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1. INTRODUCTION
In this paper, we consider the following three nonlinear equations with model nonlinearities:

(1.1)

(1.2)

where  , and . These equations arise in the study of magnetostatic waves
in ferrites (see [1]). This paper continues the research begun in [2–6], where critical exponents for
Sobolev-type equations were found. Note that the case of  was studied in [2]. Below, the results of
[2] are extended to the case  It turns out that the solutions of Cauchy problems exhibit a signifi-
cantly different behavior for

Most of the statements are trivial generalizations of the results from [2], which we present without detailed
proof.

Equations (1.1), (1.2) are nonlinear Sobolev-type ones. Linear and nonlinear Sobolev-type equations
have been addressed in numerous works. For example, initial-boundary value problems for a wide variety
of classes of linear and nonlinear Sobolev-type equations were studied in the general form and as examples
by Sviridyuk, Zagrebina, and Zamyshlyaeva (see [7–9]).

Potential theory for nonclassical Sobolev-type equations was first considered by Kapitonov [10]. Later,
potential theory was studied by Gabov and Sveshnikov [11, 12] and their students (see Pletner’s work [13]).

In their classical work [14], Pohozaev and Mitidieri used the fairly simple method of nonlinear capac-
ity to obtain profound results concerning the role of critical exponents. Note also the papers of Galakhov
and Salieva [15, 16].
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2. DESIGNATIONS

Define

In what follows, we will systematically use abstract Banach spaces of the form , where  is
a Banach space with respect to the norm . This space is defined inductively. First, the Banach
space  is defined as the linear space of functions  such that

The linear space  is a Banach one with respect to the norm

A function  belongs to the class  if  and there exists a strong derivative
 defined as

Then the Banach space  is inductively defined for an arbitrary .

The symbol  stands for the linear space of continuous and bounded functions, which is a Ban-
ach space with respect to the norm

(2.1)

For all , the symbol  with  denotes the linear subspace of functions

from  for which the following norm is finite:

where  is a Banach space with respect to this norm.

Consider also the linear space , where  for all  and ,

which is defined as the linear subspace of functions  from the Banach space  with a finite norm

(2.2)

Lemma 1. The linear space  is a Banach space with respect to norm (2.2).

We introduce the Banach spaces

for , , and ; its norm is denoted by the symbol 

(2.3)
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for  and  In what follows, we will use the Banach space

 with , which is a linear subspace of the Banach space  with a finite

norm

The symbol  denotes the linear space of functions  from , ,
which is a Banach space with respect to the norm

where the norm  is given by formula (2.1). The following notation is used for the norms of special Ban-
ach spaces:

where the norm  is defined by equality (2.3). The symbol , where , stands
for the space of functions  such that

The symbol  denotes the topological vector space of test functions with a compact support, and
 designates the corresponding spaces of generalized functions.

The symbol  denotes the space of measurable functions  with weak partial deriva-

tives; moreover, for any compact set , we have

The symbol  denotes the space of measurable functions  with weak partial deriv-

atives; moreover, for any compact set  and any , we have

The symbol  denotes the space of measurable functions  having all weak derivatives such

that, for any compact set , it is true that

The symbols  and  denote classical Sobolev spaces, where  is the open

ball of radius  in  centered at the point .
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Finally, for a function , where  and the derivatives at the point 
are understood as one-sided limits, we will use the following notation:

Let  be a function defined for . Then  denotes its extension by zero to :

3. CONSTRUCTION OF A FUNDAMENTAL SOLUTION 
AND ITS PROPERTIES

Let us construct a fundamental solution of the operator

(3.1)

Applying the Laplace transform with respect to , we obtain the equation

One of the solutions of this equation is the function

Assume that  for sufficiently large . Then . The notation  implies

repeated summation over all the indicated indices in the range :

We use the notation
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Then, according to these expressions, the original function can be rewritten as

Consider the series expansion

where

Since , applying the inverse Laplace transform yields the expression

(3.2)

where

For , this operator degenerates into the operator . Thus, the following relation holds for the fun-
damental solution:

Taking into account equality (3.2), we have

(3.3)

where  is the area of an N-dimensional unit sphere.
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Theorem 1. The fundamental solution  has the following properties:

(1) .
(2) For  and , the fundamental solution satisfies the estimates

where all mixed derivatives are permutable, , and .
(3) For  and , it is true that

(4) For  and ,

4. ESTIMATE FOR AN INTEGRAL
Consider the function

Lemma 2. For   and  we have the estimate
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Now we derive the second estimate:

(4.3)

If  then

Therefore, integration by parts in  yields the equality

where  are bounded functions. Then we have the estimate

(4.4)

Additionally,  satisfies the estimate
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(5.3)

Definition 1. A function  is called a local-in-time weak solution of the Cauchy

problem (5.1) if for any function 

where .

Definition 2. A function  is called a global-in-time weak solution of the Cauchy
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where .
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Definition 5. A function  is called a local-in-time weak solution of the Cauchy

problem (5.3) if for any function 

where .

Definition 6. A function  is called a global-in-time weak solution of the Cauchy

problem (5.3) if for any function 

where .

The following result was proved as Lemma 7.1 in [2].

Lemma 3. Any global-in-time weak solutions in the sense of Definitions 2, 4, and 6 are local-in-time weak
solutions for any  in the sense of Definitions 1, 3, and 5, respectively.

The following theorems were proved as Theorems 7.1–7.3 in [2].

Theorem 2. Let  be a weak solution of the Cauchy problem (5.1) in the sense of Definition 1. Then, in the
class of functions  , and  such that there exist convolutions

we have the following representation in the form of a sum of three potentials:

where  is the fundamental solution of the operator  defined by equality (3.3).
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Theorem 3. Let  be a weak solution of the Cauchy problem (5.2) in the sense of Definition 3. Then, in the
class of  and functions   and  such that there exist convolutions

we have the following representation in the form of a sum of three potentials:

where  is the fundamental solution of the operator  defined by equality (3.3).
Theorem 4. Let  be a weak solution of the Cauchy problem (5.3) in the sense of Definition 5. Then, in the

class of  and functions   and  such that there exist convolutions

we have the following representation in the form of a sum of three potentials:

where  is the fundamental solution of the operator  defined by equality (3.1).

6. PROPERTIES OF VOLUME AND SURFACE POTENTIALS
We introduce the notation

where  is the fundamental solution defined by formula (3.3).
Consider the following volume and surface potentials, which play an important role in the study of

local-in-time solvability of the Cauchy problems formulated in Section 5:

The following main theorem holds (see Theorem 8.1 in [2]).
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Theorem 5. If  and , then the volume potential  belongs to the class

.

Theorem 6. The following estimates hold:

where  and .
Now consider the volume potentials

The following result holds (see Theorem 8.2 in [2]).

Theorem 7. If  and , then

The following result holds (see Theorem 8.3 in [2]).

Theorem 8. Assume that  and . Then, for an arbitrary , the surface potentials
satisfy

Consider volume and surface potentials (with no weight) of the form

where  is the fundamental solution defined by equality (3.3). The following theorem on the smooth-
ness of these potentials holds (see Theorem 8.4 in [2]).

Theorem 9. If  and

then, for , we have

( )ρ ∈ R[0, ]; ( )N
bC T C β > N U

( )( )+ R
2(2) 0,1 1/2[0, ]; (1 ) ; N

bC T C x

β

∈ ×

∂
β +∞

∂
R

R

2
( , ) [0, ]

( , , )
sup = ( , ) < ,

N
N

k

k
x t T

G x y t
dy B T

t

( )
+

β

∈ ×

∂
+ β +∞

∂ ∂
R

R

1
1/22

3
( , ) [0, ]

( , , )
sup 1 = ( , ) < , = 1, ,

N
N

k

k
x t T j

G x y t
x dy B T j N

t x

β > N = 0,1,2,3k

β∂ − τ
ρ τ τ

∂ 
R

(1)
0

0

( , , )
( , ) = ( , ) ,

N

t
G x y t

U x t y dyd
t

β∂ − τ
ρ τ τ

∂ 
R

2
(2)
0 2

0

( , , )
( , ) = ( , ) .

N

t
G x y t

U x t y dyd
t

β > N ( )ρ ∈ R[0, ]; ( )N
bC T C

( )( )( )∈ + R
1/22(1) (1) 0,1

0 [0, ]; 1 ; ,N
bU C T C x

( )( )( )∈ + R
1/22(2) 0,1

0 [0, ]; 1 ; .N
bU C T C x

μ σ ∈ R, ( )N
bC β > N > 0T

( )( )( )∈ + R
1/22(2) 0,1, [0, ]; 1 ; .N

bV W C T C x

− − τ ρ τ τ 
R

E
1

1
0

( , ) := ( , ) ( , ) ,
N

t

U x t x y t y dyd

− μ
R

E
1

1( , ) := ( , ) ( ) ,
N

V x t x y t y dy

∂ − σ
∂

R

E1
1

( , )( , ) := ( ) ,
N

x y tW x t y dy
t

E( , )x t

( )( )( )β
ρ ∈ + R

/22
1 [0, ]; 1 ; N

bC T C x

( )( )β
μ σ ∈ + R

/22
1 1, 1 ; ,N

bC x

β > N

( )( )( )− −∈ + R
1/221 (2) 2, 1[0, ]; 1 ; ,N N N

bU C T C x



776

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 65  No. 4  2025

KORPUSOV, OZORNIN

for any .
The following result holds (see Theorem 8.4 in [2]).

Lemma 4. Assume that  for . Then

and all , where  denotes the duality brackets between  and  and the operator
 is defined by the equality

(6.1)

in which the spatial derivatives are understood as generalized functions from . Moreover,

The following result is proved in a similar manner (see Theorem 8.4 in [2]).

Lemma 5. Assume that  for . Then

and for all , where the operator  is defined by equality (6.1).
The following result holds.

Lemma 6. Assume that  for . Then
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Theorem 9 and Lemmas 4–6 imply the following result.
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and

and for any , where  is the duality brackets between  and  and the operator 
is defined by the equality

in which the spatial derivatives are understood as generalized functions from . Moreover, the following
initial conditions are satisfied:

7. CAUCHY PROBLEM (5.1): EXISTENCE OF LOCAL-IN-TIME WEAK SOLUTIONS 
AND BLOW-UP OF GLOBAL-IN-TIME WEAK SOLUTIONS

Consider the auxiliary integral equation
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Lemma 7. If  and  then the function  belongs to the class

 and the following estimate holds:

The following result holds (see Lemma 9.2 in [2]).
Lemma 8. If  , and

for  and  then there exists a maximum  such that for each 

the integral equation (7.4) has a unique solution  in the class ; moreover,

either  or , and, in the latter case,

This lemma implies the following solvability result for the integral equation (7.1).
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and satisfies the initial conditions

where the time  is given in Lemma 9.
Now the task is to prove the nonexistence of local-in-time weak solutions of the Cauchy problem (5.1)

in the sense of Definition 1 for . First, we note that the following result holds (see
Lemma 9.4 in [2]).

Lemma 10. If  is a local-in-time weak solution of the Cauchy problem (5.1) in the sense of Definition 1,
then the equality from Definition 1 holds for any function , where  and .
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(designated as ) if there is a ball  of positive radius such that

on a subset of  of positive Lebesgue measure.
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(7.9)

(7.10)

Taking into account estimates (7.8), (7.9), and notation (7.10), from the equality in Definition 1, we derive
the inequality

(7.11)

Using the arithmetic Hölder inequality

we find from (7.11) that

(7.12)

Consider the case where  and . Then

Now we separately consider the case  and the critical case . In general,
the line of reasoning is similar to the one used in [2]. In particular, by applying the classical Beppo Levi
theorem, in the case , the following equality is obtained from (7.12) in the limit as

:

(7.13)

The same equality is also derived in the critical case . It follows from (7.13) that

(7.14)

Combining the equality from Definition 1 with (7.14) yields

(7.15)

for an arbitrary function , where  is defined by equality (7.7) and .
Since , it follows from (7.15) that

for any function  with a support  In view of the fundamental lemma of the
calculus of variations, we obtain the relation

(7.16)
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Note that if  is a weak solution of the Cauchy problem for some , then  is also a weak
solution for any ; then equality (7.16) must hold for all . Therefore,

which contradicts the definition of the class of functions . The theorem is proved.

Now our task is to prove that in some class  of initial functions  for  the
local-in-time weak solution of the Cauchy problem (5.1) in the sense of Definition 1 blows up in a finite
time  defined in Lemma 9.

Definition 8. We say that initial functions  belong to the class  (designated as ) if

there is a nonnegative test function  such that the following nonlinear capacity is
finite:

(7.17)

and it satisfies the inequality

(7.18)

Note that the existence of a test function such that the nonlinear capacity (7.17) is finite was proved in [14].
We fix this test function . Assume that

If the initial functions  and  are replaced by  and  with , then, for sufficiently large ,
inequality (7.18) holds. Now assume that

If the initial functions  and  are replaced by  and  with , then, for sufficiently
large , inequality (7.18) holds true. Thus, Definition 8 is well defined.

Theorem 13. If  and  then the Cauchy problem (5.1) has a unique local-in-

time weak solution in the sense of Definition 1 in the class  for all

 of smoothness class ; moreover,  and the weak

solution blows up at the time  in the sense that

Proof. Assume that , where  is defined in Lemma 9. Then, in the same manner as in the
proof of Theorem 11, we can show that, for any  in the class

the Cauchy problem (5.1) has a unique global-in-time weak solution  in the sense of Definition 4 of

smoothness class  for any . Let us prove that, for initial func-
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tions , we obtain a contradictory inequality. Indeed, using the Hölder inequality and the
three-parameter Young inequality

the following estimate can be derived from the equality of Definition 4 (by applying the standard tech-
nique from [14]):

(7.19)

for any function . Setting  in (7.19), we obtain

(7.20)

for any nonnegative function . Since , there is a nonnegative test func-
tion  such that inequality (7.18) holds, which contradicts (7.20). Thus, we have proved that the time 
in Lemma 9 is finite. Then inequality (7.5) holds. The blow-up of a local-in-time weak solution to the
Cauchy problem (5.1) in the sense of Definition 1 is proved, which completes the proof of the theorem.

8. CAUCHY PROBLEM (5.2): EXISTENCE OF LOCAL-IN-TIME WEAK SOLUTIONS 
AND BLOW-UP OF GLOBAL-IN-TIME WEAK SOLUTIONS

Consider the auxiliary integral equation

(8.1)

Passing to the new function (7.2) in Eq. (8.1), we obtain the integral equation

(8.2)
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Lemma 11. If  and , then the function  belongs to the class

; moreover, for any  with , the follow-

ing inequality holds:

where

The following solvability result holds for the integral equation (8.2) (see Lemma 10.1 in [2]).

Lemma 12. If  and

for  and  then there exists a maximum  such that for each 

the integral equation (8.2) has a unique solution  in the class ; moreover,

either  or , and the following limit property holds in the latter case:

Lemma 12 implies the following solvability result for the integral equation (8.1) (see Lemma 10.2
in [2]).

Lemma 13. If  and

for  and  then there exists a maximum  such that for each 

the integral equation (8.1) has a unique solution  in the class 

moreover, either  or , and the following limit property holds in the latter case:

Lemma 12 implies that

The following result holds (see Theorem 10.1 in [2]).
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Theorem 14. If  and

for  and  then the Cauchy problem (5.2) has a unique local-in-time weak solution  in

the sense of Definition 4 in the class  which for every 

belongs to the class  and satisfies the initial conditions

where the time  is defined in Lemma 13.
Lemma 14. If  is a local-in-time weak solution of the Cauchy problem (5.2) in the sense of Definition 4,

then the corresponding equality holds for any function , where  and
.

The proof is entirely similar to the proof of Lemma 10.

Definition 9. We say that functions  and  belong to the class  of initial functions (designated as
) if   for almost all , and there is a ball  of

positive radius such that  on a subset of  of positive Lebesgue measure.

Theorem 15. If  and  then the Cauchy problem (5.2) has no local-in-time
weak solution in the sense of Definition 3 for any .

Proof. Step 1. Derivation of the a priori estimate. Let  be a weak solution of the Cauchy problem (5.2)
in the sense of Definition 3 for some . As a test function  in the equality of Definition 3, we use the
function defined by (7.6) and (7.7), where  The following estimates hold:
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(8.4)

Now we consider the case where  and . This case is equivalent to the inequalities
. Combining the equality from Definition 3 with estimates (8.3) and (8.4), we obtain

the estimate

(8.5)

Now using the three-parameter Young inequality with , we derive the following inequality
from (8.5):

(8.6)

Separately, we need (as before) to consider the case  and the critical case
. For example, if , then we can apply the Beppo Levi theorem. As a

result, in the limit as , the following a priori estimate can be derived from (8.6):
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which holds for all  and all functions  defined by equalities (7.6), (7.7). The rest
of the argument is similar to the proof of Theorem 12. We obtain a contradiction with the fact that

. The theorem is proved.
Now we prove that, for  in some class of initial functions, the unique weak solution of the Cauchy

problem (5.2) in the sense of Definition 3 blows up in a finite time.
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and it is true that

(8.10)

It was proved in [14] that there exists a test function  such that capacity (8.9) is finite. We fix this test
function. If  is replaced by , then inequality (8.10) can be satisfied for some fixed function 
due to the large value of .

The following result is valid.

Theorem 16. If  and  then there exists a unique local-in-time weak solution of the

Cauchy problem (5.2) in the sense of Definition 3 in the class  for all

 of smoothness class , where  and the weak

solution blows up at the time  in the sense that

The proof is similar to that of Lemma 9. Namely, the equality from Definition 4 of a global-in-time
weak solution to the Cauchy problem (5.2) should be applied to the individual terms.

9. CAUCHY PROBLEM (5.3): EXISTENCE OF LOCAL-IN-TIME WEAK SOLUTIONS 
AND BLOW-UP OF GLOBAL-IN-TIME WEAK SOLUTIONS

Consider the auxiliary integral equation

(9.1)

Passing to the new function (7.2) in Eq. (9.1) yields the integral equation

(9.2)

The following result holds (see Lemma 11.1 in [2]).
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Lemma 15. If  and  then the function  belongs to the class

; moreover, for any

we have the inequality

The following solvability result holds for the integral equation (9.2) (see Lemma 11.2 in [2]).

Lemma 16. If  then, for any , there are small , and  such that, for any
functions

where  and  such that

there exists a unique solution  of the integral equation (9.2) in the ball

Lemma 16 implies the following solvability result for the integral equation (9.1).

Lemma 17. If  then, for any , there are small , and  such that, for any
functions

where  and  for which

there exists a unique solution  of the integral equation (9.1) in the ball

From Lemma 17 and equality (7.3), it follows that

(9.3)

(9.4)

Therefore, Lemma 17, properties (9.3) and (9.4), Theorem 4, and Lemma 5 imply the following result
(see Theorem 11.1 in [2]).
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Theorem 17. If  then, for any , there are small numbers  , and  such that
for any functions

where  and  satisfying the inequalities

there exists a unique weak local-in-time solution  of the Cauchy problem (5.3) in the sense of Definition 5
in the class

moreover,  satisfies the initial conditions

The following result holds (see Lemma 11.5 in [2]).
Lemma 18. If  and  is a local-in-time weak solution of the Cauchy problem (5.3) in

the sense of Definition 5 with initial functions , then the following a priori estimate is valid:

The following result holds (see Theorem 11.2 in [2]).

Theorem 18. If  and  then, under the condition

the Cauchy problem (5.3) has no global-in-time weak solution  in the sense of Definition 6. Moreover, the
lifespan of the local-in-time weak solution to the Cauchy problem (5.3) in the sense of Definition 5 satisfies the
estimate

If the initial functions  belong to  then the Cauchy problem (5.3) has no local-in-time weak solu-
tions in the sense of Definition 5 for any .
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