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0 KHHETHKE rH.BEJIH BPOYHOBCKHX "CJACTHIJ; 
HA CJIY"l!AiiHO P ACTIOJIOJKEHHbIX CTOKAX 

BepemKoncK11ii A. M., MaxH0:8cK11ii IO. A., Cyp11c P. A. 

1. II pe,n;cTaBJremrn o 6poyHoBCKIIx -qacTIIIJ;aX, rII6Hym,IIx Ha cJiy-qa:llHo pac

noJiomeHHhIX CTOKax ( II,n;eaJibHbIX JIOBYIIIKax) ' OKa3aJIOCb BeChMa IIJIO,Il;OTBOp

HbIM ,II;JIH IIsy-qeHIIH KIIHeTIIKII ,n;mpcpysIIOHHO-KOHTpOJIIIpyeMbIX rrpon;eccoB 

[ 1, 2]. Cor JI a CHO Tpa,n;IID;IIOHHOMY rro,n;xo,n;y [ 3], BepoHTHOCTb BbIIBIIBaHIIH "(rnc-

.TIIIJ,bI paBHa rrpOII3Be,n;eHIIIO HesaBIICIIMbIX BepOHTHOCTe:ll II36earn Tb rII6eJIII Ha 

KaIB,II;OM II3 CTOKOB. IlpII 8TOM IIrHOpIIpyeTCH B3aIIMI-IOe BJIIIJIHIIe CTOKOB Ha 

rII6eJih "LJaCTIID;hI, T. e. MHoro-qacTII"{fHOCTb sa,n;a-qII, TaKoe npII6JIIIIBeHIIe onpaB

;::i;aHo B rrn-qaJibHOH CTa,II;IIII npon;ecca, KOr,n;a 8TO BJIIIJIHIIe MaJIO. 

J(JIH IIsy-qeHIIH KIIHeTIIKII rII6eJIII -qacTIID; IIIIIpOKO npIIMeH~IOTCH CTaH,n;apT

Hbie MeTO)J;bI TeopIIII HeynopH,n;o-qeHHbIX CIICTeM. MeTo,n; 8cpcpeKTIIBHOH cpe,n;hr II 

' MO,Il;IIcpIID;IIpOBaHI-IaH TeOpIIH BOSMyII.1,eHIIH [ 4, 5] IICnOJib30-BaJIIICb npII nonhIT

KaX YTO"{fHIITb Tpa,n;IID;IIOHHYIO BpeMeHHyIO 3aBIICHMOCTb BepoHTHOCTII BbIIB'.H

BaHHH [1, 2, 6-8 ]. c noMOII.1,bIO MeTo,n;a onTIIMaJibHOH cpJiyKTyan;HII [ 4] y,n;a

.JIOCb noJiy"{fHTb acIIMnTOTIIKY peIIIeHHH sa,n;a-qII npH t-+-= [9-12], KOTOpaa 

noKasaJia, "{fTO Ha 60JibIIJHX BpeMeHax -qacTHD;bI rH6HyT cym,eCTBeHHO Me,n;JieH-

Hee, "LieM npe,n;cKa3hIBaeT Tpa,II;HD;IIOI-IHaH BpeMeHHaJI saBHCIIMOCTb BepoHTHOCTH 

BbIIB'.IIBaHIIH ( TaK Ha3bIBaeMoe cpJiyKTyan;IIOHI-IOe saMe)J;JieHHe) . 

B ,n;aHHOH pa6oTe ,II;JIH orrncaHIIH :KIIHeTIIKH rn6eJIII -qacTnn; MbI npnMeHIIM 

MeTo,n;, BOSHIIKIIIHH :B TeopIIII 6poyHOBCKoro ,II;BIIIBeHIIH TI BeChMa pe,n;Ko nc

noJihsyeMhIH npII paccMoTpeHIIH HeynopH,n;o-qeHHbIX cncTeM [ 13]. B HaIIIeM 

CJiy-qae 8TOT MeTO,Il; ,n;eJiaeT MaTeMaTH"{f8CKoe onHCaHIIe HarJIH,II;HbIM, npn,n;aBaJI 

·eMy npospa-qHhIH cpnsn-qecKIIH CMbICJI. I1s noJiy-qerrn:oro B pa6oTe BbrpameHIIH 

,II;JIH BepOHTHOCTII BbIIB'.HBaHHH -qacTIID;bI CJie,n;yeT' KaK 6y,n;eT noKasaHO HHIBe, 

-qTo Ha Ha-q;aJrhHOM 8Tane npon;ecca BepHa Tpa,n;MIJ;HOHHaH cpopMyJia ,II;JIH Bepo

HTHOCTII BbIIB'.IIBaHIIH, nepexo,n;mn;aH Ha 6oJibIIIHX BpeMeHax BO cpJiyKTyan;IIOH

HYIO acIIMnTOTHKY [9-12]. MbI Ha:ll,n;eM nonpaBKY K Tpa,n;m::i;IIOHHOH cpopMyJie, 

oTpamarom,yro saMe,n;JieHIIe rII6eJIII -qacTIID; Ha Ha"LiaJihHOM 8Tane npon;ecca. 

-MbI noKaIBeM, "{fTO o6JiaCTb nepexo,n;a OT O,Il;HOH II3 II3BeCTHbIX BpeMeHHbIX sa

BHCHMOCTeH K ,n;pyro:ll BeJIIIKa no cpaBHeHIIIO c ,II;JIIITeJibHOCTbIO Ha-qaJibHOro 

· 8Tana npon;ecca. TeM He MeHee, ecJIII o6'heMHaH ,n;oJIJI CTOKOB MaJia, IIMeHHO 

Tpa,II;IID;IIOHHaH BpeMeHHaH saBIICIIMOCTb BepOHTHOCTII BbIIB'.IIBaHIIH OIIIICbIBaeT 

rII6eJib nogaBJIHIOII.1,ero 6oJibIIJIII-ICTBa "LJaCTIID;. 

2. Ha:ll,n;eM BepoHTHOCTb BhIIBIIBaHIIH To-qe-qHo:ll 6poyHOBCKOH -qacTIII:t;bI B 

d-MepHOM npocTpar-rcTBe, co,n;epmam,eM cJiy-qa:llHo (no IIyaccoHy) pacnoJio

meHHbre ccpepn-qecKIIe CTOKU pa,n;nyca b' KOHD;eHTpan;IIH KOTOpbIX paBHa n. 
06osHa-qnM -qepes Wt BIIHepoBcKyro TpaeKTopIIIO -qacTIID;hI, r-ra6Jiro,n;aeMo:ll B 

Te-qeHIIe BpeMeHII t. ConocTaBIIM e:ll o6JiacTh npocTpaHCTBa, nocem,eHHyro ccpe

po:ll pa,n;IIyca b, TpaeKTopIIH n;eHTpa KoTopo:ll ecTh Wt. 8Ta b-oKpeCTHOCTb BII

HepoBCKOH TpaeKTOpIIII II3BeCTHa B TeOpIIII CJiy-qa:llHbIX npon;ecCOB KaK 

«cocIIcKa» BIIHepa (Wiener sausage) [ 10, 13]. lfacTIIn;a He norII6HeT JIIIIIIb 

Tor,n;a, Kor,n;a cocIIcKa BIIHepa, OTBe-qarom,aH Wti He co,n;epmIIT n;er-rTpoB CTOKOB. 

J(oJIJI KOHcpIIrypan;II:ll CTOKOB, y,n;oBJieTBOpHIOII.l,IIX 8TOMy YCJIOBIIIO, paBHa 

exp[ -nv(Wt)], r,n;e v(Wt) - o6'beM cocIICKII BIIHepa. CyMMIIPYH BKJia,II;hI 

pa3JIII"{fHbIX TpaeKTOpIIH, IIOJIY"{fIIM IICKOMYIO BepOHTHOCTb BbIIB'.IIBaHIIH -qacTII

l:t;bI B Te-qeHIIe BpeMeHII t: 
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P(t)=<exp[-nv(W1) ]>, (1) 

r)l,e yrJIOBbIMii CK06IrnMII o603Ha1IeHO ycpe)l,HeHHe no BIIHepoBCl\IIM Tpae1no

pHHM [ 13, 14]. B IIpnJiomeHHH 1 rrpnBe)l,eH <f>opMa.TihHhiii Rhrno ; ~ :noro Bblpa

J.KeHHH. 0TM8TIIM, 1ITO CXO)l,HOe paCCMOTpeHIIe HCTIOJih30BRJIOCb rrpn pememrn 

anaJiorII11Ho:H 3a)l,a11u Ha perneTKe [ 15]. 
06'heM cocIICKH BnHepa - nerrpepbIBHaH CJTy-trniiirnH BemPmna, xapar~n'

pII3yeMaH IIJIOTHOCTbIO BepOHTHOCTII 

cDy1rnn,nn Ft ( v) no3BOJIHeT rrpe)l.CTaBIITL Bepon THOCTL nhGimnnmrn 1 taCTUI\bI 
( 1) B BII)l,8 

P(t)=f exp(-nv)F1(v)dv. (2) 

Kam)l.LIH II3 coMHomnTeJieir R IIO)l.hIHTerpaJILHOM nh1pamemm oTpamacT JIIImL 

0)1,IIH H3 <f>aKTOpOB, rrpII)l,8IOIIJ,IIX paccMaTpHBaeMoMy rrpon,eccy BepOHTHOCTIIbili 

xapaKTep: rrepBbIH - HeyrropH)l,01I8HHOCTb paCIIOJIOIBemrn CTOlWB, BTopoii -

CTOXaCTIPIHOCTb 6poyHOBCKOro )l,BIUKeHirn 1-JaCTIIIJ,LI. Ilpn T8f\o:\I rror~xoge BCe 

TPYAHOCTII CBH3aHhI c nLI"lIIICJieHneM nJIOTHOCTII BcpoHTHOCTH F1 (v), xapan:Te

pII3YIOIIJ,e:H ,Il;BHIBemrn ccpepIFieCKOH 6poynOBClWH 1IaCTIIIJ,bI H 1IpOCTp;UICTBe oe3 

CTOKOB. 

cDyHKIJ,IIH F1 (v) IIMCeT KOJIOKOJioo6pa3Hbdi BHJJ:. Ilpn t~O ona c1peMLITCH 

R 6 ( v-vo), r)l,e Vo=nd12bd/I' ( 1 +d/2) - o6'heM d-MepHoii C(pepbI pa)l.nyca b. 
c Te1IeHIIeM BpeMeHII BepIIIIIHa KOJIOKOJia CMeIIJ,aeTCH na 6eCKOHe1IHOCTL, a IIIII

pnHa pacTeT (pncyHoK) . .flBHhIH BII)l, <f>yHKIJ,IIII Ft ( v) y)l.aeTCH nai'ITII JIHillb n 

O)l,HOMepHOM cJiy11ae [ 16]. B 3TOH me pa6oTe [ 16] BLFmc.nenLI cpcgnee ;rna-

11eHne H )l,HcrrepcIIH o6'heMa cocRCKII BnHepa B npocTpaHCTBe uporr3BOJILnofi 

pa3MepHOCTII. Hume B o6IIJ,eM CJIJl.Iae MhI ycTanoBIIM 3anncnl\IOCTI> F1 (v) n oo

Jiacn1 ee Gmnimero «xBocTa». BcH na 1rnqwpMan,un 6yr~eT npmueneua g:1rr 

aHaJIII3a KIIHeTIIRII I'II08JIII 1-JaCTHIJ,. 

IIepeXO,Il;H H: paCl.IeTaM, BOCIIOJIL3ye:MCH oe3pa3MepHbIWI uepe~ICHIIhlMII T= 

=Dt/b2, u=v/v0 , r,Il;e D - Koacpcpnn,ucHT )l.ncpcpy3nn 1-JaCTIIll,hI, II BBe)l,ei\I oo'he!II

HYIO ,Il;OJIIO CTOKOB p=nvo. cDopMyJia (2) B :nus o603Ha"lieIIIIflX rrpnMeT Bil)l, 

P(-r)= j exp(-pu)Fi:(u)du. 

II01rnmeM, RaK II3 3TOII <f>opMy.rrhI CJICAYIOT TP8AHIJ,II01:11rnn npe!l1enHan aa1rncn
MOCTh BepoHTIIOCTH BbIIBIIBaHI'rn Ha Hal.laJlbIIOM 8Tane rrpou;ecca JI lJ) .'IYl~Tya

IJ,IIOHHaH aCIIMilTOTHKa Ha 6oJibllIHX: BpeMeHax. 

3. TpaAHIJ,IIOHHaH 3aBIICIIMOCTL BepoHTHOCTH Bhrnnrne:umn 1H1CTIIll,hI OT npe

MeHII B03HIIKaeT II3 ( 3) B pe3yJILTaTe rrpHOJIIIIBeHHH cpe)l,nero lIOJIH 

Fi:(u)=<6[u-u(W,) ]>~6[u-<u(W,)>], 

T. e. nrnopIIpoBamrn <f>JIYKTyan,IIll: oG'heMa cocIICKH: Bnnepa . .JJ;e1lcTnIITem.no. 
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npn 9TOM 
P ( T) =<exp[ -pu (W-r) ]>~exp[ -p<u (W-r) >] =Pir· (4) 

. .IJ:o.na3aTeJihCTBO rrocJiep;Hero paBeHCTBa B ( 4) rrprrnep;eHo B II pirnoIBeHIIH 2. 
3aBHCHMOCTb cpep;Hero oG'heMa cocHCRH BHHepa < u ( W -r) > === < u > -r OT BpeMeHH 
rrpn T»1 HMeeT BII,!J; (16] 

<u>-c~ (2/n'") T 112 rrpH d=1, 

<u>-r~4T/ln T rrpH d=2, 

<u>-c~d (d-2) T rrpH d~3. 

(5) 

ToT <f>aRT, lfTO Tpap;IIIJ.HOHHbIH rrop;xop; HBJIHeTcH rrpHoJiumeHneM cpep;Hero 
IIOJIH B paccMaTplrnaeMOII 3ap;alfe, rrpIIBO,!J;HT R BaIBHOMY 3aRJII01IeHIUO: i:racnr
IJ.bl Bcerp;a rHOHYT 1\18,IJ;Jieirnee, lfeM 8TO CJiep;yeT H3 Bbipamemrn ( 4) . .IJ:eii:CTBll
Te."1bHO, corJiaCHO II3BeCTHOMY HepaBeHCTBY <exp (-x) >~exp (-<x>)' 

P(T) ~Ptr(T) (6) 

IJ;JIH ncex T, rrpnlfel\1 paBeHCTBO HMeeT MecTo JIHIIIb rrpn T=O. Brrepnhre Hepa
neHCTBO ( 6) 6bI .TIO IIOJIY1IeHO B [ 8]. 3aMep;JieHHe rnoeJIII 1IaCTllIJ. Ha UOJibIIIHX 
npeMeHax xopoIIIO ll3BeCTHO (9-12]. 0TI-IOCHTeJibHO me na"liaJibHOii CTa,!J;HH 
rrpou.ecca B JIHTepaType HMeIOTCH YTBepmp;emrn 0 TOM, 11TO 1HlCTIIIJ.bI rnGHyT 
OhICTpee, "lleM rrpep;cRa3hIBaeT Tpap;IIIJ.HOHHaH npeMcHmur 3anncnMOCTL (CM. 
(2, 6, 7]). HepaBeHCTBO ( 6) rroRa3hIBaeT, . 1ITO STH yTBepmp;emrn oIIInooi:rnhI. 

4. CorJiacHo qmpMyJie (3), nepoHTHOCTb Bhnmrnamrn 1IaCTIIU.hI P ( T) ecTb 
Jiarnrac-oGpaa IIJIOTHOCTII nepoHTHOCTH F-r: ( u). 8To II03BOJIHCT rrpep;cTaBHTb JIO
rapncp:\:1 P ( T) n nnp;e pHp;a no crnrreirnM nemr"lIIIIJhI p, HBJIHIOru;eiicH napaMeT
pm1 rrpeoopa3oBamrn JlarrJiaca: 

~ (-p)i 
lnP(T)==L(T)=~ ~.,-K1(T). 

i=i l· 
(7) 

3p;ecb Kj ( T) - RYl\IYJIHHTbI oo'heMa cocnCRH Brrnepa [ 17]. Harrol\Ilnm, 1ITO 
Kr(T)=<u>-r, a K2(T)=cr2 (T) -p;Hcrrepcmr o6'heMa cocncmr B1rnepa. lipnGmr
meHHIO cpep;nero IIOJIH OTBelfaeT arrrrpon:cMMan.1uI pHp;a ( 7) ero rrepBbIM cJia
rae;\IbIM. 

I\oscp<f>nn.nenTbI Ki ( T) pacTyT co BpeMeHeM. Ecmr oo'be:\maH p;om:r CTOKOB 
Ma.'Ia, p« 1, a 111\IeHHO 8TOT CJiylfaii MbI H 6yp;eM paCCl\IaTpirnaTh, TO ua na 1Ia.Tib
HOII crnp;nu rrpon.ecca rrepnhrl1 i:rneH pHp;a (7) 3Ha1nne.TihUO npeBocxop;nT cyM-
1\IY ncex ocTaJihHhIX. ;~p;ecL crrpaBep;mrna Tpap;nn.nonmur 3aBIICIIMOCTb nepoHT
nocTn Bhiffinnamrn OT BpeMeHH (4). ¥"lrnT BToporo 1 mena pHp;a (7) npnnop;nT 
K YT01IH8IIIIIO Bhlpamemrn ( 4). fl 8TOM rrpHOJIIliH'.CIIIIlI BCpOHTIIOCTh BblfEIIBa
HIIH 1IaCTIIU.bl IDieeT BH,!J; 

(8) 

OTi\reT1n.1, 11To nTopoe c.TiaraeMoe B HOKa3aTeJie sHcnoHeHThI oTpan\aeT 3aMe;:i:
Jicnne rnoemI 1IaCTHIJ. B COOTBeTCTBHII C HepaBeHCTBOl\I ( 0). ~)anITCIIl\IOCTII ( 8) 
OTBClJaeT anrrpof\CIIMan.rrn nJCOTHOCTII BepoHTIIOCTM Er (zz) pacrrpep;e.TTcuneM 
raycca 

1 ( (u-<u>-r) 2
] 

F-r:(u) ~ (2n)'12 cr(T) exp - 2cr2 (T) ' 

npanHJihHO ylfIIThIBaroru;aH cfwy1nyan.m1 oo'heMa cocncHn Birnepa noJIII3II <u > r· 

ConocTaBHM nepoHTHOCTH BbllliHB8HHH P1r(T) (4) n Pa(T) (8) . .IJ:JIH 8TOro 
BOCIIOJib3yeMCH Halip;eHHOII B [ 16] 3aBIICHMOCTLIO p;ncrrepcnn OO'bel\Ia COCIICI\H 
B1rnepa OT npeMeHH npn T» 1 

cr2
( T) ~2(ln2-2/n)T rrpH d=1, 

(9) 
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0 2 
( 't) ~ 91' ln 't npn d=3, 

0
2 

( 't) ~ ~cI't npn d > 4, 

r)J,e ~d - nOIIC'raHTa (~2~27,18). Ifa cpopMyJr (4), (5), (8), (U) rneJJ,yL'T, i.no 
npu d>4 yT011uemrn TpaJJ,IIU.IIOHHoii Bpe~rn1rnoii 3aBUClli\IOCTII sepoHTHOCTII 
BbIIBIIB<:UUUf CBO)J,IITCH K nepeHOpMnpo1rn:e Tpap;IIU.IIOHHOii I\OHCTaHTbI Cl-topo
CTII. Cor.TiaCHO [ 1, 8], TaR me p;eJio oocTOlIT II B TpexMepHOM c.11y1rne. B ;_i,eiiCT
BIITeJihHOCTII me, .h'.Cln BH)l;HO II3 yKa3aHHblX BbUIIe (pOpMy.11, npn d~ 3 Cl~OpOCTb 
rnGeJilI 1.JaCTIIU. He JIOCTO.HIIIIa, a yGnrnaeT co npeMeHei\I. 

BepOHTHOCTII (4) n (8) OJIII3KII JJ,pyr h'. .D,pyry, 1rnrJJ,a BhIIIO.'IHHCTCH nepa
BCHCTBO pa ( 't) « '1. 8To IIMeeT MCCTO Ha BpeMeHax 't« 'to, r.ri:e 

'to=p- 2 npn d=1, 

'to=p- 1 ln2 (1/p) npII d=2, 

't0=p- 2 ln- 1 (1/p) npn d=3, (10) 

5. Co BpeMeneM 1..:0.rior.:oJI F-r:(u), pacrrJihrna.nch, yxo1~11T n 06m1cT1> Go:rLIIIIIX 
3Hai.ieHII.ii u. B pe3y,rrLTaTe MaI~cnMyM rro,a;nrnTerpa.rrLnoro HhTpamernrn B (:3) 
OKa3bIBaeTCH na G.rrIIfl\HeM «XBOCTe» pacrrpcp;eJremrn FT ( u)' rri:c u« < u > T• 

Ha TaKIIX npeMenax RHHCTIIKa paccMaTpIIBaeMoro npuu.ecca orrpep;eJIHCTCH 
MaJIOBepOHTHbD1IJ cjmy1ayan;HHMII oG'Lmrn cocncn:n I3mrnpa, I1pOHHJIHIOiqTIMC H 

GJiaroJJ,apn <flJiyI->Tya11,1rnM B pacrroJioarnmrn CTOKOB. 
Ilpn: u«<u>-r: y,r.i:aeTCH uaiiTII HBHhiii BIIA IIJIOTHOCTIJ nepowrnocn1 Fr(u). 

,[(eJio n TOM, i.no cocncna BIIHepa, oo'Lei\1 1rnTopoii ~1<u1 no cpmrnenmo c < u > ,. 
nMeeT cpopMy G.111sEy10 I-t ccpepc c n;einpoM B To1 nrn cTapTa 1 racn11~hl. ,[(<.'iiCT
BIITeJihHo, oHa sano.'Inena MHoroKpaTirn caMonepccmrn10111.ciicn TpaeKTopneii, 
rrpII1IeM «IIJIOTHOCTh» Ta1wro sarroJIHeHIIH rraJJ,aCT nfimrnn ee rpanIIU,hI. Cpanmn1 
COCIICHII I3nHepa OJ,IIHHKOBOro oG'beMa u«<u>,. Mbl Ril)J,IL\I, 11TO :na IL'IOTilOCTI.. 
BhIIIIe BHYTPII Tex II3 nnx, i.1Ln IIOBepxHOCTb ooJihIIIe. Y ctj)epnI, nMem111,eii Han
MenLIIIYIO IIOBepxnoCTL, OHa - MIIHIIMaJILHa. Ilo 3TOii rrpIPlIIIIC cpe)J,II COCIICOI>'. 
B1rnepa MaJioro Oo'Le~Ia (u« < u> -r) HaIIUOJiec nepOHTJibI Te, q>opMa ROTOpbIX: 
oJIII3Ka H'. ccpep1111cc1-.:oii. 

IlpII u«<u>-i: .rrenw Haxop;nTcn neJiwnrna 

rrpep;cTaBJIHIOIIJ,aH coGoii BepOHTHOCTb npeGnrnamrn 1.JaCTlll~LI B Tl~'TC'TIUL' Bpe
MeHII 't BHYTPII ccpepbI oG'beMa u, oKpymaroIIJ,eii Toi.my ee cTapTa. 01rn pa1rna 
IIHTerpaJiy 110 o6'LeMy :JTOM ccpepnr OT pernemrn d-MepHoro ypannemrn ,':(ml>
cpysIIII aG/fh=D!).G, YAOBJieTBOpHIOIIJ,ero HfflJaJILHOl\IY yc.TIOBIIIO G (r, 0) =6(r) 
lI norJioIIJ,aIOIIJ,eMy rpamPrnoMy ycJIOBIIIO Ha 110Bepxnocn1 ccpcpn1. CoorncTCT
B y IO IIJ, II e ll bP:III c JJ e mrn )J, a IO T 

fJQ, (u) 't ( 't ) 
Ii' (u)= ~ad exp - "{d-- , a11 , 1 (d+z)/d u2!d 

(11) 

rp;e ad - KOHCTa1na, "{d - KBaJJ,paT rrepnoro HYJIH lPYHKu,nu Bcccem:r rrepnoro 
pop;a 11opH,a;1rn (d-2) /2. 

BocrroJih30BaBIIIIICh BbrpameHIIeM (11) )l;JIH F-i:(u) B cpopMyJie (3) 11 nn1-
111ICJIHH IIHTerpaJI MeTO)J,OM rrepenaJia, Mbl rrpnp;eM K II3B€CTHO{I 3aBIICIIMOCTII 

(12) 

onnchrnaroIIJ,eii <flJIYKTyau.1rnHHoe saMep;JieHIIe rn:6eJin: i.iacnrn; (9-12]. To11Ra 
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rrepeBaJia 

( 
2 T ) t1/(d+2) 

Ut ~ -"{d-
d p 

(13) 

orrpegeJIHeT nau6oJiee BepoHTnoe :-maL£errne o6'heMa, nocem,cnnoro l.IC\CTIIU:aMn, 
BbIIBHBillIIMII T-< ~10MeHTY T. Halli paclJeT onpaBgaH, ecm1 ne.nwuma u , gocT.a-
TO"l!HO MaJia 

Ur«<u>,. 

HepanencTilo ( 14) BbIIIOJIHHeTcH Ha BpeMeHax T»T 1, rge 

T1=p- 2 npH d=1, 

T1=p- 1 ln 2 p rrpu d=2, 

T 1=p-"12 IIpH d>3. 

(14) 

(15) 

1'breHHO Ha TaTrnx npeMeHax IIMeeT M8CTO cf>.rryI~Tya:o;HOIIHOe 3Hl\I8f],JICHHO ru
Gemr l.JaCTH.:o;, oGHapymeHHOO n [9-12]. 

6. lhaK, irnK nmrnaaHo Bhm.rn, II3 cpopMyJihI (3) c.negymT: Tpagn:o;noHHaH 
BpeMeHHaH 3aBHCHl\iOCTL nepOHTHOCTII BbUI\IIBRHIUI ( 4) B ua ~ra.TihIIOii CTHP.,IIII 
11po:o;ecca 11 q)JiyI-<Tya:o;nomrnH ac1nmT0Tmrn ( 12) na GoJTLmnx Bpe.M:enax. ,il;.TIH 

3Toro naM noTpeGoBa.nocL BhUJCHMTb rronep,emie IIJIOTHOCTII nepOHTHOCTn F, ( 11) 
BOJIII3M ee MaH'.CHMyMa M rrpn ,ri:ocTaToi:nrn MaJihIX 31u1L£cmrnx u«<u>,. Tpyg
HOCTh HCCJiegoBa1urn nepe:rn,n;a 3aBHCHl\IOCTeil ( 4)' ( 12) gpyr B ,n;pyra oGyc.TIOB
JICHa TeM, l.JTO, 3a HCRJII0 1IeHH8M O)J,HOMepHoro c.11y 1rnH, ne y,ri:aOTCH Hafrrn HIIA 

(l)YHKIJ,IUI F,(u) npM Bcex u<<u>,. 
IlpoaHa.n11:3upyeM Bonpoc o ,n;JinTeJILHOCTH T m11rn.TILHoro :JTarra 11p01~occa, 

r,n;e Tpa,n;IIIJ,IIOHHaH BpeMeHHaH 3aBIICHMOCTL ( 4) HBJIITOTCH xopounnu npno.TIII
}l!\OHHeM ,ri:.nn BepOHTHOCTII BhC+arnamin l.JaCTHll,hI. O:o;em-<mi cnep.\y neJTIIl.llIHhI T 
cJ1y;..1rnT npe:\UI Ti ( 15). ,D;eiicTDIITeJihHO, Ha npeMenax T>Ti, cor.nacno nb1pa
if-lenum (()) II paoOTaM [9, 11, 12], HMeeT M8CTO HepaneHCTBO 

p ( T) >P; ( T) =exp[£,-( T)] >P1r ( T), 

n Bh1pamemrn ( 4) 3ane,n;0Mo I-rnrrpnro,n;1rn, TaK KaK ,n;aeT 3HHirn-lemrno 3HCFie
HHe BepOHTHOCTH Bhrnnrnamrn l.JaCTH:O:hl. 

B rrpocTpaHCTBax DLICOKOH pa3MepHOCTM, d > 5, 3TY rpyGym o:o;o1my BeJiu
L£IUILI T HeoGxo,n;nMo yTOlJHHTb. B rr. 3 noRaaaHo, l.lTO OTKJIOirnmrn oT Tpa,n;n
IJ,MOHHoii BpeMeHHOii: 3aBHCIIMOCTII BepoHTHOCTH Bblimrnamrn npo.rrB.Jl.HfOTCH 11pn 
T:;;::T0 , rp,e npeMH To orrpe,n;e;;u:roTCH cpopMyJioiI ( 10). Ilpn d > 5 npei\rn To« T 1 

M IIMeHHO ero cJie,n;yer npnHnTh n RaqecTno o:o;eHKn Jl;Jrn T. ;)HecL xopornnM 
rrpn6JrnmeHH8M P,JIH BeponTHOCTH Bbrnnrnam·rn L£aCTII:O:bl rrpu T<T I CJIYITa1T Bbl
pameHMe (8), B KoTopoM yi:ne11L1 cpJiy1nya:o;MII oo'heMa cocncKn Bnnepa nGJIM-
3M <u>,. Ha BpeMennoM mITepBaJie 

3TII qJJiyKTya:o;nn cy1:o;ecTBeHHo aaMe,n;JIHJOT rn6eJIL L£acTnu;. B rrpocTpancTBax 
pa3MepHOCTM d~4 o:o;e1my T<T1 yTOl.IHIITh ne y,n;aeTcH, rrocH'.OJILH'.Y rrpH d= i, 
2, 4 BpeMeHa To H T1 HBJIHIOTCH BeJIHL£HHaMH o,a;Horo rropn,n;1rn, a rrpn d=3 
To»T1. 

0TM8THM, TITO, aa MCKJIIOL£8HH8M OAHOMeprroro CJiyTiaH, BeJIJFIIIHbl To, Ti, 

a cJie,n;oBaTeJILHO M T, aHai:mTeJILHo rrpeBhIIIIaIOT xapaKTepHoe Bpei\rn Ts, 3a 
KOTopoe rrepBOHaL£aJihHaH KoH:o;e1-ITpa:o;m1 l.JaCTII:O: CIIllII-laeTCH B e pa3 

Ts=p- 2 npM d=1, 

Ts=p- 1 ln(1/p) rrpn d=2, 
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Ta.hnM o6pa3oM, rroµ;aBJUIIOIII,ee 6oJILllUIHCTBO qacTIID; rIIfrneT n cooTBeTCTBIIII 
c Tpap,n::o;n:omrnii 3aBIICIIMOCThIO. 

MI>I BLUICHIIJIII, qTo BpeMH 't11 a rrpu d ??:- 5 eIII,e MenLrnee BpeMH 'to, CJIYJJ.-<IIT 
-0:o;eHKOft )J,JIMTeJILHOCTU Ha"lfaJihHOI'O 8Tarra rrpo:o;ecca rIIfieJIII ~aCTUIJ;. c p,py
roiI CTOpOHbI, corJCaCHO eepaBeHCTBY ( 14)' 38BMCIIMOCTL p ( T) BhIXOAMT ,Ha 
¢Ji:yinya:o;uoeeyIO acIIMITTOTMKY ( 12) Ha BpeMeHax T»T1. TaimM o6pa30M, 
BpeMH rrepexop;a OT TpaP,IIIJ;IIOHHOii 38BHCJIMOCTM (4) It q)JlyKTya:o;noHHOii 
acHMilTOTMKe ( 12) rrpeBbIIUaeT ,ll,JlMTeJihHOCTL Ha"lfaJihHOH CTa)J,IHI npo:o;ecca. 

ABTOphI 6.rrarop,apHbI C. <D. EypJCa:o;KoMy 3a 06cy1-Kµ,ee1Ie norrpocoB, pac
.CMOTpeHHhIX B pa6oTe. 

nPVfflO>KEHVf E 1 

Bnrnep;eM cpopMyJJy ( 1) p,mr BepoHTHOCTII Bhrn~unamrn 1-IaCTMIJ;hI. IIycTL B 
'fol.max R/a> pacrroJiomeHLI :o;eeTpnr ccpepn'(rncm1x CTOKOB pap,IIyca b, 06pa3y.a 
KOHcpMrypa:o;MIO a. IIJIOTHOCTb BepOHTHOCTU Ga (r, t) ooeapyl-KMTb TOl.Jel.IHYIO 
6poyI-IOBCKyIO "LJ8CTMD;Y, CTapTyIOIIJ,YIO II3 Ha"LJaJia 1rnop,ll,IIHaT, B TQl.IJ\.O r B l\IO
MeHT t yp,onJieTBopHeT ypaBIIeIIMIO 

aG \"1 
__ a= D8Ga - ~ U( lr-R/a) I )Ga, 
at 

i=l 

U (r) =0 npu r>b, 

U (r) =oo npn r~b, 

n na-1rn.TILIIOMY yc.rroBmo Ga (r, 0) =6 (r). )J)rn paccMaTpnBaeMoii rwmfmrypa
IJ.IUI CTOKOB a BepOHTHOCTb Bb1IBMB8IIIUI "lfaCTIID;bI 

Pa(t)=J Ga.(r,t)drir 

MoarnT 6LJTL npe,Il,CTaBJJeea B BM,Il,e MHTerpaJia B1rnepa [ 13, 14]: 
t 00 

Pa (t) = (exp{- J ~ U[ I rw
1 

(t')-R/al I ]dt'}), 
0 i=1 

r,n:e rwt(t') - ToqKa mrnepoBCKoll: Tpae1•Topnn Wi, BhIXO)J,HIIJ,ei'r M3 ua"CJaJia Ko
opp;nHaT, B IWTOpoii H8XODJITCH "lf8CTII:o;a B MOMeHT t'(O<t'~t). 

HHTepecyIOIII,aJI Hae BeJIIFHIHa eCTJ.> BepOHTHOCTb Bbll-KIIBamrn pa ( t)' 
ycpe)J,H0I-IHaH TIO KOHcl>n:rypa:o;n:HM CTOKOB (T8KOC ycpe,Il,HeHHe oy,Il,eM oG03Ha-
1-J:8 TL l:JepTOii CBepxy): 

00 t 

P (t)- Pa (t) =(IT exp {- ~ U [I r1vt (t') - RJrx) I] dt'}). (II 1.1) 
j = l 0 

Ifa:l\rnmrM nopnp;oK ycpep;Hemrn B 8Toii: cpopMyJie. 1-laK cJio,a:yoT ns BL1pa1I\e
mrn (II1.1), BH'..rra,a: gaHHOII TpaeKTopnn W, n P(t) OTJIIIl.JeJI OT Hy.nn n paBeH 
O)l;llHIIU,e TO.TJLKO B TOM cJirrne, I-Wf,Il,a OHa He rrpoXO)J,HT IlII 1.JOpe3 O,Il,IIH CTOll. 
fio3Tmry IIeOOXO)J,IIMO yl:JeCTb JIHillh Te IWHlfmrypa:o;:HII CTOKOB, npn IWTOpbIX 
COCIICI-\tl Brrnepa, O'T'Bel:JaIOIII,8H VV1, He CO,Il,epIBIIT IJ;CHTpOB CTOKOB. IIpn nyac~ 
coHoncKoM pacrrpe,Il,eJiemrn ,Il,OJIH TaKnx Komfmrypa:o;nii: panHa exp [-nv ( W,)] . 
TaKIIl\1 oopa30M, ,Il,JIH BepOHTI-IOCTII BhllliIIBaHIIH (II 1.1) Mbl rro.rry1rneM (flopMy
JJY ( 1) OCHOBHOfO TeirnTa CTaThll. 

nPVfflO>KEHVf E 2 

fI01rnarnM, l:JTO Tpa,Il,HIJ,IIOHHYIO npmrnHHYIO aaBIICIIMOCTb HOpOH'T'IIOCTU BbI
lliIIB3HIUI TiaCTIID;bl MOFirno rrpe,n:cTaBIITb B BII.)J;e 

P 1r(t)=exp [-n<v(W1 )>]. (Il2.1) 

Cor.rracno TpaLI,n1~noHH0My ITO,Il,XO,Il,y, nepoaTHOCTL BhIIB1rnam1n 1IaCTIII~L1 B Te
l:Jemre npeMeHn t rrpn HRJIWIHH N CTOKOB, 0Gpa3y1omIIx 1rnmfrnrypa1wm a, paB
Ha IIpOII3Be)l;eHIIIO He3aBIIClIMLIX BepOHTHOCTeII II30eJ-KaTL rnoe.TIII Ha Ka/J.-\,'];OM 
H3 HIIX 
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N 

p~~) (t) =IT [ 1-q (Rtl.)' t)], (112.2) 
i=i 

r)J,e q(R, t)- BepOHTHOCTh nr6emI T01Ie1IHOi1: 6poyHOBCKOH "lJaCTl:IIJ,bl 3a Bpe

MH t Ha ccpepH1IeCKOM CTOKe pa,ll,Hyca b, u,eHTP KOToporo pacnoJIOllieH B Tff':[

Ke R. y cpep;HHB ( fl2.2) no KOH<frnrypa:U,HHM CTOKOB, T. e. no BCeM B03MOllillblM 

nOJIOIBeHHHM Kalli)J,OTO H3 HHX (AJIH 8TOTO BBep;eM BCIIOMoraTeJihHblM OU'beM 

Q H nepe:iip;eM K npe)J.eJiy N, Q~oo, N/Q=n) MbI noJiyTIUM )J,JIH BeponTHOCTH 

Bblil\HBaHIIH 11aCTHIJ,bl CJie)J,yIOlll,ee BbipameHHe: 

Pir(t)= lim {~J [1-q(R,t)]ddR} N =exp{-n sq(R,t)ddR 
1

. (112.3) 
O,N-..rxi Q 

,Il,JIH )J,OKa3aTeJibCTBa <f>opMyJinl (fI2.1) HaM OCTaJIOCb noKa3aTb, 1ITO IIHTerpaJI 

B no:na3aTeJie aKcnoHeHThI B <f>opMyJie (II2.3) paBeH cpe)J.HeMy ou'beMy co

CMCKII BHHepa < v > 1. 

C 8To:ii u,eJII>IO BBe)J.eM <pb(R, W 1)- <f>yHKIJ,HIO TffLIKH R d-MepHoro npo

CTpaHCTBa li <f>yHKIJ,HOHaJI OT BHHepOBCKOM TpaeKTOpHH VV t: 

( ) { 
1, ecJIM min I rw -RI ~b 

<pb R, W1 = 1 
, 

0, eCJIH min lrw -Rl>b 
t 

r)J.e rwt EH·1:1. 8To II03BOJIHeT npe)J.cTaBnTh ou'beM cocMCKH BHHepa v( W1), OT

BelJaIOlll,H:ii TpaeKTopHH Wi, B BMJJ.e 

v(W1)= J<pb(R, W1)ddR. 

0TCID)J,a CJie)J.yeT, 1ITO 

<v>1 ==<v(W1) >= J <<pb (R, W1) >ddR. 

BemPmHa (<pb (R, W1) > ecTh JJ.OJIH TpaeKTopn:ii, XOTH Ubl pa3 noceTHBIIIHX 

b-oKpecTHOCTb ToqKn R 3a BpeMH t. 0Ha paBHa BepoHTHOCTn rH6eJIH "tJaCTHIJ,DI 

q (R, t). TaRHM o6pa3oM, MDI noKa3am1, 11To · 

<v>1 = J q (R, t) ddR, 

3aBeprnHB TeM caMLIM JJ.OKa3aTeJihCTBO <f>opMyJILI (112.1) 
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