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 A B S T R A C T

A decade ago, Josephson ‘‘flying qubits’’ based on adiabatic superconducting logic cells showed promise as 
quantum data buses, but their development stalled due to the incompatibility of traditional qubit control 
methods with their design. We revisit this concept by exploring the control of the inductively shunted 
two-junction superconducting interferometer (adiabatic quantum flux parametron, AQFP) in the quantum 
regime using unipolar magnetic field pulses generated by adiabatic superconducting electronics. Our research 
demonstrates the feasibility of high fidelity quantum operations (fidelity more than 99.99%) in this system via 
Landau–Zener tunneling. To this end, a method is proposed for selecting the duration and shape of control 
pulses to eliminate unwanted leakage into high-lying states in AQFP-based systems.
1. Introduction

Recent years have seen a resurgence of interest in Josephson flux-
based qubits and quantum circuits due to the relatively long decoher-
ence times and pronounced anharmonicity of the energy spectrum [1–
7]. At the same time, challenges with the implementation of inter-
qubit interactions in such systems and the transfer of data between 
blocks are still relevant. On the other hand, classical digital Josephson 
devices with information in the magnetic flux domain are also actively 
developed. In particular, several variants of the basic cell for adiabatic 
superconducting logic (ASL) based on the parametric quantron [8–12] 
for arithmetic-and-logic [13–16] and neuromorphic applications [17–
23] were proposed. Of particular interest is the penetration of ASL-
based technical solutions into the field of quantum technologies for 
qubit control and quantum state readout [24–26].

When we discuss logic operations using ASL circuits, it is worth-
while to first consider the basic cell: a superconducting ring with two 
weak links called Josephson junctions and an additional superconduct-
ing shunt. In terms of the physical basis of logic operations, this is a 
circuit with several reactive elements that allows oscillation processes 
in two different modes, symbolizing logic ‘‘0’’ and ‘‘1’’. These two 
different modes correspond to the directions of the circulating currents 
in the loops of this parametron-like cell. In order to maintain conti-
nuity, the cell is designated as an adiabatic quantum flux parametron 
(AQFP) [8,9,11].
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The potential energy of such a cell consists of the Josephson energy 
and the magnetic energy. By adjusting the current and the magnetic 
field, one can control the shape of the potential energy profile 𝑈𝑀 . 
The dependence of the potential energy on the generalized coordinate 
(Josephson phase) is close to the ‘‘parabolic’’ shape and could have one 
or two minima with respect to the external parameters.

The transmission of information in classical ASL data buses is real-
ized by the magnetic coupling of their contours during the sequential 
activation of cells. In logic circuits, cells are periodically activated 
under the influence of an external (clock) signal that causes activation 
(i.e. the change from a single-well to a double-well shape of the 
potential energy profile).

The implementation of Josephson data transfer buses in quantum 
mode is an urgent scientific and technical problem. And one of the 
attempts to solve it is the creation of ‘‘flying qubits’’ based on soliton-
like excitations in Josephson systems [27–33]. We believe that a chain 
of AQFP cells [34–39] can be considered as the basis for a practical 
implementation. This belief is based on the achievability of logical (one 
can reconstruct the input from the output) and physical (except for 
energy dissipation during the logic operation) reversibility of classical 
computing in such systems [38]. In addition, the AQFP-based cell 
can operate at ultra-low temperatures (milliKelvin) while maintaining 
quantum coherence [7].
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The concept of flying qubits based on Josephson qubits for data 
buses was proposed more than a decade ago [40,41], but their de-
sign development stalled until recently due to the complexity of the 
state management systems. A particular issue is the creation of a 
quantum data bus control system that allows data to be transferred 
without loss of information. Traditional microwave technology with 
relatively large superconducting resonators is poorly compatible with 
relatively large AQFP-based circuits: as the number of qubits increases, 
crosstalk problems arise whose suppression requires the control and 
fine-tuning of multiple resonators. A solution to this problem can be 
found in controlling selected AQFPs in the quantum regime using 
classical ASL circuits, since such quantum data buses (chains of coupled 
AQFPs) can be realized on a high-density chip, while resonators require 
significantly more physical space [42].

The key idea of our work is the study of the AQFP-based qubit drive 
with unipolar and relatively long magnetic flux pulses, which can be 
obtained from the output of a classical AQFP cell. In working with 
quantum information, it is also possible to optimize the shape of the 
control flux entering the AQFP and implement an analog of quantum 
data buses.

2. Model of the basic adiabatic cell with magnetic flux control

Let us take a closer look at the scheme of the two Josephson junction 
superconducting interferometer with inductive shunting (see Fig.  1a), 
which we propose to use as the main cell for the implementation of a 
‘‘flying’’ qubit. This is essentially an AQFP circuit, where the external 
bias is denoted as a shift current 𝑖𝑠ℎ𝑖𝑓𝑡 inducing a phase 𝜑𝑠ℎ𝑖𝑓 𝑡 across 
the shunt inductor 𝑙𝑜𝑢𝑡. The case of a symmetric AQFP scheme, where 
the arms containing Josephson junctions are identical [26], is well 
studied in the literature. We consider the possibility of variations in 
the characteristics of the interferometer arms containing Josephson 
junctions. The mismatch of inductance values is often caused by the 
experimental fabrication process and must be taken into account since 
it introduces an asymmetry of the magnetic flux penetration into the 
contours of the interferometer circuit. The control signal 𝜑𝑖𝑛1,2 (𝑡) is 
applied through the inductive arms 𝑙1,2 of the interferometer. Fig.  1b 
shows the idea visualization of the AQFP-based quantum data bus for 
transmitting a logical state using the example of a simple magnetically 
coupled chain.

The potential energy of the system is governed by two main com-
ponents: control current and shift current.

(1) Control current lines 𝑖𝑖𝑛1,2  are magnetically coupled to each of 
the inductive arms with inductances 𝑙1,2. These current lines are respon-
sible for synchronization of interferometer operations with neighboring 
cells in the quantum data bus.

(2) A separate shift line 𝑖𝑠ℎ𝑖𝑓 𝑡 is galvanically connected to the AQFP 
circuit at the convergence point of the arms (𝑙1,2 and 𝑙𝑜𝑢𝑡). This line is 
used to define the adiabatic evolution direction for the potential energy 
of the cell; it could also be used as an additional valve to fine-tune the 
effective difference of the circulating currents in the cell circuits. The 
mutual direction of the currents circulating in these circuits determines 
the logical state of the AQFP: if the currents are unidirectional – it 
corresponds to a logical ‘‘0’’, if they are bidirectional – it corresponds 
to a logical ‘‘1’’.

This scheme provides adiabatic control of the system states, allow-
ing the application of magnetic flux pulses. In our consideration, we 
used a smooth trapezoidal shape as a realistic model of an impact for 
the AQFP cell: 

𝜑𝑖𝑛𝑗 (𝑡) = 𝐴𝑗

(

(

1 + 𝑒−2𝐷𝑗 (𝑡−𝑡1)
)−1

+
(

1 + 𝑒2𝐷𝑗 (𝑡−𝑡2)
)−1

)

, (1)

where the parameters 𝐴𝑗 and 𝐷𝑗 set the level and the rise/fall rate of 
the magnetic flux input to the quantum AQFP, respectively, and the 
index 𝑗 = 1, 2 corresponds to the number of the current control line 
2 
𝑖𝑖𝑛𝑗 . We assume that the external magnetic flux is normalized to the 
magnetic flux quantum, 𝛷0 =

ℎ
2𝑒 .

To illustrate the idea of the AQFP functionality, we have shown 
in Figs.  1c-e the view of the symmetric interferometer (the case when 
Josephson junctions have the same characteristics: critical currents and 
capacities are equal 𝐼𝑐1 = 𝐼𝑐2 = 𝐼𝑐 and 𝐶1 = 𝐶2 = 𝐶, and the 
interferometer shoulder inductances are also equal 𝑙1 = 𝑙2 = 𝑙) potential 
energy during its evolution as the control phase 𝜑𝑖𝑛 varies from zero to 
𝜋. The presence of a non-zero shift current determines the asymmetry 
of the potential at rest (determining the direction of the subsequent 
evolution of the system), when the control signal 𝜑𝑖𝑛 is set to zero. 
The change of the control signal triggers the evolutionary process by 
changing and shifting the energy profile of the AQFP 𝑈𝑡𝑜𝑡𝑎𝑙: 

𝑈𝑡𝑜𝑡𝑎𝑙 =
(𝜑𝑠ℎ𝑖𝑓 𝑡 − 𝜃)2

𝑙 + 2𝑙𝑜𝑢𝑡
+

(𝜑𝑖𝑛 + 𝜓)2

𝑙
− 2 cos 𝜃 cos𝜓, (2)

where 𝜑𝑠ℎ𝑖𝑓 𝑡 = 𝑖𝑠ℎ𝑖𝑓 𝑡 ⋅ 𝑙𝑜𝑢𝑡, 𝜃 = (𝜑1 + 𝜑2)∕2 and 𝜓 = (𝜑1 − 𝜑2)∕2 are the 
designations of the half-sum and half-difference of phases 𝜑1,2 on the 
Josephson junctions 𝐽𝐽1,2, respectively.

Figs.  1f-h show the potential cross sections along the sum phase axis 
𝜃∕𝜋 at a fixed difference phase 𝜓𝑚𝑖𝑛, i.e. 𝑈𝑡𝑜𝑡𝑎𝑙(𝜃, 𝜓𝑚𝑖𝑛), corresponding 
to the potential energy minimum (marked with a red dot). Additional 
black arrows show the direction of the potential shift (evolution) from 
the state corresponding to logic ‘‘0’’ to the state corresponding to logic 
‘‘1’’. The corresponding switching between states due to the evolution 
of potential energy occurs along nearly equipotential trajectories. This 
ensures that there are no large voltage peaks at the Josephson contacts 
(nor transitions to a resistive state) and low (in the adiabatic limit is 
zero) energy dissipation per operation. Within the framework of this 
article, all energies are normalized to a characteristic Josephson energy 
value 𝐸𝐽 = ℏ𝐼𝑐

2𝑒 , where 𝐼𝑐 = 𝐼𝑐1 = 𝐼𝑐2  is the critical current of Josephson 
junctions.

Next, we consider a generalized AQFP model with asymmetric 
interferometer arms containing Josephson junctions, when 𝐼𝑐1 ≠ 𝐼𝑐2 , 
𝑙1 ≠ 𝑙2, 𝐶1 ≠ 𝐶2. A complete description of the dynamics of the system 
shown in Fig.  1a requires a joint solution of Kirchhoff’s equations and 
the equations of phase balance in superconducting circuits: 
⎧

⎪

⎨

⎪

⎩

𝑖1 + 𝑖2 + 𝑖𝑜𝑢𝑡 = 𝑖𝑠ℎ𝑖𝑓 𝑡,
𝜑1 + 𝑙1𝑖1 + 𝜑𝑖𝑛1 = 𝑖𝑜𝑢𝑡𝑙𝑜𝑢𝑡,
𝜑2 + 𝑙2𝑖2 − 𝜑𝑖𝑛2 = 𝑖𝑜𝑢𝑡𝑙𝑜𝑢𝑡.

(3)

Here 𝜑1,2 are the Josephson phases at the junctions 𝐽𝐽1,2, which act 
as generalized coordinates for the considered pair of coupled nonlinear 
oscillators. All currents are normalized to the critical current of the first 
Josephson junction 𝐼𝑐1 , and inductances — to the characteristic value 
𝛷0

2𝜋𝐼𝑐1
.

The solution of the system (3) shows that the currents in the consid-
ered model depend linearly on the phases of the Josephson junctions 
and the external currents: 
𝑖𝑗 = 𝑘(𝑗)𝜑1𝜑1 + 𝑘(𝑗)𝜑2𝜑2 + 𝑘(𝑗)𝜑𝑖𝑛1

𝜑𝑖𝑛1 + 𝑘
(𝑗)
𝜑𝑖𝑛2

𝜑𝑖𝑛2 + 𝑘
(𝑗)
𝜑𝑠ℎ𝑖𝑓 𝑡

𝜑𝑠ℎ𝑖𝑓 𝑡. (4)

The coefficients in (4) for each Josephson junction current (𝑗 = 1, 2) 
are found from the solution of the system (3) and have the following 
form:

𝑘(1)𝜑1 = 𝑘(1)𝜑𝑖𝑛1
= −

𝑙2 + 𝑙𝑜𝑢𝑡
𝑙1𝑙2 + 𝑙𝑜𝑢𝑡(𝑙1 + 𝑙2)

,

𝑘(1)𝜑2 = 𝑘(2)𝜑1 = 𝑘(2)𝜑𝑖𝑛1
= −𝑘(1)𝜑𝑖𝑛2

=
𝑙𝑜𝑢𝑡

𝑙1𝑙2 + 𝑙𝑜𝑢𝑡(𝑙1 + 𝑙2)
,

𝑘(2)𝜑2 = −𝑘(2)𝜑𝑖𝑛2
= −

𝑙1 + 𝑙𝑜𝑢𝑡
𝑙1𝑙2 + 𝑙𝑜𝑢𝑡(𝑙1 + 𝑙2)

,

𝑘(1)𝜑𝑠ℎ𝑖𝑓 𝑡 =
𝑙2

𝑙1𝑙2 + 𝑙𝑜𝑢𝑡(𝑙1 + 𝑙2)
,

𝑘(2)𝜑𝑠ℎ𝑖𝑓 𝑡 =
𝑙1

𝑙 𝑙 + 𝑙 (𝑙 + 𝑙 )
.

1 2 𝑜𝑢𝑡 1 2
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Fig. 1. (a) Schematic of an adiabatic quantum flux parametron (AQFP) with control (𝑖𝑖𝑛1,2) and shift (𝑖𝑠ℎ𝑖𝑓 𝑡) lines. 𝜑1 and 𝜑2 are phases of the Josephson junctions 𝐽𝐽1 and 𝐽𝐽2 in 
the AQFP, respectively. (b) Visualization of the idea of an AQFP-based quantum data bus for logic state transfer. Each AQFP cell has its own input control lines 𝑖(𝑘)𝑖𝑛1,2 , where 𝑘 is the 
number of the corresponding AQFP in the data bus. (c) - (e) Potential energy of the symmetric AQFP (𝑙1 = 𝑙2 = 𝑙 = 1.4, 𝑙𝑜𝑢𝑡 = 1.9, 𝜑𝑖𝑛1 = 𝜑𝑖𝑛2 = 𝜑𝑖𝑛, 𝜑𝑠ℎ𝑖𝑓 𝑡 = 0.5𝜋) versus the half-sum, 
𝜃, and half-difference, 𝜓 , Josephson phases divided by 𝜋 at 𝜑𝑖𝑛 = 0; 0.5𝜋;𝜋. (f) - (h) Potential energy cross-sections, corresponding to (c)–(e) show the slice of the potential passing 
through its minimum value at a fixed difference phase 𝜓 , 𝑈𝑡𝑜𝑡𝑎𝑙(𝜃∕𝜋, 𝜓𝑚𝑖𝑛∕𝜋). The positions of the minima of the potential at the corresponding 𝜑𝑖𝑛 are marked by red circles. The 
red arrow in figure (d) shows the direction of the adiabatic evolution of the system along the ‘‘valley’’ of the potential during the transition from the initial state (logical ‘‘0’’) to 
the final state (logical ‘‘1’’) through the intermediate state. Black arrows indicate the direction of potential evolution. Energy 𝑈𝑡𝑜𝑡𝑎𝑙 is normalized to the characteristic Josephson 
energy 𝐸𝐽 .
The current through the Josephson junction 𝐽𝐽1,2 could be de-
scribed using Josephson relations and the laws of classical electrody-
namics, assuming low losses and a simple current-phase dependence, 
as follows: 

𝑖𝑗 = 𝑐𝑗 �̈�𝑗 + 𝑖𝑐𝑗 sin𝜑𝑗 , (5)

where notations 𝑐𝑗 = 𝐶𝑗∕𝐶1 and 𝑖𝑐𝑗 = 𝐼𝑐𝑗 ∕𝐼𝑐1  are introduced for 
normalized capacitances and critical currents, and the dimensionless 
time is defined as 𝜏 = 𝑡∕𝑡𝑐 , where 𝑡𝑐 =

√

𝛷0𝐶1
2𝜋𝐼𝑐1

, 𝐶𝑗 are capacitances of 
each Josephson junction 𝑗 = 1, 2. Note that we are focusing on studying 
the nonlinear dynamics of non-shunted Josephson junctions, which are 
used in the design of flux qubits [1,6,7].

Within the Hamiltonian formalism, we can write down the equa-
tions of motion and the Hamiltonian of the system if we introduce 
generalized momenta, which we denote as 𝑝𝑗 = 𝑐𝑗 �̇�𝑗 . The kinetic energy 
is determined by the capacitive contribution of Josephson junctions, 
which is calculated by the formula 𝑝

2
𝑗

2𝑐𝑗
. The potential energy, in turn, 

depends on the inductive contributions, as was shown in Eq.  (2):

𝑈 =
∑

𝑗=1,2

⎡

⎢

⎢

⎣

𝑘(𝑗)𝜑𝑗𝜑
2
𝑗

2
+ (𝑘(𝑗)𝜑𝑖𝑛1

𝜑𝑖𝑛1 (𝑡) + 𝑘
(𝑗)
𝜑𝑖𝑛2

𝜑𝑖𝑛2 (𝑡)+

𝑘(𝑗)𝜑𝑠ℎ𝑖𝑓𝑡𝜑𝑠ℎ𝑖𝑓𝑡) ⋅ 𝜑𝑗 + 𝑖𝑐𝑗 cos𝜑𝑗
]

+ 𝑘(1)𝜑2𝜑1𝜑2.

(6)

In order to study the nonlinear quantum dynamics of the AQFP, we 
applied the canonical quantization procedure in which the following 
substitution was performed: {𝜑𝑗 , 𝑝𝑗} → −𝑖[𝜑𝑗 , �̂�𝑗 ] (we use the units 
with ℏ = 1). This means performing a commutation relation on the 
operators [𝜑 , �̂� ] = 𝑖. Then the generalized Hamiltonian of the system 
𝑗 𝑗

3 
under consideration has the form: 

�̂� =
∑

𝑗=1,2

�̂�2𝑗
2𝑐𝑗

+ �̂� . (7)

3. The dynamics of the quantum system

Flux and fluxonium qubits are typically characterized by the iso-
lation of a pair of basis states 𝐸0 and 𝐸1, which are separated by 
an energy gap from the overlying spectrum [1,4,43]. In this case, the 
realization of high-precision quantum operations is usually performed 
using microwave field pulses through high-quality resonators. How-
ever, this control technique is poorly compatible with data buses and 
adiabatic logic cells. Therefore, in this paper we study in detail the 
principles of magnetic flux control for the basic element of ASL logic 
in quantum mode of operation.

Magnetic flux pulses allow us to precisely control the potential 
energy dynamics, and hence the moments of energy level anticrossing, 
when quantum Landau–Zener tunneling between states can occur [44–
46]. This effect is of recent interest for quantum control [47–52], since 
the Landau–Zener interference-based methodology is less sensitive to 
certain types of interference and allows to realize universal operations 
with high fidelity [53]. Consequently, such an approach first requires 
studying the behavior of the energy levels of the system depending on 
the external control field (1); in other words, we study the behavior of 
the instantaneous energy levels of the system (7), which can be found 
from equation: 
�̂�|𝜓𝑘⟩ = 𝐸𝑘|𝜓𝑘⟩, (8)

where |𝜓𝑘⟩ and 𝐸𝑘 are time-depending eigenfunctions and energies, 
corresponding to the 𝑘th eigenstate of the system.
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Fig. 2. The contour graph shows in color the ratio of the energy differences between 
the levels 𝛥𝐸01∕𝛥𝐸12 depending on the fluxes 𝜑𝑖𝑛1  and 𝜑𝑖𝑛2  at a constant phase shift 
value 𝜑𝑠ℎ𝑖𝑓 𝑡 = 𝜋∕2. The black lines correspond to the cases where 𝛥𝐸01∕𝛥𝐸12 = 1. Other 
system parameters: 𝑙1 = 1.98, 𝑙2 = 1.82, 𝑙𝑜𝑢𝑡 = 1.92.

Fig. 3. The ratio of the energy difference as a function of the input flux 𝜑𝑖𝑛1  and the 
inductance difference in the arms 𝛥𝑙 = 𝑙2 − 𝑙1 at a constant value 𝜑𝑠ℎ𝑖𝑓 𝑡 = 𝜑𝑖𝑛2 = 𝜋∕2. 
The black lines correspond to the cases where 𝛥𝐸01∕𝛥𝐸12 = 1. Other parameters: 
𝑙1 = 1.98, 𝑙𝑜𝑢𝑡 = 1.92.

For the analysis of the spectrum and the selection of the qubit 
subspace (computation basis) the ratio of the energy difference between 
the main and the first excited levels 𝛥𝐸01 = 𝐸1 − 𝐸0 to the difference 
between the first and the second excited levels 𝛥𝐸12 = 𝐸2 − 𝐸1 is an 
important value. This value is colored in Fig.  2 for different external 
influences 𝜑𝑖𝑛1,2 . At 𝛥𝐸01∕𝛥𝐸12 ≪ 1, the computational levels of the sys-
tem are far away from the overlying spectrum (blue regions in Fig.  2), 
which allows us to isolate the system of lower states and consider it as 
a qubit. In the case of 𝛥𝐸01∕𝛥𝐸12 ≫ 1, the first excited level approaches 
the leakage level in the system, opening an additional escape channel 
from the computational subspace. In Fig.  2 the black lines correspond 
to the value 𝛥𝐸01 = 𝛥𝐸12, which separates the two behavioral modes 
of the system levels. On the basis of this consideration it is possible to 
choose the external control for the effective selection of the operating 
point.

The nature of the AQFP energy spectrum shown in Fig.  2 allows one 
to fix the static magnetic flux through one of the control arms of the 
4 
Fig. 4. The behavior of the low-lying energy levels 𝐸𝑘 of the system (a) and their 
difference (b) as a function of time during signal transmission (1) at a constant value 
of 𝜑𝑠ℎ𝑖𝑓 𝑡 = 𝜑𝑖𝑛2 = 𝜋∕2. The other parameters are defined as follows: 𝑙1 = 1.98, 𝑙2 =
1.802, 𝑙𝑜𝑢𝑡 = 1.92, 𝐷1 = 0.01425, 𝑡1 = 280, 𝑡2 = 842. The dotted lines in figure (a) show 
the moments of level anticrossing corresponding to the times 𝑡1 and 𝑡2 in the control 
magnetic flux (1), and the black block indexes the behavior of levels 𝐸0 and 𝐸1 near 
their approach at 𝑡2.

interferometer (for example, at 𝐽𝐽2 by selecting the flux 𝜑𝑖𝑛2 = 𝜋∕2). 
At the same time, the basic levels become isolated from the rest of the 
overlying energy spectrum, i.e. 𝛥𝐸01 ≪ 𝛥𝐸12. Note that this trend in the 
spectrum persists for a fairly large range of arm inductors 𝛥𝑙 = 𝑙2 − 𝑙1
at a fixed magnetic flux 𝜑𝑖𝑛2 = 𝜋∕2, as shown in Fig.  3. This allows us 
to implement a simple AQFP quantum dynamics control scheme with 
asymmetric arms (𝛥𝑙 ≠ 0) using only a unipolar magnetic flux pulse of 
the form (1).

The dynamics of the instantaneous levels of the system is shown 
in Fig.  4. The levels behave adiabatically, except for the moments 𝑡1,2
of rise and fall of the control signal when the instantaneous levels 
approach anticrossing. At these moments, non-pertubative Landau–
Zener transitions occur [51,52], and this ‘‘tunneling’’ allows a transition 
between states, which manifests itself in a change in the dynamics of 
the level populations: 
𝑃𝑘 = |⟨𝜓(𝑡)|𝜓𝑘⟩|2. (9)

Here |𝜓(𝑡)⟩ is the state of the system found from the solution of the 
nonstationary Schrödinger equation.

Fig.  5a shows the behavior of the populations of low-lying AQFP 
levels when implementing the ground state inversion (the quantum 
operation of rotating the state vector on the Bloch sphere around the 
𝑋 axis) and (b) the behavior of leakage to an excited level outside the 
computational subspace of the qubit. The system was initialized in the 
ground state (𝑘 = 0). As a result of the unipolar effect, the system 
experiences two Landau–Zener transitions at the moments 𝑡1,2 of the 
rise/fall of the magnetic flux, when the ground levels converge in the 
instantaneous basis, see Fig.  4. In the inset to Fig.  5a, the trajectory 
of the end of the state vector on the Bloch sphere is shown. It can be 
noted that at the time points between the transitions, free precession 
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Fig. 5. Level population as a function of time during signal propagation at a constant 
value of 𝜑𝑠ℎ𝑖𝑓 𝑡 = 𝜑𝑖𝑛2 = 𝜋∕2 for operation X. At the initial time, the system was in 
the ground state at 𝑘 = 0. Other parameters are: 𝑙1 = 1.98, 𝑙2 = 1.802, 𝑙𝑜𝑢𝑡 = 1.92, 
𝐷1 = 0.01425, 𝑡1 = 280, 𝑡2 = 842.

occurs in the azimuthal plane of the Bloch sphere with the frequency 
of the transition between the basic levels. Therefore for the correct 
execution of the quantum operation it is necessary to take into account 
the phase incursion, i.e. the time 𝑡2 in the control action. Note that the 
energy structure of the levels in the system is such that the leakage 
into the overlying states of 𝑘 ≥ 2 does not exceed 𝑃2 ∼ 10−4 near 
the convergence of the levels, and at the end of the external impact 
it even drops to the level of 𝑃2 ∼ 10−8 (Fig.  5b). At the same time, 
the population inversion time (performing X rotation) is about 20 ns 
according to typical AQFP parameters (𝐼𝐶1 = 1 𝜇𝐴 and 𝐶1 = 10 𝑓𝐹 ).

The control of the nonlinear dynamics of the AQFP states in quan-
tum mode is also possible by adjusting the parameters of the control 
external flux: the rise/fall rate of 𝐷1 determines the characteristic 
tunneling time between states, and the times 𝑡1,2 are responsible for 
adjusting the quantum phase. Optimization of these parameters is nec-
essary for the implementation of high-precision quantum operations. 
One can see from Fig.  6 that it is possible to find optimal parameters 
for both the external control, 𝐷1, and the system parameters, for 
example, the inductance 𝑙2. The 𝑡2 value was optimized based on the 
gradient descent method [54] to control the phase shift between the 
two Landau–Zener transitions, see the parameter map for the first 
excited level population (Fig.  6). Such an optimization procedure is 
necessary to control the quantum phase during the evolution from any 
initial state.

In Fig.  7 we demonstrate the importance of taking into account 
the relationships between the times of the Landau–Zener transitions to 
perform quantum operations for an arbitrary initial state, represented 
by a green dot on the Bloch sphere.

First, Fig.  7a shows that by varying only the value of the fall time 𝑡2
of the signal, we can control the phase accumulated between Landau–
Zener transitions (commonly known as the Stuckelberg phase [52]). 
However, this is not enough to implement an arbitrary quantum 
gate [53]. This is shown by a curve on the Bloch sphere (Fig.  7a), 
5 
Fig. 6. The population of the first excited state at the end of the control signal exposure 
in depends on the parameters 𝐷1 and 𝑙2 with a constant value of 𝜑𝑠ℎ𝑖𝑓 𝑡 = 𝜑𝑖𝑛2 = 𝜋∕2. 
The parameter 𝑡2 was varied to maximize the population of the first excited level. At 
the initial time, the system is initialized in the ground state 𝑘 = 0. Other parameters 
are as follows: 𝑙1 = 1.98, 𝑙𝑜𝑢𝑡 = 1.92.

where the purple points represent the final state of the system after 
the unipolar action of 𝜑𝑖𝑛1 . Even if we take into account the arbitrary 
rotation around the 𝑧 axis, there are still regions of unreachable states 
near the poles of the Bloch sphere. This is demonstrated by the location 
of the points in Fig.  7b corresponding to the final state of the system, 
taking into account the free evolution after the cessation of external 
influence.

Second, in Fig.  7 we show a significant influence of the phase 
incursion on the process of the non-adiabatic Landau–Zener transition 
during the evolution of the state vector of the system from the moment 
of the onset of the magnetic flux input at 𝑡 = 0 to the moment of the 
first level anticrossing, at 𝑡 = 𝑡1, which is marked by the dotted line 
in Fig.  4a. Consequently, by optimizing these two parameters, i.e. the 
rise, 𝑡1, and full 𝑡2 times of the input magnetic flux in (1), we need to 
obtain a complete coverage of the Bloch sphere (see Fig.  7c), taking 
into account the free precession around the 𝑧 axis. The uneven density 
of the coverage points is related to the properties of the rotation of the 
eigenvectors on the Bloch sphere, determined by the speed of passage 
of the anti-crossing areas for the energy levels [53].

The final stage of the work was to optimize the shape of the external 
control action (choice of time 𝑡1,2 and speed of action 𝐷1) for a given 
energy landscape of the AQFP cell to demonstrate the implementation 
of quantum operations. In Fig.  8, the colors indicate the areas on the 
parameter plane for high-quality quantum operations. The mentioned 
quality was calculated based on the fidelity metric [55]: 

𝐹𝑜𝑝 =
𝑇 𝑟�̂�†�̂� + |𝑇 𝑟(�̂�†�̂�𝑖𝑑 )|

2

𝑑(𝑑 + 1)
, (10)

where �̂� = �̂� 𝑒−𝑖 ∫
𝑡
0 �̂�(𝜏)𝑑𝜏 is the evolution operator for the numerical 

solution of the Schrodinger equation, and �̂�𝑖𝑑 is the ideal operation 
matrix, 𝑑 = 2 is the dimension of the system, �̂�  is the time-ordering 
operator.

We calculated the fidelity for the following set of basic opera-
tions, 𝑜𝑝 [56]: state inversion NOT (gate X), phase inversion (gate Z), 
Hadamard gate (H), and combinations of gates HZ. It can be seen 
that for each of these gates, regions of control action can be found 
to perform a high-precision quantum operation with a value of 𝐹𝑜𝑝 >
0.9999.
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Fig. 7. The purple points on the Bloch sphere correspond to the set of possible final states after the application of the unipolar control signal 𝜑𝑖𝑛1 , with variation of only the time 
𝑡2 (a), rotation of these points around 𝑧-axis (b), and simultaneous variation of the rise time 𝑡1 and the fall time 𝑡2 (c). The initial state is marked on the Bloch spheres with the 
green point. Other parameters are: 𝑙1 = 1.98, 𝑙2 = 1.82, 𝑙𝑜𝑢𝑡 = 1.92, 𝐷1 = 0.01425.
Fig. 8. The color on the map of control action parameters 𝑡1,2 shows the fidelity 
values 𝐹𝑜𝑝 for performing gate operations from the set described in the text: 𝑜𝑝 =
{𝑋,𝑍,𝐻,𝐻𝑍}. For better differentiation of the operation ranges, only those parameter 
ranges with a fidelity greater than 0.9 are shown. Other parameters are: 𝑙1 = 1.98, 𝑙2 =
1.82, 𝑙𝑜𝑢𝑡 = 1.92, 𝐷1 = 0.01425.

4. Discussion and conclusion

A characteristic feature of systems with flying qubits is the ability 
to convert states of stationary qubits into states moving in space 
(flying) and states of flying qubits into states of stationary qubits. In 
the traditional approach, to work with solid-state stationary qubits 
and photons as flying qubits, three main problems have to be solved: 
generation, reception, and conversion [57]. The advantage of the AQFP 
is that it can act both as a stationary qubit [58–60] and operate as a 
component of a chain of coupled nonlinear oscillators in which there 
can exist excitations propagating in space in the form of current and 
phase waves of the superconducting order parameter, playing the role 
of flying qubits. The presence of a shunt inductor in the interferometer 
and the adiabatic dynamics during the potential evolution allow to 
avoid transitions of Josephson junctions into a resistive state. This 
leads to very low energy dissipation and, in the limit, to the formation 
of a ‘‘potential valley’’ through which the system oscillates from one 
logical state to another. Logical states of the system correspond to 
certain aforementioned excitations (mutual directions of circulating 
currents) in it. The described properties of the system allow to consider 
it in the quantum regime (the distances between the energy levels are 
much larger than the energy of thermal fluctuations and ‘‘dissipative’’ 
broadening) as a ‘‘flying qubit’’, whose states are now associated with 
superpositions of different circulating currents.
6 
These excitations, carefully transferred by ‘‘gentle hands’’ of the 
adiabatic potential of the parametron, flying from one AQFP to the next 
in the chain, carry information from one quantum system to another. 
Besides, these quantum systems can be located within the limits of one 
chip or several. This approach allows one to naturally transfer the state 
of a stationary qubit to the state of a flying qubit and vice versa, and at 
the same time to solve the problems of detection of a flying qubit and 
its processing. The further development of the idea proposed here will 
be devoted precisely to the study of logic state transfer over an AQFP-
based quantum data bus, as well as taking into account the influence 
of thermal noise [61–63] on the dynamics of ongoing processes in the 
system.

In this work we have shown that in AQFP-based systems with flying 
qubits one can avoid using bulky waveguides for controlling quantum 
states. This is possible by choosing the level, duration, and shape of 
the control unipolar magnetic flux pulses generated by adiabatic super-
conducting electronics [64] that ensures the population of the required 
energy level of the target qubit with leakage into undesired states of less 
than 10−4. It has also been demonstrated that the controlled asymmetry 
in the AQFP allows to realize a full set of operations over the cell in a 
quantum data bus.
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