in some class of initial functions, the unique weak solution of the Cauchy
problem (5.2) in the sense of Definition 3 blows up in a finite time.

Definition 10. We say that initial functions u,, %, belong to the class N 2 (designated as (uy,u;) € N 2) if

there is a test function ¢ € D(]RN X (—oo, +<><>)) such that ¢, < 0 for all (x,7) € R" x [0,+c0), the following
nonlinear capacity is finite:

‘ y 2o

[ T logen _

o= [ [ : a¢§, t))q/q @t T o] ] s t))m xdi <+ 89)
t t
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and it is true that

q/q
0
5@ E®) - | [(Va—T(x,O),Vuo(x)) — (V(x,0), Vit (x)) - ¢(x,0)|Vu0(x)|q}dx <0.  (8.10)
RN
It was proved in [14] that there exists a test function ¢ such that capacity (8.9) is finite. We fix this test
function. If ¢ (x) is replaced by ru,(x), then inequality (8.10) can be satisfied for some fixed function u,(x)
due to the large value of || > 0.

The following result is valid.

Theorem 16. If g > 2 and (uy,u;) € N 2, then there exists a unique local-in-time weak solution of the

1/2
Cauchy problem (5.2) in the sense of Definition 3 in the class c® ([O,T];C,JN_Z’N_1 ((1 + |x|2) ;RN)) Jor all

1/2
T € (0,T,) of smoothness class c? ([O,T];C,fv_z’lv_1 ((1 + |x|2) ;RN)), where 0 < T, < 4+oo and the weak
solution blows up at the time T, in the sense that

) (N=2)/2
lim ) u

(1 + |x|2
71T,

= +oo,

1,7

The proof is similar to that of Lemma 9. Namely, the equality from Definition 4 of a global-in-time
weak solution to the Cauchy problem (5.2) should be applied to the individual terms.

9. CAUCHY PROBLEM (5.3): EXISTENCE OF LOCAL-IN-TIME WEAK SOLUTIONS
AND BLOW-UP OF GLOBAL-IN-TIME WEAK SOLUTIONS

Consider the auxiliary integral equation

u(x,t) = —I I Ex—y,t—1)
] 0RY (91)
+ Hi[ %Am«yw ¥ Rj E(x = y.)YA(y)dy.

2 q
I

Passing to the new function (7.2) in Eq. (9.1) yields the integral equation

t

vixn = [ [ Geont—opornaydr+ |

0RY RrRY

G, (x,,1)

d
5 U (¥)dy

+ j Ga(x, 7, NOa(y)dy = U(x,1) + W (x,1) + V(x,1),
RN

Gy(x,y,1) .= —————&(x — y,1), 9.2)

(N - 2)x

Nz

v(x,t)| ,
(1 + |x| )

‘_ 9> 1/2
PO = =25 (1+ %) Vv -

a B
Ma(x) = (1+ ) Aup(x), o) = (1+ ") Auy(x).
The following result holds (see Lemma 11.1 in [2]).
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1/2
Lemma 15. Ifg =2 and v € c? ([O,T];Cl?’l ((1 + |x|2) ;]RN )), then the function p belongs to the class
C([O,T];Cb(]RN)); moreover, for any
1/2
v,e C? ([O,T];C,?’l((l +[x’) ;RN), k=1,2,
we have the inequality

sup [py(x,1) — po(x,0)|, < 6max{vi],., .
t€|0,T']

V2||2,T} ||V1 - Vz”z,r )

2
2 1/2 _
pu(x,1) == —8—2(1+|x|2) Vi (x, 1) — N =2DX 22)1)/szk(x,t) ,
ot (1+]xP)
_ 0 0’ ._
P I = I PR

The following solvability result holds for the integral equation (9.2) (see Lemma 11.2 in [2]).

Lemma 16. [f ¢ = 2, then, for any T > 0, there are small R > 0, R, > 0, and R > 0 such that, for any
Jfunctions

Uy € C,§2) ((1 + |x|2)Ot ;RN), u € Cl(,z) ((1 + |x|2)B ;RN),
where o > N /2 and 3 > N /2, such that

luoly, < Ry [, < R,

there exists a unique solution v of the integral equation (9.2) in the ball

»

Dyy = {v ec? ([O,T];C,?’l ((1 + |x|2)1/ ’ ;RN)) D), , < R}.

Lemma 16 implies the following solvability result for the integral equation (9.1).

Lemma 17. If ¢ = 2, then, for any T > 0, there are small R, > 0, R, > 0, and R > 0 such that, for any
Sfunctions

we (14 RY), wooe o ((1+ ) sr"),
where o > N /2 and B > N /2, for which

|u0|2 SR, |ul|2 SR,

there exists a unique solution u of the integral equation (9.1) in the ball

Byr = {u(x,t) e c? ([O,T];C;V v ((1 + |x|2)1/ ’ ;RN)) : H(1 + |x|2)(N_2)/ Wl < R}.
2,T
From Lemma 17 and equality (7.3), it follows that
Vi’ e c? ([O,T];Cb ((1 + |x|2)N_] ;RN)) < 5 (RY x[0,7]), (9.3)
2 N-1
P = —%|Vu(x,t)|2 € C([O,T];Cb((l +[1?) ;RN))- 94)

Therefore, Lemma 17, properties (9.3) and (9.4), Theorem 4, and Lemma 5 imply the following result
(see Theorem 11.1 in [2]).
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Theorem 17. If g = 2, then, for any T > 0, there are small numbers R, > 0, R, > 0, and R > 0 such that
for any functions

uy € C ((1 + |x|2)a;RN), u(x)e C ((1 + |x|2)B ;]RN),
where o > N /2 and B > N /2, satisfying the inequalities
|u0|2 g Rl: |ul|2 g RZ:

there exists a unique weak local-in-time solution u of the Cauchy problem (5.3) in the sense of Definition 5
in the class

C(Z)([O TI: CbN —2,N- 1((1+| | )I/Z,RN))QBR%

< R};
2,T

(N -2)/2
Brr {ue c® ([0 T];Cp N 1((1+| ) )) H +|4’) u
moreover, u satisfies the initial conditions
u(x,0) = uy(x), E;—u(x,O) =u(x) forall xe R".
1t

The following result holds (see Lemma 11.5 in [2]).
Lemma 18. If1 < g < N/(N —1) and u is a local-in-time weak solution of the Cauchy problem (5.3) in

the sense of Definition 5 with initial functions u,,u, € VVq (R ), then the following a priori estimate is valid.:

R‘[, [%Wuo(x)r’ + q(Vu1

The following result holds (see Theorem 11.2 in [2]).
Theorem 18. If1 < g < N/(N —1) and uy,u, € W (R ), then, under the condition

T A-2
2Vuo()c)ﬂ dx > % ! RI (1_%) Vu(x, 0 dxdr, 1> 2.

'[ (Vul(x),|VL40(x)|q_2 Vuo(x)) dx <0,
RN
the Cauchy problem (5.3) has no global-in-time weak solution u in the sense of Definition 6. Moreover, the

lifespan of the local-in-time weak solution to the Cauchy problem (5.3) in the sense of Definition 5 satisfies the
estimate

re 2l

ql,’ - I Vu(x)* dx, I, := '[ (Vul(x),|Vu0(x)|q_2 Vuo(x))dx
2

RrY RrY

If the initial functions (uy,u,) belong to M 2, then the Cauchy problem (5.3) has no local-in-time weak solu-
tions in the sense of Definition 5 forany T > 0.
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