
Phys. Scr. 99 (2024) 1059b2 https://doi.org/10.1088/1402-4896/ad7a35

PAPER

Electric polarization evolution equation for antiferromagnetic
multiferroics with the polarization proportional to the scalar product
of the spins

PavelAAndreev1,∗ andMariya Iv Trukhanova2,3

1 Department of General Physics, Faculty of Physics, LomonosovMoscow StateUniversity,Moscow, 119991, Russia
2 Faculty of Physics, LomonosovMoscow StateUniversity,Moscow, 119991, Russia
3 RussianAcademy of Sciences, Nuclear Safety Institute (IBRAE), B. Tulskaya 52,Moscow, 115191, Russia
∗ Author towhomany correspondence should be addressed.

E-mail: andreevpa@physics.msu.ru and trukhanova@physics.msu.ru

Keywords: polarizations, antiferromagnetic, multiferroics, spin currentmodel

Abstract
The spin currentmodel of electric polarization inmultiferroics is justified via the quantum
hydrodynamicmethod and themean-field part of the spin-orbit interaction. The spin currentmodel
is applied to derive the electric polarization proportional to the scalar product of the spins of the
nearby ions, which appears to be caused by theDzylaoshinskii-Moriya interaction. The symmetric
tensor spin structure of the polarization is discussed aswell.We start our derivations for the
ferromagneticmultiferroicmaterials and present further generalizations for the antiferromagnetic
multiferroicmaterials.We rederive the operator of the electric dipolemoment, which provides the
macroscopic polarization obtained via the spin currentmodel. Finally, we use the quantum average of
the found electric dipolemoment operator to derive the polarization evolution equation for the
antiferromagneticmultiferroicmaterials. The possibility of spiral spin structures is analyzed.

1. Introduction

The Landau–Lifshitz–Gilbert equation happens to be a highly effectivemethod for the theoretical study of the
macroscopic processes of themagnetization evolution in themagnetically orderedmaterials. However, if we dial
with themultiferroicmaterials, it requires an equation for the polarization evolution. Therefore, the problemof
the derivation of the polarization evolution equation is formulated [1, 2]. There are threemechanisms of the
polarization formation in II-typemultiferroics [3], where themagnetic properties related to the dielectric
properties, while the I-typemultiferroics are thematerials, where themagnetic properties and the ferroelectric
properties coexist without strong interference. Thesemechanisms are the exchange-strictionmechanism
(symmetric-parallel components of spins gives the polarization), the spin-current/inverseDzylaoshinskii-
Moriyamodel (antisymmetric-perpendicular components of spins gives the polarization), the spin dependent
p-d hybridization related to the spin of singlemagnetic ion. Describedmechanisms of ferroelectricity of spin
origin are summarized in figure 2 of [3].

Particularly, there is the inverseDzylaoshinskii-Moriyamodel associatedwith the spin current, which is also
called the spin currentmodel. In this paper, we are focused on the analytical justification of the spin current
model, which basically states that the polarization is proportional to the spin-current Pα∼ εαβ γJβ γ, where Pα is
the polarization, εαβ γ is the three-dimensional Levi-Civita symbol, J β γ is the spin current tensor.We show that
it can be derivedwith no relation to the particularmechanismof the polarization formation. Further application
of the spin current caused by differentmechanisms leads to the electric dipolemoment being proportional to the
scalar product of the spins, or the electric dipolemoment being proportional to the vector product of the spins.
The analytical derivation of polarization (itsmacroscopic form and correspondingmicroscopic electric dipole
moment) allows to specify the interaction leading to the physicalmechanisms of the polarization formation in
twomentioned regimes.
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The polarization evolution equation formultiferroics with ferromagnetic order of spins for two of described
mechanisms (the symmetric and antisymmetric regimes) are considered in [1, 2]. Here, we consider the
polarization evolution equation for the antiferromagneticmultiferroics, where the electric polarization is
proportional to the scalar product of the spins of the neighboring ions.

The Landau–Lifshitz–Gilbert equation contains a number of terms representingmajor phenomena existing
in themagnetically orderedmaterials. One of themajor interactions in the ferromagneticmaterials is the
exchange interaction, which ismodeled by theHeisenbergHamiltonian.

Multiferroicmaterials are themagnetically orderedmaterials, so similarmechanisms can affect the dynamics
of polarization in themultiferroicmaterials. It is especially related to the II-typemultiferroics, where the
magnetic and the dielectric phenomena are deeply related, in contrast to the I-typemultiferroics, where the
magnetic and the dielectric phenomena coexist. Therefore, we consider the role of exchange interaction in the
evolution of polarization in the regime, where the electric dipolemoment is proportional to the scalar product of
the spins.

A classification of ferroelectrics is also presented in [4]. It shows the relation betweenmaterials and
mechanismof the polarization formation (mechanismof inversion symmetry breaking) in thismaterial (see
table 1). It showsfivemechanismswith relation to particularmaterials, but no analytical formalization is given in
contrast with [3]. Nevertheless, [4] also includes the spin-atomic structure for a-b plane of perovskite YNiO3 (see
figure 1(d)), wherewe see antiparallel spins for the net ofNi3+δ (smaller value ofmagneticmoment), we also see
antiparallel spins for the net ofNi3−δ (larger value ofmagneticmoment), while pairs of nearest Ni3+δ andNi3−δ

have parallel spins. This antiferromagnetic systemof parallel/antiparallel spins can be associatedwith the results
obtained in this paper. The fourth-order term in energy∼− P2M2 is associatedwith YMnO3 andBiMnO3 [4]
(see the text before equation (1)onpage 16). It corresponds to the structural transition ‘Geometric ferroelectrics.’
It can be associatedwith the homogeneousmagnetic ordering [4].

In contrast, the polarization can be described by the following equation for the inhomogeneousmagnetic
ordering [5–7]

( · ) ( · ) ( )~  - P S S S S , 1

where the inhomogeneousmagnetization can be associatedwith the rotation of themagneticmoments (see
figures 4 and 5 in [4]). The antiferromagnetic analog of equation (1) can be found in [8, 9].

Amodel of themicroscopic origin of electric polarization is given in [10]. The focus ismade on the
noncollinearmagnetic order and formation of the electric polarization inMott insulators. However, it is also
shown that the formof themagnetoelectric coupling allows additional constructions in comparisonwith known
configurations [3].

A slow change/rotation of the spin direction in a sample (see figure 4 in [4]) creates conditions for the
noncollinearmechanisms of the polarization formation (see figures 2(d)–(f) of [3]). However, the collinear part
of the relative spin orientation is nonzero, so themechanismof the polarization related to the collinear spins can
contribute in these systems. Coefficients giving the polarization can differs for differentmechanisms, so one of
mechanisms can be suppressed.

The area of the spin rotation leading to the noncollinear and the collinear spin formations appears in the
domainwalls.Magnon-induced domainwallmotion in ordinary ferromagnets is considered in [11]. The
Dzyaloshinskii-Moriya interaction as amechanismof themagnon-driven domain-wallmotion is considered in
[12]. Antiferromagnetic domainwallmotion induced by spinwaves is considered in [13].Magnon induced
magnetization dynamics inmultiferroics is considered in [14]. It includes themagnon-induced domainwall
motion. Particularly, the Landau–Lifshitz–Gilbert equation is applied for the analysis, where an additional term
is included to describe the coupling between the electric field and themagnetization in amanner associatedwith
equation (1) (see equations (3) and (4)).Magnonic spin-transfer torque can efficiently drive a domainwall to
propagate in the opposite direction to that of the spinwave, as demonstrated in [15]. An analytical derivation of
themagnon-drivenDzyaloshinskii-Moriya torque is developed in [16]. It is also shown that theDzyaloshinskii-
Moriya interactionmediated by spinwaves can generate a torque on a homogeneousmagnetization that
resembles the Rashba torque. Themagnetization dynamics in a thin-film ferromagnet deposited on a topological
insulator is studied [17]. It is focused on domain-wallmotion via current and the possibility of a spin-wave
torque acting on themagnetization. The coupling between themagnetic domainwall and the topological
insulator removes the degeneracy of thewall profile with respect to its chirality and topological charge, as shown
analytically [17]. The dynamics of amultiferroic domainwall inwhich an electric field can couple to the
magnetization via the inhomogeneousmagnetoelectric interaction is studied in [18]. It also demonstrates that in
the stationary regime, the chirality of the domainwall can be efficiently reversedwhen the electric field is applied
along the direction of themagnetic field. Some discussion of the structure of theDzyaloshinskii constant and the
Dzyaloshinskii-Moriya interaction can be found in [19] in context of the experimental analysis ofmagnetized
Fe/Ni bilayers, where a new type of domainwall structure is reported.
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Another object with the noncollinear spin structure is Skyrmions. Let usmention that the skyrmion-like
spin structures formed by the thermalfluctuations in the ferromagneticmaterials are studied in [20]. In [20] it is
also specified that the uniaxial anisotropyK (K> 0, favoring perpendicularmagnetic anisotropywith an energy
of-KMz

2) and ‘effective stiffness’K0 of the conical phase can be calculated from the in-plane and out-of-plane
saturationfields.

In this paperwemainly consider the single-phase AFMmultiferroics. However, important novel
phenomena are discovered inmultilayered, where thefilm is grown on the substrate. Application of ourmodel
depends on the properties of thematerials. The current formof ourmodel includes the connection between
magnetic and dielectric properties of thematerials, whilemultiferroics are well-knowndue to relation of the
magnetic and dielectric properties to the elastic properties of themedium.However, the elasticity has not been
considered in terms of ourmodel. As an illustrationwementionAFM/ferroelectricmultiferroic
heterostructures, such as experimentally demonstratedMn-Pt/PMN-PTheterostructures [21]. Application of
the electricfield to BaTiO3 leads to the strain appearance. As the consequence the strain appears in the
intermetallicMn3Ptfilm. It causes changes in themagnetic properties ofMn3Ptfilm. Particularly it changes
properties of the topological anomalousHall effect in a non-collinear phase of the antiferromagnet. So, the
elastic properties play essential role in this phenomenon. Another example is the tunnelingmagnetoresistance
effect [22]. An effect similar to the ferromagnet-antiferromagnet exchange-bias system is discovered for a room-
temperature exchange-bias effect between a collinear antiferromagnet and a non-collinear antiferromagnet.
The ́eN el pair anisotropy termbetween the nearestMn-Pt pairs (equation (1) in sectionMethods of
Supplementarymaterials of [22]) is applied at the numericalmodeling. It structure is similar to the polarization
in the spin dependent p-d hybridizationmechanism.

Describing themagnetization and its dynamics, we usually focused on the spin density, while the spin of
atom/ion is formed by the spins and orbitalmotion of elements of the atomic structure. The superposition of
the spin angularmomentumdensity and the orbital angularmomentumdensity is obtained in [23] (see equation
(14)). The conservation of the z component of the total angularmomentum is demonstrated for aHeisenberg
ferromagnet with isotropic exchange interaction [23].

We consider theDzyaloshinskii-Moriya interaction to complete the spin currentmodel for collinear spins (it
is assumed that the collinear spin structure is formed by theHeisenberg exchange interaction, while further
formation of spin related electric polarization is formed by theDzyaloshinskii-Moriya interaction). So, wewant
tomention some continuous approaches based on theDzyaloshinskii-MoriyaHamiltonian. Themodel used in
[12] is based on the total free energy with a nonexplicit account of theDzyaloshinskii-Moriya interaction. Its
explicit contribution is given in the Landau–Lifshitz-Gilbert equation in the formof the torque

˜ ( )g= ´  ´DT M M , with γ is the gyromagnetic ratio. It corresponds to theDzyaloshinskii-Moriya
interactionwith a chiral energy of ˜ · ( ) ´DM M . In ourwork, we address theDzyaloshinskii-Moriya
interaction given byHamiltonian ˆ ( ) · [ˆ ˆ ]= - ´H D s s1 2 ij i j and derive a different formof the torque in the
Landau–Lifshitz equation for the ferromagnetic and antiferromagneticmaterials. In our derivation, we include
the vector nature of theDzyaloshinskii constant and its analytical structure.

TheDzyaloshinskii-Moriya interaction generates the torque on themagnetization. TheDzyaloshinskii-
Moriya interactionmediated by spinwaves is considered in [16] for systems displaying the interfacial
Dzyaloshinskii-Moriya interaction. A thinmagnetic filmwith themagnetizationm aligned along the
in-plane easy axis, themagnetic energy associatedwithDzyaloshinskii-Moriya interaction reads [16]
W=−Dm× [(z×∇)×m], where systemwith an interfacial inversion asymmetry along the normal z [24]
(films andmultilayers with in-plane and out-of-planemagnetization are consideredwith the prediction of the
two-dimensional localized patterns), [25] (domainwalls in ultrathinmagnetic films are considered there). It
leads to an effective fieldlike torque of the formT∼ (m× z)× jm, with jm is the spin-wave current.

Themany-particle quantumhydrodynamicmethod has been developed for the structurelessmediums such
as the quantumultracold gases [26, 27] and plasma-likemediumsHowever, it has been shown that it is possible
to capture some features of solid state. Particularly, thematerial field formof the Landau–Lifshitz equation is
derived from themany-particle Pauli equation in the coordinate representation [28]. It opened a possibility for
the anlysis of themultiferroicmaterials in terms of the quantumhydrodynamicmethod. Therefore, in order to
study the antiferromagnets, we present the derivation of the antiferromagnet analog of the Landau–Lifshitz
equation.Next, in this paper, we develop amicroscopically justifiedmacroscopic spin currentmodel.We also
derive and apply the spin current caused by theDzylaoshinskii-Moriya interaction to complete the derivation of
the polarization.Obtainedmacroscopic polarization is comparedwith earlier suggested electric dipolemoments
of the pair ofmagnetic ions [3]. The polarization evolution equation is derived for the found formof polarization
caused by theDzylaoshinskii-Moriya interaction.

This paper is organized as follows. In section 2 themicroscopic derivation of the spin evolution equation for
the antiferromagneticmaterials is developedwithin themany-particle quantumhydrodynamicmethod. In
section 3 the approximate formof the polarization is considered for ferromagnetic and antiferromagnetic
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multiferroics, if the electric dipolemoment is proportional to the scalar product of the spins. In section 4 the
spin currentmodel is derived from themomentumbalance equationwith the spin-orbit interaction.
Furthermore, in section 4, the spin-current caused by theDzylaoshinskii-Moriya interaction is presented in
order to obtain corresponding polarization. In section 5 the polarization evolution equation is derived as the
evolution of the quantum average of the electric dipolemoment operator under the influence of the Zeeman
energy and theCoulomb exchange interaction, both for ferromagnetic and antiferromagneticmultiferroics. In
section 6 the equilibrium solutions for the obtainedmodel ofmultiferroics are discussed, including the spiral
structures. In section 7 a brief summary of obtained results is presented.

2. The spin evolution equation for the antiferromagneticmaterial: themicroscopic–based
derivationwith the exchange interaction

If we consider the spin evolution equation in the ferromagneticmaterials with primarily exchange interaction,
wefind∂tS= (1/6)gu[S,!S], where gu= ∫ξ2U(ξ)d3ξ. Firstly, it is based on theHeisenbergHamiltonian
ˆ ( )(ˆ · ˆ )= - å å= = ¹H U r s si

N
j j i
N

ij i j
1

2 1 1, 1 . FunctionU1(rij) is the exchange integral. It depends on the distance
between interaction particles. In combinationwith the spin operators, it gives an effective potential energy.
FunctionU1(rij) drops at the distance larger average interparticle distance. So, it includes the interaction of
neighboring atoms or ions. It can include the interaction of the atoms separated by an atom, but it does not
include the influence of atoms located at the further distances.

In order to get a systematic derivation of the spin evolution equation, we need to define the spin density of
the system. For the quantum systems, it is defined as the quantumaverage of the spin operator ŝi

( ) ( ) ( )(ˆ ( )) ( )†ò å d= Y - Yt R t R t dRS r r r s, , , , 2
i

i i

where i is the number of atoms. The spin operators obey the commutation relation

[ˆ ˆ ] ˆ ( )d e=a b abg gs s ı s, , 3i j ij i

whereα,β, γ are the tensor indexes, so each of them is equal to x, y, z, summation on the repeatingGreek symbol
is assumed, ıis the imaginary unit, δij is the three-dimensional Kronecker symbol, εαβ γ is the three-dimensional
Levi-Civita symbol.

We consider systems of atoms or ions.Hence, we deal with structured objects or particles. There is the
exchange interaction of valence electrons in each ion. Itmakes a contribution to the properties at the ion as the
particle under consideration.However, there is a short-range correlation between neighboring ions due to the
exchange interaction of valence electrons belonging to different ions. This interaction is included in themodel
presented below via theHeisenbergHamiltonian.

Evolution of thewave function of the systemof ions is described by the Pauli equation

( ) ˆ ( ) ( )¶ Y = Yı R t H R t, , . 4t

In this paper, wemostly focused on the evolution of spin density and polarization under influence of the Zeeman
energy and theCoulomb exchange interaction

ˆ ˆ · ( )(ˆ · ˆ ) ( )å å åm= - -
= = = ¹

H U rB s s
1

2
, 5

i

N

i i
i

N

j j i

N

ij i j
1 1 1,

ÿ is the Planck constant,Nnumber of atoms/ions in the system,Ψ(R, t)many-particle wave function of the
system,R= {r1,...,rN},Bi is themagnetic field, acting on i-th atom, m̂i magneticmoment operator, which is
proportional to the spin operator ˆ ˆm g= si i i with the gyromagnetic ratio γi,Uij=U(ri− rj) is the exchange
integral of theHeisenbergHamiltonian as the function of the interparticle distance, (the exchange integral). Let
us repeat thatN is the full number of atoms under consideration. It can be considered as the sumof numbers of
particles in each of two species of themagnetic atomsN=NA+NB. Formally, we have interaction between all
pairs of atoms in the system in the second termofHamiltonian (5), but the short range of functionU(rij) leads to
the contribution of the neighboring atoms only.

If we consider two subsystems for the antiferromagneticmaterial, we need to define the spin density for each
subsystem

( ) ( ) ( )(ˆ ( )) ( )†ò å d= Y - Y
Î

t R t R t dRS r r r s, , , , 6s
i s

i i

where index s refers to the number of the species of atoms, or, in the simplest case, it can be atoms of the same
isotopewith opposite spin projection.We focus on the systemof two subspecies s= A and s= B.

Next, we consider the spin evolution equation. The time derivative acts on thewave function, while the time
derivative of thewave function is replacedwith aHamiltonian in accordance with the Pauli equation

4

Phys. Scr. 99 (2024) 1059b2 PAAndreev andM ITrukhanova



( ) ( ) ( )[ ˆ ˆ ] ( ) ( )†òå d¶ = - Y Y
Î

t
ı

R t H R t dRS r r r s, , , , . 7t s
i s

i i

The partial contribution in the spin evolution equation from the Zeeman energy ˆ ·m-å = Bi
N

i i1 in

Hamiltonian (5) leads to [ ]¶ = m


S S B,t s s
2

. If we consider the interaction of the nearest neighbors, which

corresponds to the interaction of the different subspecies, wefind the following contribution of the second term
ofHamiltonian (5) in the spin evolution equation

[ ] [ ] ( )¶ = +¢¹ ¢¹g gS S S S S,
1

6
, . 8t s u AB s s s u AB s s s0 , ,

If we consider the interaction second rowneighbors, which corresponds to the interaction of atoms of the
same species wefind

[ ] ( )¶ = gS S S
1

6
, . 9t s u s s

If we consider antiferromagneticmaterial composed of atoms of the same species, we have same formof
potential of interaction between atoms of the same subspecies and atoms of different subspecies. However, the
signs of the potentials are different since the antiferromagnetic order corresponds to the negative exchange
integral gu,AB< 0while atomswith the same spin direction have a positive exchange integral gu> 0. Sowe can
assume the following relation between the interaction constants gu,AB=− gu. Similarly, we have a relation for
the zeroth order constant g0u,AB=− g0u. It allows us to combine equations (8) and (9) in order to get the spin
evolution equation under the exchange interaction of two subspecies

[ ] [ ]

[ ( )] ( )

m
¶ = -

+ -

¢¹

¢¹


g

g

S S B S S

S S S

2
, ,

1

6
, . 10

t s s u s s s

u s s s s

0

It is well known that themodeling of the antiferromagneticmaterials includes superpositions of the partial
magnetizations [29], in our case spin densities. Hence, we introduceΣ= SA+ SB and L= SA− SB. In literature,
L is used for the difference of themagnetizations [29], hopefully it would not confuse the readers. It leads to the
following equations

[ ] [ ] ( )m S¶ S = + 


gB L L
2

,
1

6
, , 11t u

and

[ ] [ ] [ ] ( )m S¶ = + + S


g gL L B L L
2

,
1

6
, , , 12t u u AB0 ,

wherewe used simple representation [SA, SB]= [SA− SB, SB]= [SA− SB, SA+ SB− SA]= [L,Σ]−[SA− SB,
SA]= [L,Σ]−[SA, SB]. So, we get 2[SA, SB]= [L,Σ]. Herewe have |SA|≈ |SB|, and SA≈− SB. So, the sumof
partial spin densitiesΣ= SA+ SB is a small value in the antiferromagneticmaterial, and |L|≈ 2|SA|≈ 2|SB|.

Equation (11) is obtained for a small vector |Σ|= |L|. Thefirst (second) termon the right-hand side is
proportional to the small vectorΣ (to the small combination of parameters gu!L). In equation (12)we see the
first termwith no small parameters, the third term containing the small vectorΣ, and the second term
containing the product of the small parametersΣ and gu!L. So, the second term can be dropped in further
applications. Equations (11) and (12) are well-known for the antiferromagneticmaterials [29]. However, our
derivation allows us to establish the explicit formof coefficients in this equation in relation to themicroscopic
nature of the interaction entering the Pauli equation (5). Ourmajor goal in this paper is the derivation of the
polarization evolution equation for themultiferroicmaterials. However, the derivation of equations (11) and
(12) shows the usefulness of ourmethod of derivation of themacroscopic equations from themicroscopic
theory. Details of the derivation are not considered here, but themethod of derivation can be found in [2] and
[26]. This work on themicroscopic justification of themacroscopic equations for themagnetization and the
polarization is a part of an interdisciplinary field, where similar justifications aremade for the classical and
quantum systems [26–28, 30, 31].

In this paperwe focused on a partialmicroscopic derivation of the Landau–Lifshitz–Gilbert equation.Here
we presented the contribution of theHeisenbergHamiltonian. Belowwe consider the Zeeman energy and the
Dzylaoshinskii-Moriya interaction.We also consider the spin-orbit interaction as the key element for the spin
currentmodel. However, the anisotropy energy and theGilbert damping are consciously ignored, while these
terms are crucial for the completemodel of themagnetically orderedmaterials.
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3.Microscopic definition of themacroscopic polarization in the exchange strictionmodel

The electric dipolemoment related to a pair of neighboringmagnetic ions in the exchange striction regime is
proportional to the scalar product of spins of these ions [3, 32, 33]

( · ) ( )P~ +d s s . 13i i i 1

The nonmagnetic ions contributing to the dipolemoment are not considered explicitly in this equation.
Equation (13) is useful to analyze a linear structure.Hence, we give the representation to the electric dipole
moment of two ions

( )( · ) ( )= Pa
a

d r s s , 14ij
ij

ij i j

where rij= |ri− rj| is the interparticle distance, and dependence of vector function ( )Pa rij ij ensures that the
nearest neighbors give contribution in dipolemoment adij .

We develop the quantum theory ofmultiferroics, sowe need tomake a transition to the operator formof the
electric dipolemoment via the consideration of the spin operators ˆ (ˆ · ˆ )= P

a ad s sij ij i j . Considering all nearest
neighbors of the i-th atom/ion, we get the full electric dipolemoment related to this atom

ˆ ( )(ˆ · ˆ ) ( )å= P
a a

¹

d r s s . 15i
j i

ij ij i j

Wecan use the operator of the electric dipolemoment (15) in order tofind an approximate representation
via the spin density, which can be an analog of theMostovoy [7], but for different physical regime. Therefore, we
present the quantum average of operator d̂i, which gives themacroscopic polarization

( ) ( ) ( )( ˆ ( )) ( )†ò å d= Y - Yt R t R t dRP r r r d, , , . 16
i

i i

Substituting operator (15) in the polarization definition (16) and account of the formation of the electric
dipolemoment by the nearest neighbors allows to get the required approximate formof the polarization.We
need to explicitly introduce the interparticle distance in all functions in definition (16) as follows: ri= Rij+
(1/2)rij, and rj= Rij− (1/2)rij, whereRij= (ri+ rj)/2, and rij= ri− rj. This substitution includes the arguments
of thewave functionΨ(R, t)=Ψ(...,ri,...,rj,...,t).

3.1. The polarization of the ferromagneticmultiferroics
In this paper, wemostly focused on the antiferromagneticmaterials. However, for comparison, it can be useful
to obtain the polarization of the ferromagneticmultiferroics in the ‘exchange striction’ regime [3].We use
equation (16)with the operator of the electric dipolemoment (15) andmake the expansion on the interparticle
distance (some details of themethod are described in [2]). It allows us to get an approximate expression of the
polarization (16) in terms of the spin density:

( · ) ( )= +a a a
P P P g gS S S

1

6
, 17

0
2

where ( )ò= Pa a
Pg r dr

0
, and ( )( ) ò xx x= Pa a

Pg d2 . Equation (17) can be also represented in the following

form [ ( )( )]= + - ¶ ¶a a a
m

n
m

n
P P P g g S SS S 2

0
2 1

3

1

2
2

2 .

Equation (17) is the result of the expansion on the relative distance.We included three terms of expansion.
Thefirst andmajor term is proportional to a

Pg
0
. The second term is equal to zero. The third term is proportional

to ( )
a
Pg appears as a correction.

3.2. The polarization of the antiferromagneticmultiferroics
Formation of dipole (13) happens due to the presence of the nonmagnetic ionwith the opposite charge between
ions i and i+ 1. If we consider the antiferromagneticmaterial, wefind the alternation of the ‘spin-up’ and ‘spin-
down’ ions. So, if ion i is ‘spin-up’ then ion i+ 1 is ‘spin-down’. It shows that if we consider a line ofmagnetic
ions, we have the nonmagnetic ion after eachmagnetic ion. It has no relation to the spin direction of the
magnetic ion.Hence, the effective dipolemoment (15) can be associatedwith eachmagnetic ion (‘spin-up’ or
‘spin-down’)

ˆ ( )(ˆ · ˆ ) ( )å= P
a a
Î

Î ¢

d r s s , 18i s
j s

ij ij i j

where index s or ¢s refers to the subsystemof spin-up or spin-down ions.Moreover, s and ¢s refer to different
subsystems. It leads to the polarization definition in the antiferromagneticmultiferroics

6

Phys. Scr. 99 (2024) 1059b2 PAAndreev andM ITrukhanova



( ) ( ) ( )( ˆ ( )) ( )†ò å
È

d= Y - Y
Î

t R t R t dRP r r r d, , , , 19
i A B

i i

where s= A refers to the subsystemof spin-up ions, and s= B refers to the subsystemof spin-down ions. The
summation in equation (19) explicitly specifies that index s in operator (18) belongs to both subspeciesA andB.
The same is true for the index ¢s , but they cannot belong to the same subspecies. Definition (18) can be splitted
on two partial polarizationsP= PA+ PB

( ) ( ) ( )( ˆ ( )) ( )†ò å d= Y - Y
Î

t R t R t dRP r r r d, , , , 20A
i A

i i

with ˆ ( )(ˆ · ˆ )= å P
a a
Î Îd r s si A j B ij ij i j , and

( ) ( ) ( )( ˆ ( )) ( )†ò å d= Y - Y
Î

t R t R t dRP r r r d, , , , 21B
i B

i i

with ˆ ( )(ˆ · ˆ )= å P
a a
Î Îd r s si B j A ij ij i j . In order tomake the splitting given by equations (20) and (21), we specify the

subspecies s= A or s= B in operator (18).
We can calculatePA andPB separately

[ ( )

[ ]
( ) ( ) ( )( )] ( )

= +

+ ¶ ¶ - ¶
+ + - ¶ ¶

a a a

m
n

m
n n

m
n

n n n n
m

n
m

n

P P 

 

P g g

S S S S

S S S S S S

S S S S
1

3

1

2
2

2 , 22

A AB A B A B

A B B A

A B B A A B

0 , 3

and

[ ( )

[ ]
( )( )] ( )

= +

+ ¶ ¶ - ¶
+ + - ¶ ¶

a a a

m
n

m
n n

m
n

n n n n
m

n
m

n

P P 

 

P g g

S S S S

S S S S S S

S S S S
1

3

1

2
2

2 . 23

B AB A B A B

B A A B

A B B A A B

0 , 3

Equations (22) and (23) have similar structure. The difference between them is in the replacement of subindexes
A↔ B.We obtain themajor contribution appearing from the first order of the expansion on the relative
distance. It is indicated by the coefficient a

Pg
AB0 ,
.We alsofind the correction to themajor term. These corrections

contain the coordinate derivatives of the spin density. These terms are indicated by the coefficient a
Pg AB,

. The
definitions of a

Pg
AB0 ,

and a
Pg AB,

are identical to the definitions of a
Pg

0
and a

Pg presented after equation (17).
Next, we combine equations (22) and (23) to get an expression for polarization of thewhole system

( ) ( )= + +a a a n n n n
P P  P g g S S S SS S2

1

6
. 24

AB A B AB A B B A0 , ,

Equation (24) shows that the direction of polarization is not related to the direction of the spin or the direction of
change of the spin density in space. The direction is defined by the coefficients a

Pg
AB0 ,

and a
Pg AB,

. Below, we show
that both constants have the same direction. It is the direction of the shift of the nonmagnetic ion from the line of
themagnetic ions.

We also represent themajor term in the polarization of via vectors L andΣ:

( ) ( )S= - » -a a a
P PP g gL L

1

2

1

2
. 25

AB AB0 ,
2 2

0 ,
2

4.Derivation of spin currentmodel

4.1. The spin currentmodel as the consequence of themomentumbalance equationwith spin-orbit
interaction
It is possible to use the electric dipolemoment operator (15) for the further derivation of themacroscopic
polarization evolution equation as an addition to the Landau–Lifshitz–Gilbert equation for the study of
perturbations and structures in themultiferroics. However, we are going to derive and justify the electric dipole
moment operator (15) starting from the quantummicroscopic theory. Therefore, we consider themany-particle
Pauli equation (4)with the followingHamiltonian
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⎡
⎣

⎤

⎦
⎥

ˆ ˆ · ˆ · ( ˆ · [ ˆ ])

( ˆ · ˆ · [ˆ ˆ ]) ( )

å

å

m m= - - - ´

- + ´

=

= ¹

H
mc

U

d E B E p

s s D s s

1

2

1

2
, 26

i

N

i i i i i i i

j j i

N

ij i j ij i j

1

1,

wherem is themass of atom/ion, c is the speed of light in the vacuum, d̂i is the electric dipolemoment operator,
being defined via the displacement of ionswith different charges, its relation to the spins of ionswill be found
below,Ei is the electric field, acting on the i-th dipole,Uij=U(ri− rj) is the exchange integral of theHeisenberg
Hamiltonian as the function of the interparticle distance,Dij is theDzylaoshinskii vector constant. The
Dzylaoshinskii vector has the structure related to the relative position of twomagnetic ions and one nonmagnetic
ion (the ligand ion) [34, 35]. It can be presented via the vector product of the radius-vectors ofmagnetic ions
relatively nonmagnetic ion [34]. Overwise, it can be presented as the vector product of the relative position of
twomagnetic ions and the shift of the nonmagnetic ion from the line connecting twomagnetic ions [35]
Dij∼ rij× δ. This simple formula is useful, if we discuss one cell. However, if we consider thewhole crystal
macroscopically, we need to specify thatwe consider two neighboring ions.Hence, we introduce a function,
which decreases (drops to zero) at the distances beyond the period of the crystal cell. So, we have the following
structureDij= β(rij)rij× δ.

The single-ion anisotropy is considered in [3] (see p. 34, equations (39), (40), but we do not include it in our
model at this stage. Equation (41) of [3] also presents the biquadratic interaction (see also themodel in [36]),
which is partially consideredwithin ourmodel for the spin evolution equation [37].

Let us also describe the physicalmeaning of terms in theHamiltonian (26). Thefirst term is the action of the
electric field on the electric dipolemoment. The second term is the action of themagnetic field on themagnetic
moment. The third term is the spin-orbit interaction showing the action of the electricfield on themoving
magneticmoment. The fourth term is theCoulomb exchange interaction presented by theHeisenberg
Hamiltonian. The last term is theDzylaoshinskii-Moriya interaction.

It is essential to specify that the electric dipolemoment is related to the group ofmagnetic and nonmagnetic
ions.However, in section 3, we contracted the electric dipolemoment operator associatedwith eachmagnetic
ion. Thismeaning of the operator is implicated in theHamiltonian.

4.2. The spin currentmodel in ferromagneticmaterials
Here, we derive themacroscopic polarization corresponding to the dipolemoment operator (15) via the spin
currentmodel. Here, we also show that the spin currentmodel follows from themomentumbalance equation.
Therefore, we derive themomentumbalance equation corresponding to theHamiltonian (26).

To derive themomentumbalance equation, we need to define themomentumdensity via themany-particle
wave function as the quantumaverage of themomentumoperator of each particle

( ) ( )( ( ) ˆ ( ) ) ( )†òå d= - Y Y +t R t R t h c dRp r r r p,
1

2
, , . . , 27

i
i S i S

where h. c. is theHermitian conjugation, and pi=− ıÿ∇i is themomentumoperator of i-th particle.
We consider the time derivative of themomentumdensity (27). The time derivative acts on thewave

function, while the time derivative of thewave function is replacedwithHamiltonian in accordance with the
Pauli equation

( ) ( )

( ( )[ ˆ ˆ ] ( ) ) ( )†

åò d¶ = -

´ Y Y +


t

ı

R t H R t h c dR

p r r r

p

,
1

2

, , , . . . 28

t
i

i

i

Further calculation depends on the explicit formof theHamiltonian.Moreover, different interaction terms are
considered in different approximations. Thefirst three terms in theHamiltonian (26) can be considered
straightforwardly. However, two last terms can be consideredwith the account of the short-range nature of these
interactions. It leads to the followingmomentumbalance equation

( )

( )

g
g

e¶ =  +  + 

+  +

b b b b bgd dg b

b b

P E S B
mc

J E

g S S

p

F
2

, 29

t

u DM0

where g0u= ∫U(r)dr, J δ γ is the spin-current tensor, Pβ is the polarization or the electric dipolemoment density
(16),FDM is the force density of theDzylaoshinskii-Moriya interaction:
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(( · ) ( · ) ( · ) ( · )) ( )( ) d d=   -  bgF S S S S
1

3
, 30DM

with g(β)=∫ξ2β(ξ)dξ. So, physicalmeaning of terms in equation is the same like inHamiltonian (26), they are
also placed in the same order.

Let us consider the stationary regime, where themomentumdensity does not change in time∂tp= 0.
Therefore, the right-hand side of themomentumbalance equation (29) should be equal to zero. The balance of
the second and fourth terms gives an equilibriummagnetic field formed bymagneticmoments due to the
exchange interactionB=− g0uS/γ. The last term can be equal to zero in equilibrium if the spin polarization is
perpendicular to the shift of the ligand ion from the line connecting neighboringmagnetic ions (δ · S)= 0 or it
can be equal to zero at the nontrivial balance of two terms in equation (30). However, our goal is to obtain the
spin currentmodel, which follows from the balance of the first and third terms. It can happen in the arbitrary
electric field if polarization is balanced by the spin current appearing in the spin-orbit interaction

( )g
e=m mab abP

mc
J

2
. 31

Weobtain the spin-currentmodel of the polarizationwith no particular relation to the formof the spin-
current. Hence, equation (31) can be applied for the derivation of the polarization caused by different
mechanisms. Themean-field part of the spin-orbit interaction playsmain role in the derivation of the spin
currentmodel, i.e. in the connection between the polarization and the antisymmentric part of the spin-current
tensor. To the best of our knowledgewe are not familiar with the contribution of the symmetric part of the spin
current tensor in the polarization ofmultiferroics.

4.3. The spin currentmodel in antiferromagneticmaterials
Thefirst three terms in theHamiltonian (26) and themomentumbalance equation (29)have the same form for
the ferromagnetic and antiferromagneticmaterials. A difference appears for theCoulomb exchange interaction
and theDzylaoshinskii-Moriya interaction. The forcefields for these interactions are obtained in the following
forms

( )= b b
¢ ¢g S SF , 32HH s u ss s s, 0 ,

and

(( · ) ( · )

( · ) ( · )) ( )

( ) d

d

=  

-  

b ¢ ¢¹

¢¹

gF S S

S S

1

3
. 33

DM s ss s s s

s s s

, ,

Hence, we derive themomentumbalance equation for each subspecies

( ) ( )

g
g

e

¶ =  + 

+  + +

b b b b

bgd dg b

P E S B

mc
J E

p

F F
2

. 34

t s s s

s HH s DM s, ,

The electric dipolemoment is related to the group of ions, but the operator definition is recontracted to the form
of operator associatedwith eachmagnetic ion.Hence, we get the partial polarization of each subspecies from the
momentumbalance equation of each subspecies. It gives us the representation of the partial polarization via the
partial spin current e=m g mab abP Js mc s2

. Complete polarization of the sample is the combination of partial

polarizations ( )e= + = +m m m g mab ab abP P P J JA B mc A B2
. Therefore, equation (31) is reestablished for the

antiferromagneticmaterials.

4.4.Dzylaoshinskii-Moriya spin current and related polarization in ferromagneticmaterials
Wepresented the derivation of the spin currentmodel. It appears due to the relativistic spin-orbit interaction. Its
further application requires an example of the spin current related to a specific physicalmechanism. The explicit
formof the spin-current tensor can be found in the spin evolution equation (Landau–Lifshitz–Gilbert equation).
In this work, we focus on the justification of operator (15), which contains the vector coefficient of
proportionality between the combination of the spin operators and the electric dipolemoment operator. In
Hamiltonian (26)wehave two interactions containing inexplicitly defined space dependencies. They are the two
last terms corresponding to the exchange Coulomb interaction given by theHeisenbergHamiltonian and the
Dzylaoshinskii-Moriya interaction, correspondingly. TheHeisenbergHamiltonian contains a scalar function,
sowe expect that it is not related to the considering regime. In contrast, theDzylaoshinskii-Moriya interaction is
proportional to the vectorDzylaoshinskii constant, so it can give amechanism for the vector constant
appearance in operator (15). To check the described suggestion, we need to consider theDzylaoshinskii-Moriya
interaction contribution in the spin evolution equation. Similarly to section 2, we use the quantum
hydrodynamicmethod and include the short-range nature of theDzylaoshinskii-Moriya interaction. As the
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result, wefind the partial contribution of theDzylaoshinskii-Moriya interaction in the spin evolution equation

( )¶ =S T , 35t s DM

where

(( · [ ]) [ ] ) ( )( ) d d= ´  - ´ b
b bg S ST S S

1

3
, 36DM s s s s

with g(β)=∫ξ2β(ξ)dξ.
Reference [12] is based on the total free energywith a nonexplicit account of theDzylaoshinskii-Moriya

interaction. Its explicit contribution is given in the Landau–Lifshitz-Gilbert equation [38] in the formof the
torque ˜ ( )g= ´  ´DT M M (see equation (2) and text after equation (2) of [12]). The expressionwe obtain in
this paper (36) shows a similar structure at the replacement g(β)[δ×∇] on ˜D . The difference partially appears
due to the account of structure of theDzylaoshinskii vector constantDij= β(rij)rij× δ. These expressions give
different directions of the spin torque vector.

The spinwave is considered described in [12] as a smallfluctuation of the static domain-wall profile. As a
limit, a simple dispersion dependence is found for location away from the domain-wall center, where the
magnetization is uniform in the domains (see equation (9) of [12]). The dispersion relations appears to be
asymmetric outside the domain-wall in accordance withworks [39, 40]. Let us specify that in [39] experimentally
demonstrated (on an Fe double layer grown onW(110)) theDzyaloshinskii-Moriya leads to an asymmetric spin-
wave dispersion relation.

Reference [40] presents a translation of theDzyaloshinskii-Moriya interactionHamiltonian (like the last
term in equation (26)) to a continuummodel of the energy density withmagnetization direction and symmetry
breaking in the y-direction.

In order to compare ourmodel with equation (2) of [40], we calculate the correlationless limit of the energy
density. The definition of the energy density is

( ) ( )

( ) · [ˆ ˆ ] ( ) ( )†

åò d=- -

´ Y ´ Y
= ¹

E t

R t R t dR

r r r

D s s

,
1

2

, , . 37

DM
i j j i

N

i

S ij i j S

, 1,

It gives us the following approximate expression

( ( · ) ( · ) ) ( )( )d»  - b
a a aE g S SS S

1

6
, 38DM

wherewe useDij= β(rij)rij× δ. Let us repeat here the equation (2) [40] for the comparison
[( ) ( ) ]= - ´ ¶ - ´ ¶E D m m m mDM x z z x , wherem is themagnetization direction, ( )b x is the x-projection of

vector b, and the y-direction is chosen in [40] as the anisotropy direction. For the fixed concentrationwe have
S∼m (otherwise the change of concentrationwould give contribution in the derivatives of the spin density S).
We see rather different vector structures in these expressions. To continue our comparison, wewould assume

˜ ( )b= rD rij ij ij. It leads to ( ) · [ ]( ˜ )= -  ´bE g S S1 6DM , but it also differs from even if we assume that there is
no dependence on the chosen direction y. The described difference can be caused by the different formof
structure of theDzyaloshinskii constantDij. Our expression (38) corresponds to equation (2) in [25], up to the
details of the coefficient. Here, we presented the derivation for the arbitrary three-dimensional sample, while the
ultrathin filmswith perpendicular easy axis, grown on a substrate with a capping from the differentmaterial so
that the structural inversion symmetry is broken along the film normal, are considered in [25].

TheDzylaoshinskii constant has a knownparticular numerical value formaterials. In contrast, constants like
g(β) are novel parameters. Hereby, we need to give some comment on the estimation of these parameters for
better comparisonwith otherworks. To get an approximate expression for g(β) if we consider explicit form for
the functionβ(r).We choose amodel expression for the functionβ(r):β(r)= (D0/(4πaδ))θ(r− a), where a is the
distance betweenmagnetic ions, δ is themodule of the vector of the ligand shift. It leads to g(β)=D0a

4/5δ. Similar
analysis for the constant like g0u is given in [28].

Equation (36) shows that the spin-torque caused by theDzylaoshinskii-Moriya interaction cannot be
represented as the divergence of the spin-current tensor.However, the second term in (36) can be represented in
the required form e d d abg b g dS Ss s [( ) ]e d=g abg bS1 2 s

2 .We can use this part for the calculation of the
polarization.However, the first term in (36) gives some freedom in the interpretation of the spin current since it
allows to get an additional term.

Let us start the analysis of the polarization using the simplest formof theDzylaoshinskii-Moriya spin current
= -¶b abJTDM DM
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( )( )e d= -ab
b

abg gJ g S
1

6
. 39DM s

2

It leads to the following formof themacroscopic polarization

( )( )
g

e
g

d= = -m mab ab
b

mP
mc

J
mc

g S
2

1

6
, 40DM DM s

2

which corresponds to thefirst termon the right-hand side of equation (17), which is derived fromoperator (13).
Let us to point out that the collinear spin structure is formed by theHeisenberg exchange interaction, while
further formation of spin related electric polarization is formed by the combination of the spin-orbit and the
Dzyaloshinskii-Moriya interactions.

As amatter of discussion, let us represent the spin torque (36) in a form,where the spin current is extracted
from the first term in addition to the spin current following from the second term

⎞
⎠

(( ( · [ ])

{[ ] } [ ] ( )

( ) d

d d

=-  ´

+  ´ + ´ 

b

b b

gT S S

S S S

1

3
1

2
. 41

DM s s

s s s
2

It shows that we can choose the spin current in the following alternative form

⎡
⎣

⎤
⎦

˜ ( )( )d e e= -ab
b

g a bgd d abgJ g S S S
1

3

1

2
. 42DM s s s
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This extended spin current leads to the following formof polarization

˜ ˜ ( · ) ( )( ) d
g

e
g

= = -m mab ab
b

mP
mc

J
mc

g SS
2

1

6
. 43DM DM s s

This form of the polarization completely differs from the structure following from thewell-known electric
dipolemoment of the pair of ions (13) and (17).Wewant tomention that the spin torque following from the
Heisenberg exchange interaction appears as the divergence of the spin current tensor with no additional
terms.

In the comparison of expressions (17) and (40), we see that they are found in different approximations.
Polarization (40) is obtained in themain order of the expansion, while polarization (17) contains corrections
related to the second space derivative of the spin density. To complete our comparison, we canfind corrections
to the spin-torque caused by theDzylaoshinskii-Moriya interaction (36) in the next order of expansion. Our
calculation gives the following spin-torque

[( · [ ]) [ ] ] ( )( ) d d= ´  - ´ m
b

b b T g S SS S
1

30
, 44DM s s s s,3 2

with g2(β)=∫ξ4β(ξ)dξ.
We need to extract a part of the spin torque, which appears as the divergence of the spin current∂βJαβ. In

equation (36)weused the term containing the scalar product of the spin densities [ ]d ´ b bS Ss s (the second
termon the right-hand side). In equation (44)we follow the same approach and consider the term containing
the scalar product of the spin densities [ ]d ´ b bS Ss s (the second termon the right-hand side). However, the
termunder consideration does not appear as the divergence of the second rank tensor.We need to split it into
two parts [ ]d ´ b bS Ss s [ ]( )d= ´  b bS Ss s ( )[ ]d- ´ b bS Ss s and use the first of them to get the effective
spin current

( · ) ( )( )e d= -ab
b

abg g J g S S
1

5

1

6
. 45DM s s3 2

It leads to the following polarization

( · ) ( )( )
g

e
g

d= = -m mab ab
b

m P
mc

J
mc

g S S
2

1

6

1

5
. 46DM DM s s2

We see the spin structure in polarization (46) corresponds to the spin structure in the second termon the right-
hand side in equation (17). Hence, we justify equation (17) found from the electric dipolemoment (13) using the
spin currentmodel with the spin-current related to theDzylaoshinskii-Moriya interaction.Moreover, our
calculations in twomajor orders of expansion give the interpretation of the direction of the vector constant
Πα(ξ).We see that it is parallel to the shift of the ligand ion from the line connecting neighboringmagnetic ions
δα. The complite polarization is also parallel to this direction. It also corresponds to themicroscopicmeaning of
the electric dipolemoment as a shift of ions of opposite charges.

In section 3, we found themacroscopic polarization (17) corresponding to the electric dipolemoment (13).
Here, we foundmacroscopic polarization using themomentumbalance equationwith the spin-orbit interaction
and the spin-current caused by theDzylaoshinskii-Moriya interaction. These expressions have the same
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structure. It allows us to give a physical interpretation of the vector constant in the electric dipolemoment (13).
Let us compare the polarization given by the first term in equation (17)with equation (40). It gives the following
relation ( )d= -a g

b
m

Pg gS Ss mc s0
2 1

6
2, wherewe can drop the square of the spin density Ss

2 and compare the

coefficients. Basically, we need to compare the functions under the integrals.We have two options. First, we
equate the functions under integrands and findΠα(ξ)=− (1/6)(γ/mc)ξ2β(ξ)δα. Second, we transform the left-
hand side by integration by parts, sowe obtain ( ) ( ( ) )ò x x x x= - ¶P ¶a a

Pg d1 3
0

3 . Next, we equate the
functions under integrands and obtain∂Πα(ξ)/∂ξ= (γ/2mc)ξβ(ξ)δα.

We found a relation between the empirically introduced functionΠα(ξ), which is the coefficient of
proportionality in the electric dipolemoment (13) and the functionβ(ξ) appearing in theDzylaoshinskii-Moriya
interaction. TheDzylaoshinskii-Moriya interaction is the exchange part of the spin-orbit interaction, and the
coefficientDij is the exchange integral. It is similar to the exchange integral in theHeisenberg exchange
interaction, where the exchange part of the Coulomb interaction is considered.

In order to prove the found expression for functionΠα(ξ)we considered the next order of expansion for the
polarization definition (17) and theDzylaoshinskii-Moriya spin-torque giving the effective spin-current and
corresponding polarization (46). Hence, we compare the second termon the right-hand side of equation (17)
with polarization (46). Dropping equal spin structures, wefind ( )d= -a g

b
m

Pg g
mc

1

6

1

6

1

5 2 . Herewe need to compare
the functions under integral and prove the relation between∂Πα(ξ)/∂ξ andβ(ξ) obtained above.We transform
the left-hand side by integration by parts, sowe obtain ( ) ( ( ) )ò x x x x= - ¶P ¶a a

Pg d1 5 3 3 . It leads to relation

( ) ( ) ( )x
x

g
xb x d

¶P
¶

=
a

a

mc2
, 47

which is presented above from the first order of expansion.
The spin torque caused by theHeisenberg exchange interaction can be presented as the divergence of the

corresponding spin current tensor [29] ( )e e= ¶ ¶ = -¶abg b g
d

abg b
d

g
d

adg S S g S S Ju s s u s s HH . This spin current
tensor can be placed in the polarization obtained in the spin currentmodel e=m g mab abP J

mc2
. It gives

polarization coincidingwith the result ofMostovoy [7]. Themethod demonstrated in section 3 can be applied to
the operatordij= αij[rij× [si× sj]] in order to rederive the result ofMostovoy [7]. So, we can conclude that this
result follows from theHeisenberg exchange interaction. This comment is placed here for comparisonwith the
results of our paper.

4.5.Dzylaoshinskii-Moriya spin current and related polarization in antiferromagneticmaterials
In this section, we need to consider the spin-torque caused by theDzylaoshinskii-Moriya interaction.
Particularly, we need to consider the interaction between different subspecies in the antiferromagnetic samples.
Our calculations give the following formof the s subspecies spin evolution equation under theDzylaoshinskii-
Moriya interactionwith ¢s subspecies:

( )¶ = ¢¹S T , 48t s DM s s,

where

(( · [ ]) [ ] ) ( )( ) d d= ´  - ´ b
b b

¢¹ ¢¹ ¢¹g S ST S S
1

3
. 49DM s s AB s s s s s s,

The general structure of the obtained spin torque is similar to the torque existing under interaction of the ions of
the same subspecies (36). However, there is an essential difference related to the appearance of two kinds of
subindexes, s and ¢s . So, wefindno term, which can be rewritten as the spin current.

In order to solve the described problem,we suggest the following step.We need to consider the sumof spin
torquesTDM,A andTDM,B instead of the sumof partial spin currents:

(( · [ ])

( · [ ]) [ ]( )) ( )

( ) d

d d

= ´ 

+ ´  - ´ 

b

b b

g

S S

T S S

S S

1

3

. 50

DM AB A B

B A A B

So, a part of combined spin torque can be presented as a ‘combined’ spin current. So, wewould be able to derive
the spin polarization of the full system instead of partial polarizations. Anyway, the partial polarizations are
intermediate theoretical constructions, which have no physicalmeaning since the polarization formation is
related tomagnetic ions of both subspecies (and ions of the nonmagnetic subspecies). Similarly to the last term
in equation (36), we see that the last term in equation (50) gives us the effective spin current caused by the
intersubspecies Dzylaoshinskii-Moriya interaction

( · ) ( )( ) e d= -ab
b

abg gJ g S S
1

3
. 51DM AB A B
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It leads to the polarization of antiferromagneticmaterials
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g S S
2

1

3
. 52DM DM AB A B

4.6.On the other types ofmechanisms of the polarization formation
In this paper we are focused on the contribution of theDzylaoshinskii-Moriya spin current in the spin current
model in order to derive the symmetric formof the electric polarization inmultiferroics. However, this is one of
three known forms of the polarization.One of them is the antisymmetric formof the electric polarization.
Corresponding polarization can be obtained via themagnon spin current existing due to theHeisenberg
exchange interaction (it is briefly described in the final part of section 4.4.). The biquadrtic exchange can give a
correction to this result. The third type of the polarization is the spin dependent p-d hybridizationmechanism.
At the current state of our researchwe cannot suggest any interactionwhich provides a suitable spin current.
Herewe demonstrated that the spin currentmodel can be applied for the symmetric formof the electric
polarization in addition to thewell-known explanation of the antisymmetric formof polarization, but it is not
extended to the thirdmechanismof the polarization formation.

5. Polarization evolution equation

For the derivation of the polarization evolution equation, we use theHamiltonian (5), wherewe include no
relativistic interactions. The polarization itself is caused by the relativistic effects, hence, relativistic interactions
(the spin-orbit interaction, theDzylaoshinskii-Moriya interaction, and the evolution of the dipolemoment
under the action of the external electric field due to the relativistic nature of the electric dipolemoment) give the
relatively small effect.

In order to derive the polarization evolution equation, we consider the definition of the polarization in terms
of themicroscopicmany-particle wave function (16), with operator (15).We consider the time derivative of this
definition. The time derivative acts on thewave functions under the integral.Wefind forHamiltonian (5) the
following intermediate formof the polarization evolution equation

( ) ( ) ( )[ ˆ ˆ ] ( ) ( )†òå d¶ = - Y Y


t
ı

R t H R t dRP r r r d, , , , . 53t
i

i i

Thefirst term contains dependence on two particles i and j in the functions δ(r− ri), aBi and Pa
ij placed

under the integral in equation (53). In the following calculations of this term,we need to include the strong
decrease of function Pa

ij with the increase of the interparticle distance.We need tomake the transition to relative
interparticle distance similarly to section 3, wherewemade analysis of the definition of polarization (16).

The second termhas amore complex structure. It depends on three particles i, j and k in the functions placed
under the integral in equation (53). Therefore, we need to introduce the center ofmass and the relative distances
for three particles. In our calculations, we use the following substitution ri= Rijn+ (2/3)rin− (1/3)rjn,
rj= Rijn− (1/3)rin+ (2/3)rjn, and rn= Rijn− (1/3)rin− (1/3)rjn, whereRijn= (ri+ rj+ rn)/3,
rin≡ r1= ri− rn, rjn≡ r2= rj− rn, and rij≡ r3= r1− r2. It leads to the change of the element of volume in the
configuration space dR= dRN−3dRijkdrindrjn.We use these substitutions in the delta function δ(r− ri) and in
themany-particle wave functionΨ(R, t)=Ψ(...,ri,...,rj,...,rn,...,t).

After the described change of notations under the integral in equation (53)wemake an expansion on the
relative distances. It is possible due to the strong dependence of functions Pa

ij andU(rkj) on the relative distance.
Below,we present the results of our calculations for two regimes: the ferromagneticmaterials and the
antiferromagneticmaterials.

5.1. Polarization evolution for the ferromagneticmaterials
In this subsection, we present the results of our derivation of the polarization evolution for the ferromagnetic
materials

( ) ( · [ ]) ( )g e¶ = ¶  +  ´ ¶a a bgd m b g m d a m m
P P g B S S G S S S

1

3
, 54t

where thefirst term is the contribution of theZeeman energy (see thefirst term inHamiltonian (5)), it is obtained
in this paper, the last term is caused by theCoulomb exchange interaction and obtained in [2]. The following
notations are used in equation (54): γ is the gyromagnetic ratio, ˆ ˆm g=a asi i is themagneticmoment, and the
vector interaction constant
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!
( )=a a

PG g g
1

3

1

3
, 55u

which is a combined interaction constant with gu= ∫r2U(r)d3r, ( )ò= Pa a
Pg r r d r2 3 . Here we see one interaction

constant related to the exchange integral gu= ∫r2U(r)d3r, and the interaction constant related to the function
describing formation of the electric dipolemoment ( )ò= Pa a

Pg r r d r2 3 . The contribution of the Zeeman energy
in the polarization evolution equation, in the regime, where the electric dipolemoment is proportional to the
vector product of the spin operators, is found in [1]. It is related to anothermechanismof the polarization
formation in themultiferroicmaterial.

5.2. Polarization evolution for the antiferromagneticmaterials
In this section, we consider the time evolution of polarization given by equation (20), which includes the
structure of antiferromagneticmaterials. Herewe have two subspeciesA andB, sowe derive the polarization
evolution equation for each of them. Let us present the result for one of the subspecies

( )[ ( )]

[( )

( )

( ) ] ( )

e g

e

¶ = ¶ ¶ - ¶ - ¶

+ +

+ - +

+ ¶ ¶

a bgd a m g d m b b m d m b d

bgd a a b g d

a a b g d

a m b g m d

P

P P

P P

P





P g B S S S S S S

g g g g S S S

g g g g S S S

g g S S S

1

6
1

6
2

2

2 . 56

t A B A A B A B

u u B A A

u u A B B

u B A A

0 0

0 0

0

Thefirst term in this equation is proportional to the space derivative of themagnetic field (∂μB γ). It appears
from the Zeeman energy (thefirst term inHamiltonian (5)), like thefirst term in equation (54) obtained for the
ferromagnetic regime.Other terms in equation (56) contain the interaction constants of theHeisenberg-
Coulomb exchange interaction, since their appearance is caused by this interaction from the second term in
Hamiltonian (5). The result for the second subspecies can be obtained via the exchange of subindexesA↔ B.

It has beenmentioned above that the polarization appears in the complex of twoneighboring ions that
belong to different subspecies. So, the partial polarization (20) and equation for its evolution (56) are the
intermediate theoretical tools.We need to combine the partial polarizations in the full polarization
¶ = ¶ + ¶a a aP P Pt t A t B and obtain the equation for its evolution

( ) ( )

[ ( )

( )( ) ] ( )

e g

e

¶ = - ¶ ¶

+ -

+ ¶ - ¶

a bgd a m g m b d

bgd a b g d d

a m b g g m d

P

P

P



P g B S S

g g S S S S

g g S S S S

1

3
1

3
2

, 57

t A B

u B A A B

u B A B A

0

0

where themeaning of different terms is the same as the physicalmeaning of the terms in equation (56).
The spin evolution equations (10) are combined in the evolution equations for functionsΣ= SA+ SB and

L= SA− SB, which are traditionally used in the theory of the antiferromagneticmaterials [29]. Therefore, it is
essential to represent equation (57) in terms of these functions

( ) [ ]

[ ( ) ] ( )

e g

e

¶ = - ¶ ¶ S

+ S + ¶ S ¶

a bgd a m g m b d

bgd a b g d a m b g m d

P

P P

P g B L

g g L L g g L L

1

6
1

6
2 , 58

t

u u0 0

wherewe include εβ γ δ[(Σβ+ Lβ)(Σδ− L δ)]=2εβ γ δLβΣδ. Physicalmeaning of terms in the obtained equations
can be traced via the coefficients. The presence of themagnetic field shows the appearance of this term from the
Zeeman energy, and the presence of g0u or gu shows its appearance from the exchange interaction, similarly to
the equations shown above.

6. Equilibrium solutions set of spin-polarization evolution equations

Let us consider equilibrium structures obeying a systemof equations for the spin evolution and polarization
evolution. For the simplicity of derivation of the equation obtained above, we considered the externalmagnetic
field. It is possible to include themagnetic field created by themagneticmoments of themedium.Hence, we
need to include theMaxwell equations:∇ · B= 0 and∇× B= 4πγ∇× S, wherewe included the zero time
derivative of the electric field due to our focus on the static regime.
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6.1. Ferromagneticmultiferroics
We start this analysis with the ferromagneticmaterials. In this case, we consider several configurations of the
spin density.

6.1.1. Parallel spins, transverse change of spinmagnitude
Let us consider the regime, wherewe consider the spin density directed in the z-direction S0= S0ez.We also
assume that itsmodule changes in the x-direction S0= S0(x). Sincewe assume∂tS0= 0, we need to check that
the right-hand side of the spin evolution equation

[ ] [ ] ( )g¶ = ´ + ´ gS S B S S
1

6
59t u

is equal to zero.We see!S∥ez, hence the last term is equal to zero. To check the first term,we need tofind the
correspondingmagnetic field, assuming that the externalmagnetic field is equal to zero.Wefind
∇× S0=− (∂xS0(x))ey. Hence,∇× B0=− 4πγ(∂xS0(x))ey. It givesB0=− 4πγS0(x)ez. The condition
∇× B0= 0 is also satisfied. It is parallel to S0, so thefirst term in equation (59) is equal to zero aswell.

The equilibrium conditionmeans that the polarization does not depend on time.Hence, the right-hand side
of equation (54). Estimations given above show that this condition is satisfied.We also need tofind the
corresponding polarization (nonzero value) via thefirst termon the right-hand side of equation (17):

= PP g S0 0 0
2. Let us remind that constant g0Π is parallel to the shift of the ligand ion δ.We present a simple

equilibrium spin structure leading to nonzero polarization.

6.1.2. Parallel spins, longitudinal change of spinmagnitude
Weconsider the spin density directed in the z-direction S0= S0ez, where itsmodule changes in the z-direction
S0= S0(z) aswell.We require∂tS0= 0 and check the value of the right-hand sideof the spin evolution
equation (59).We see!S∥ez, hence the last term is equal to zero.Wealsofind the zeromagneticfieldB= 0.Hence,
both equations (54) and (59) are satisfied.Wealsofind the corresponding polarization ( ) ( )= Pz zP g S0 0 0

2 .

6.1.3. Cycloidal spiral spin structure
Let us consider the spiral spin structure thatwas earlier presented inworks [7, 41]:

( ) ( · ) ( · ) ( )= + +s s sS r e r q e r q ecos sin , 60b y c z a x0

where q= qey. It is a spiral shifting in the direction being in the rotation plane. It can be represented in the
following form

( ) ( ) ( ) ( )= + +y s yq s yq sS e e ecos sin , 61y b c z a x0

which can be substituted in the spin evolution equation tofind themagnetic field corresponding to the
equilibrium condition.

The right-hand side of equation (59) should be equal to zero for the static regime. In addition to themagnetic
field parallelB1= χS0 to the equilibrium spin density, we need to include an additionalfield since the second
term [S0×!S0]=− q2[S0× (S0− saex)]=saq

2[S0× ex]has a nonzero value. It leads to the following structure
of themagnetic fieldB0= B1+ B2 with the additional constant field = -

g


q sB e
g

a x2 12
2u . To complete the

solution, we need tofind the coefficientχ. If we assume c = const wefind that equation∇ · B0= 0 cannot be
satisfied. Sowe consider coefficientχ s a function of coordinatesχ(r). However, the x and z projections of
equation∇× B0= 4πγ∇× S0 can be satisfied atχ= 4πγ or q= 0.We conclude that two interactions entering
the spin evolution equation (59) cannot support structure (60). Possibly, one can find a consistent solution in
form (62) by extending the range of interactions included in themodel.

6.1.4. Screw spiral spin structure
Herewe consider a spiral shifting in the direction perpendicular to the rotation plane, so substitute q= qex in
equation (60). In the chosen regime, the structure simplifies to

( ) ( ) ( ) ( )= + +x s xq s xq sS e e ecos sin . 62b y c z a x0

Let us consider the right-hand side of equation (59) under assumption (62) for the spin structure. The
balance of two terms leads to the following formofmagnetic fieldB0= B1+ B2 withB1= χS0 and

( )
g

= -
g

q sB e
12

. 63u
a x2

2

Weneed to check that the foundmagnetic field satisfies equation∇ · B0= 0. It shows that functionχ
depends on coordinates y and z (χ(y, z)) or to be a constant c = const . Next, we need to consider the second
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Maxwell equation∇× B0= 4πγ∇× S0 (its static regime). Assuming c = const , we find the explicit expression
forχ= 4πγ.

Wecancheck that the right-hand sideof equation (54) is equal to zero, sincewe consider the equilibriumstate.
We see that it is satisfied.Let uspresent the correspondingpolarization (= = + +a a a

P PP g g s s qxS cosa b0 0
2

0
2 2 2

)s qxsinc
2 2 . It canbe a constantunder conditions sb=± sc. It gives polarization

aP0 in the following form
( )= +a a

PP g s sa b0 0
2 2 . Let us remind that the constant a

Pg
0

is parallel to the shift of the ligand ion δα (47).

6.2. Antiferromagneticmultiferroics
Wepresented a spiral spin structure in the a-direction for ferromagneticmultiferroics in terms of themodel
based on the Zeeman energy and theHeisenberg-Coulomb exchange interaction. So, we are focused on the same
regime for the antiferromagneticmultiferroics, butwe also brieflymention the uniform regime.

6.2.1. Uniform regime
For the uniform regime, we have parallel partial spin densities, and therefore we have parallel vectors L0 andΣ0.
However, we can consider differentmodules of the partial spin densities in their opposite directions, soΣ0 has a
nonzero equilibrium value. It corresponds to the constantmagnetic field parallel to vectors L0 andΣ0.

6.2.2. On a form of screw spiral spin structure
In the uniform case, we consider the parallel partial spin densities with differentmodules. Here, we can consider
two regimes of spirals in a-direction.One corresponds to the parallel partial spin densities with different
modules. So, we see spirals for L0 andΣ0 with the space phase shift onπ. Another case is the regime, where the
partial spin densities have approximately equalmodules, but they are directed at the angle to each other. It leads
to perpendicular directions of L0 andΣ0 at each point. It corresponds to the space phase shift onπ/2 for L0
andΣ0.

Let us start the analysis with the screw spiral structure for L0 vector

( ) ( ) ( ) ( )= + +x l xq l xq lL e e ecos sin , 64b y c z a x0

while other characteristics we retrieve from equilibrium regime of equations ofmotion.
Next, we need tofind themagnetic field corresponding to both the spin evolution equations (11), (12), and

theMaxwell equations∇ · B0= 0 and ( )p g ´ =  ´=B S4 i i i0 1
2

0 . In the chosen case, we have γ1= γ2 and
S01+ S02=Σ0.

We consider the equilibrium formof equation (12), wherewe dropped the second termon the right-hand
side. It gives (2μ/ÿ)B0= χL0− g0u,ABΣ0, whereχ is an unknown coefficient.We substitute thismagnetic field
in equation (11) and obtain vectorΣ0:

( ) ( )a
c

S = +x g q lL e
1

6
, 65u a x0 0

2

whereα is another unknown coefficient. It also leads to the expression for themagnetic field
( )[( )m c a c= - - g g g q lB L e2 u AB u AB u a x0 0 , 0

1

6 0 ,
2 .

Equation∇ · B= 0 can be satisfied if (χ− g0u,ABα/χ) is a constant or a combination of functions equal to
zero. equation∇× B= 4πγ∇×Σ0 can be satisfied at the following relation between two introduced
coefficients

( ) ( )c a pgm= + g4 . 66u AB
2

0 ,

Hence, (χ− g0u,ABα/χ) is a nonzero constant. So,α andχ are constants connected via equation (66).
To complete our analysis, we need to check that the polarization evolution equation (58) also corresponds to

the equilibrium regime, so its right-hand side is equal to zero. The direct substitution of foundB0,L0, andΣ0

shows that it is satisfied.
In this case, the polarization ismostly defined by vector L in accordancewith equation (25). If we need to get

a constant value of polarization, we need to choose lb=± lc andfind ( )( ) ( )( )dg= +bmc g l lP 1 6 2 a b0
2 2 .

The spiral spin structures are the periodicmagnetic structures, which appears to be one of nontrivial spin
structures alongwith skyrmions,magnetic helix,magnetic vortex, chiral domainwalls. Spatial variation of the
spin density is the key property for the polarization formation.Hence, the spiral spin structure is one of
structures which allows to obtain the electric polarization of themedium. If we consider the antisymmetric form
of the electric polarization following [7], the spiral spin structures are necessary for electric polarization in
multiferroics. The nonzero symmetric formof the electric polarization can be obtained for the collinear spin
density in accordancewith equation (40). However, this is a formal result, since experimental estimation of the
polarization ismade up to normalization constant. Nontrivial space dependence of the polarization can be
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found for spiral structures.Moreover, the spiral spin structures allow to obtain the periodic change of the electric
polarization inmultiferroics.

7. Conclusion

The Landau–Lifshitz–Gilbert equation can be called themainmacroscopic equation for the evolution of the
magnetization in themagnetically orderedmaterials.Multiferroicmaterials show the existence of the electric
polarization in addition tomagnetization.Hence, the study of themultiferroics requires a couple of connected
equations for themagnetization and the electric polarization. The problemof the derivation of described set of
equations for the antiferromagneticmaterials has been formulated in this paper. The II-type ofmultiferroics
with the electric dipolemoment proportional to the scalar product of the neighboring spins has been chosen for
this research. The polarization evolution equation has been found under the action of the Zeeman energy and
theHeisenberg-Coulomb exchange interaction. The similar equation for the ferromagnetic regime has been
demonstrated as well. Themany-particle quantumhydrodynamicmethod has been applied for the derivation of
the required polarization evolution equation. Before, the application of thismethod to this derivation, the
method has been successfully tested on the derivation of the spin/magnetization evolution equation.

However, the chosen definition of the electric dipolemoment has been required an analytical justification.
The justification has beenmade in several steps. First, the spin-currentmodel is justified for the ferromagnetic
materials via themomentumbalance equation (the hydrodynamic Euler equation) containing the spin-orbit
interaction. Second, the spin-current caused by theDzylaoshinskii-Moriya interaction has been found from the
spin/magnetization evolution equation and placed in the spin-currentmodel tofind the required polarization.
Finally, the same steps have beenmade for the antiferromagneticmaterials.

Therefore, it has been analytically derived that there is the electric dipolemoment proportional to the scalar
product of the neighboring spins caused by theDzylaoshinskii-Moriya. The interpretation of the direction of the
vector coefficient of proportionality in the electric dipolemoment has been interpreted as being parallel to the
shift of the ligand ion from the line connecting neighboringmagnetic ions (this vector is thewell-knownpart of
theDzylaoshinskii vector constant).

Some equilibrium spin configurations have been considered for the ferromagnetic and antiferromagnetic
multiferroics. Regimes of parallel and spiral spin structures have been discussed, and corresponding electric
polarizations have been calculated.

Overall, the Landau–Lifshitz–Gilbert equation contains the contribution of a number of physical
mechanisms. Their systematic account in the polarization evolution equation is the research program
demonstrated in this paper. The account of the Zeeman energy and theHeisenberg-Coulomb exchange
interaction for the antiferromagneticmaterials with the electric dipolemoment proportional to the scalar
product of the neighboring spins has been one of the initial steps towards the realization of this program.
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