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A B S T R A C T   

We theoretically analyse the influence of the electron beam parameters on the radiation in free electron lasers 
(FELs). We consider three FEL installations, SPARC, LEUTL and SwissFEL, where several experiments with 
different values of the beam emittance, energy spread and current were conducted and documented in details. 
Based on the available data and on our analytical approach to the FEL harmonic power computation, we 
distinguish the key factors, affecting the harmonic generation, and compare our theoretical results with the 
available experimental data. Alternative theoretical approaches were also employed for the harmonic power 
estimation. At the reviewed installations and experiments the variation of the emittance, energy spread and 
electron current occurred; we model these experiments with account for all variations, and analyze and compare 
the results with each other for different sets of parameters; we compare the results with the available experi-
mental data and measurements. We demonstrate as the emittance, the energy spread and the beam current 
density values interplay in their influence on the radiation characteristics of a single pass FEL and we show as 
individual variations of these parameters can mutually compensate each others influence to some degree.   

1. Introduction 

The undulator radiation (UR) was discovered by Motz [1], who fol-
lowed the idea of Ginzburg [2] about the radiation from electrons in a 
spatially periodic magnetic field. The coherent UR from electrons in 
undulators was hypothized by Ginzburg and discovered by Madey [3], 
who developed a rigorous theory behind the interactions of electrons 
and radiation in an undulator. The force of interaction in the undulator 
groups electrons in microbunches along the undulator length at the 
wavelength of the UR. This effect is used in free electron lasers (FELs), 
where undulators generate coherent radiation in wide range of wave-
lengths up to hard X-rays. In this band quasi-monoenergetic beams with 
very low emittance and high current are needed for efficient grouping of 
electrons in a single pass FEL. Theory and applications of FEL radiation 
are broadly discussed in literature [4–14] et al. FEL is based on that 
radiation travels slightly faster than electrons in an undulator and the 
lag between the radiation and the electrons is just enough for the Lorenz 
force to be always directed towards the nods of the radiation wave in the 
undulator. The electrons are bunched at the radiation wavelength; 
bunching at harmonic wavelengths is weaker and very sensitive to the 
losses, associated with the beam divergence, energy spread, diffraction 

etc. Thus, generation of FEL harmonics imposes tight requirements on 
the whole installation. 

The resonances of the UR are at the following wavelengths: 

λn =
λu

2nγ2

(

1 +
k2

eff

2
+ (γθ)2

)

(1)  

where n is the number of UR harmonic, θ is the angle off the axis, k2
eff =

k2ϖ is the effective undulator parameter, and k = H0λue/2πmc2 is the 
deflection parameter, while ϖ = 1 + (d/h)2 describes the effect of the 
field harmonic, such as h = 1 in a helical undulator, H0 is the magnetic 
field amplitude on the axis, d is the relative amplitude of the field har-
monic, e is the electron charge, λu is the undulator period; the value of 
the undulator deflection parameter is easy to compute as 
follows:k ≈ 0.9337H0[T]λu[cm]. In modern FELs the undulator parameter 
values are k ~ 2–3 and for the visible range of radiation the electron 
energy is E ~ 100–200 MeV, while for the X-ray radiation the beam 
energy is ~ 5–15 GeV. The on-axis spontaneous radiation spectrum from 
a planar undulator ideally consists of odd harmonics. Even harmonics 
are radiated mainly off the axis. On-axis even harmonic radiation occurs 
in beams of finite size. In real installations not only the beams have finite 
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size and emittance, but also the energy spread is non zero and this affects 
high harmonics much more than the fundamental. Harmonic content of 
a FEL is much narrower than for the spontaneous UR. FEL radiation 
requires the conditions for the emittance εx,y⩽λ0/4π and for the energy 
spread σe⩽ρ/2 fulfilled at least weakly (see [4–10]); they are not always 
strictly satisfied in practice, but in weaker conditions, εx,y~λ0/4π and 
σe≈ρn, the generation may be possible. Typical single pass FEL spectrum 
consists of the fundamental and the third harmonic, whose power is 1–2 
% or less; other harmonics, if present, are usually-one order of magni-
tude weaker [15–19]. Exact solution of equations for interactions of 
charges and radiation, energy exchange and beam dynamics, is not 
possible analytically. This engineering problem can be addressed 
numerically (see multiple examples in [20–22]). However, numerical 
modelling of a FEL requires prepared personnel, good computational 
facilities and the software installed and working. Numerical modelling 
usually gives accuracy of one order of magnitude for the fundamental 
tone and one–two orders of magnitude discrepancy for the harmonics. In 
reality there are always errors of magnetization, assembly etc., so that an 
order of magnitude is a fairly good accuracy, considering logarithmic 
scale of the exponential power growth in a FEL. Alternatively to nu-
merical modelling, simple phenomenological analytical descriptions 
exist and some of them give consistently good results. Based on early 
studies in [23–26], we developed such formalism, which involves 
generalized forms of Bessel and Airy functions and phenomenological 
description of FEL harmonic power evolution in a FEL. Calibrated with 
all large data for major FELs from visible band to X-rays, the analytical 
description consistently gives predictions within the range of measure-
ments for existing FELs and agrees with numerical simulations and 
models as demonstrated in [20,21,27–29]. Our analytical approach 
traces the effects of beam and undulator parameters on the FEL radia-
tion. Thus it becomes possible to explain and predict the behaviours of 
harmonics and effect of the installation parameters on them. 

In what follows we will study the FEL radiation at SPARC, LEUTL and 
SwissFEL and compare the results with existing data. We will explore the 
reasons for the measured harmonic content and also explain the effect of 
the variation of the beam parameters on the harmonic behaviours in 
each of the considered FELs. 

2. Analytical formalism for the estimates of the effect of beam 
parameters on the radiation 

The analytical expression for the UR intensity from a single electron 
is well known and it reads as follows: 

d2I
dωdΩ

≅
e2γ2N2k2

c
(

1 +
(

k2
eff /2

)
+ (γθ)2

)
∑∞

n=− ∞
n2sinc2

(νn

2

)(
f 2
n;x + f 2

n;y

)
(2)  

where νn = 2πnN((ω/ωn) − 1 ) is the detuning parameter, ωn = 2πc/λn 
are the UR resonances; fn;x,y are the Bessel coefficients for the x- and y- 
polarizations. The Bessel coefficients fn strongly depend on the undu-

lator type and its parameters; account for field harmonics yields 
cumbersome integrals and the result for multiple field harmonics in both 
directions can be very complicated (see for example, [28–38]). For a 

single period planar undulator, where field harmonics are weak, their 
effect on the UR harmonics can be largely neglected. In this case the 
Bessel coefficients fn;x,y in (2) reduce to relatively simple expressions 
[23,25,26,30] et al.: 

fn;x =
∑

p
J̃p

⃒
⃒
⃒
⃒

(
Jn

n+1 + Jn
n− 1

)
+

2
k

γθcosφJn
n

⃒
⃒
⃒
⃒ , fn;y

=
∑

p

(

J̃p

⃒
⃒
⃒
⃒
2
k

γθsinφJn
n

⃒
⃒
⃒
⃒+ Jn

n

̅̅̅
2

√
πy0

λu

(

J̃p+1 − J̃p− 1

))

, (3)  

involving the Bessel functions Jm
n andJ̃p, and account for the finite beam 

size y0 and for the off-axis effects in the angle θ. The integral form of the 
Bessel functions for a planar undulator is the following: 

Jm
n ≡ Jm

n (ζ, ξ) ≅

∫ π

− π

dα
2π exp[i(nα + mζsinα + mξsin(2α) ) ] , J̃p

≡ J1
p( − κ, − η) (4)  

where the arguments of the generalized Bessel functions Jj
i read as fol-

lows: 

ζ = θcosφ
λuk
nλnγ

, ξ =
λuk2

8nλnγ2, κ =
4πθy0γ2

λu
(
1 +

(
k2/2

) ), η =
π2γy2

0k
̅̅̅
2

√
λ2

u

(
1 +

(
k2/2

) )

(5) 

Betatron oscillations in a finite-sized beam split each harmonic with 
frequency ωn = 2πc/λn into betatron radiation harmonics, distant from 
each other by the frequency ωβ ≅ ωnk̅̅

2
√

nγ (see, for example, [39]). For 
relativistic beams ωβ∝ωn/γ, and ωβ << ωn since γ≫1; each radiation line 
is then split into betatron harmonics close to each other. Bessel co-
efficients and Bessel functions are used for the stimulated radiation 
analysis too. 

For the spontaneous UR the account for the electron energy spread σe 
in a beam is usually done by the following convolution: 

d2I(σe)

dωdΩ
=

∫ +∞

− ∞
d2I(νn + 4πnNε)e− ε2/2σ2

e dε/dωdΩ
̅̅̅̅̅
2π

√
σe (6)  

where N is the number of undulator periods. Angular effects, including 
the angles, induced by dipole magnetic fields, were analytically studied 
in [40–43]. A complicated expression with generalized Airy-type func-
tions arises in this case. Proper convolution, which accounts for the 
energy spread, angular effects and the dipole fields, is cumbersome. 
Other than periodic magnetic fields are usually screened out or 
compensated upon calculation of field integrals in undulators. Consid-
ering the energy spread and angular affects, for example, due to large 
emittance, only the argument ~ τ remains in the Airy-type function S(νn,

η, β) ≡
∫ 1

0 ei(νn τ+η τ2+β τ3)dτ (see [40–44]). The proper convolution, 
describing the degradation of the UR line due to the homogeneous and 
inhomogeneous spread, reduces to some simpler form [40–44]:   

Numerical integration over the angles with their proper distribution 

d2I(θ, σe)

dωdΩ
≅

e2γ2N2k2

c
(

1 +
(

k2
eff /2

)
+ γ2θ2

)×

∑∞

n=− ∞
n2
(

f 2
n;x + f 2

n;y

)∫ ∞

− ∞

dεe− ε2/2σ2
e

̅̅̅̅̅
2π

√
σe

⎛

⎝
∫ 1

0
exp

⎧
⎨

⎩
iτ

⎛

⎝νn + 4πnNε + 2πnN(γθ)2

1 +
(

k2
eff /2

)
+ (γθ)2

⎞

⎠

⎫
⎬

⎭
dτ

⎞

⎠

2

.

(7)   
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in the beam, for example, Gaussian, can be lengthy on certain machines. 
The effective values for the divergences can be used instead for a simple 
estimate; the result appears in good agreement with numerical models, 
such as SPECTRA. The difference between the results from (7) and (6) is 
minor if the emittance of the beam is moderate. Our computer experi-
ments show that for β ~ 1–2 m, the emittances up to few mm × mrad can 
be well treated with a simple convolution. Only for large emittances, 
such as that of LEUTL, the convolution (7) is needed. 

Phenomenological description of FEL harmonics evolution along 
undulators was presented in a number of our recent publications 
[23–26,28–38], it develops the earlier version of the analytical 
description in [45,46]. Omitting all details we just give some essential 
equations for the harmonic power computation. Fundamental role in 
FEL physics plays the Pierce parameter ρ =

(
λug0

)/
4π [4–7], related to 

the FEL signal gain g0. The Pierce parameter is determined by the 
undulator parameters: deflection parameter keff, period λu, the Bessel 
coefficientsfn;x,y, and the beam properties: the relativistic factor γ, cur-
rent I0 and beam cross section Σ, as follows (see [4–10]): 

ρn =
1
2γ

(
I0/Σ
4πi

)1/3(
λukeff |fn|

)2/3 (8)  

where i = 4πε0mc3/e is the Alfven current dimensional constant, i ≅

1.7045× 104[A] in Amperes. The beam diffraction, energy spread, 
emittance etc. reduce the value of the Pierce parameter, which is 
reciprocal the gain length Lg0 = 1/

̅̅̅
3

√
g0. Phenomenological approxi-

mation of Ming Xie [47,48] accurately accounts for all kinds of losses 
and gives proper correction Λ to the gain length: Lg = Lg0(1 + Λ), where 
Λ contains nineteen coefficients in the polynomial form. Instead of that 
we use somewhat simpler formulation. The correction to the Pierce 
parameter ρn [45,46], which accounts for the diffraction, reads as 
follows: 

ρn→ρ̃n = ρn/κ, κ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 +
λuλn

16πρnΣ
3

√

(9) 

This correction to the Pierce parameter affects the gain length L0
n,g ≅

λu/
(

4π
̅̅̅
3

√
n1/3ρ̃n

)
and the saturated length, which increase. The 

maximum harmonic power that can be reached in the independent 
harmonic generation, PF,n ≈

̅̅̅
2

√
ρ̃nPbeam, where Pbeam = EI0 is the beam 

power, in turn decreases. 
Further corrections come due to the energy spread and emittance and 

read as follows [45,46]: 

Ln,g = L0
n,gκ Φn, Ls ≅ 1.07Lgln

9η1PF,1

P0
, Pn,F ≅

̅̅̅
2

√ ηn

κ
ρ̃nPbeam, (10)  

where the phenomenological coefficients are [25–36]: 

Φn ≅
(

ζ
̅̅
n

√

+ 0.165μ2
ε,n

)
e0.034μ2

ε,n , με,n ≅
2σε

n1/3ρ̃n
, ηn

≅ 0.942
(

e− Φn(Φn − 0.9) +
1.57(Φn − 0.9)

Φ3
n

)

(11)  

and ζ describes the effect of the emittance and it is usually close to 
unity,ζ ≅ 1 − 1.03, for a matched beam; its expression is cumbersome 
[46] and we omit it for brevity. The effect of ζ on the second and third 
harmonics is minor, but for a beam with large emittance there may be 
ζ ≈ 1.1 − 1.4. In this case the convolution (7) is needed instead of (6) for 
the spontaneous UR. The details are available in our preceding publi-
cations [31–38]. In their nonlinear generation, the harmonic powers are 
induced by the fundamental tone and they grow as the n-th power of the 
fundamental,∝enz/Lg , which is faster than in their linear independent 
generation ∝ez/Ln,g [4–10,46,49,50]. The evolution of the n-th harmonic 
in the segmented undulator goes exponentially as a sum of the following 
linear term PL,n and induced by the fundamental nonlinear term Qn [53]: 

PL,n(z) ≅
Pn,0Sn(z)

1 +
(
1.3Pn,0Sn(z)

/
Pn,F

(
1 + 0.3cos

(
(z − Ls)

/
1.3Ln,g

) ) ),

Qn(z) ≅
P̃n,0enz/Lg

1 + (enz/Lg − 1)
P̃n,0

P̃n,F

+
Pn,0enz/Lg

1 + (enz/Lg − 1)
Pn,0

Pn,F

(12)  

where  

and [46]: 

Sn(z) ≅ 2
⃒
⃒
⃒
⃒cosh

z
Ln,g

− e
z

2Ln,g cos
(

π
3
+

̅̅̅
3

√
z

2Ln,g

)

− e−
z

2Ln,g cos
(

π
3
−

̅̅̅
3

√
z

2Ln,g

) ⃒
⃒
⃒
⃒ (14) 

The saturation of a FEL harmonic is primarily due to the saturation of 
the fundamental and the saturated harmonic power reads, for example, 
as follows [45,46]: 

Pn,F =
ηn

η1

P1,F
̅̅̅
n

√

(
fn

nf1

)2

(15) 

From (15) it is evident that the Bessel coefficients fn;x,y must describe 
all effects and determine the result. For the even harmonics the angular 
contributions are of paramount importance; they originate from the 
misalignment of the beam and from the finite size of the beam; more-
over, besides the divergence, the effective angle of the photon-electron 
interactions in the beam section plays important role. Betatron oscilla-
tions in narrow relativistic beams contribute little. The validity of 
formulae (11) - (15) has been verified in [31–38] with known docu-
mented data of all major FELs operating in the world. 

Several alternative analytical formulations for the FEL harmonic 
powers in the regime of nonlinear generation were proposed by inde-
pendent authors. In [51] Huang with co-authors gave simple formula for 
the third and second harmonic powers P3 and P2, induced by the 
fundamental power P1: 

PHuang3 = ΘρPbeam(P1/(ρPbeam) )
3
,

PHuang 2 = Pn

(
λukf2

γ2πσx,yfn

b2

bn

)2

, n = 1 or 3,
(16)  

where the numerical coefficient Θ has the estimated value of ~ 10-1 (see 
[51]). The results of the authors of [51] and our independent estima-
tions both show that (16) yields one order of magnitude higher value for 
the third harmonic power than the respective measurements. We suggest 
the phenomenological coefficient Θ≈0.01 in (16), which restores the 

Pn,0 ≅ cnb2
nPn,F , P̃n,0 ≅ dnb2

nPn,F
⃒
⃒

η→̃η, η̃ = η|
Φ→Φ̃

, Φ̃ = Φ|μ→̃μ, μ̃ = nμ, b2
n =

(
P1,0

/
Peρ̃1

)n
,

P̃n,F = Pn,F
⃒
⃒

η→̃η, Pn,F ≅

Pn,F

(
1 + 0.3

(
n(z − Ls)

/
1.3Lg

))
− 0.5P̃n,F

1.3
, cn = {1, 1.3, 2, 5, 10}, dn = {1, 3, 8, 40, 120}

(13)   
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agreement of the predicted power P3 with the measured data for many 
FELs. Formula (16) for P2 [51] expresses the second harmonic power in 
terms of the power of the fundamental n = 1 or the third harmonics n =
3; we rewrite it from [51] as follows: 

PHuang 2 = Pn

(
λukf2

2πfn

b2

bn

)2 θ2

(
γεx,y

)2, n = 1 or 3, (17)  

where the beam section σx,y and the bunching coefficients for second 
harmonic b2 and for the harmonics n = 1 or 3 are involved. The estimate 
for second harmonic power P2 varies in the range of one order of 
magnitude, dependently on the choice of n = 1 or n = 3 for the referent 
harmonic. We distinguished in the r.h.s of formula (16) for P2 the off- 
axis angular dependence θ, so that the original result of Huang (16) 
for P2 [51] appears upon the assumption of the divergence angles for θ in 
our form (17). We remind that the relation between the beam cross 
section Σ, emittances εx,y, divergences θx,y and beam sections σx,y is the 
following: 

Σ = 2πσxσy, σx,y =
̅̅̅̅̅̅̅̅̅̅̅̅̅
εx,yβx,y

√
= εx,y

/
θx,y, βx,y = εx,y

/
θ2

x,y . (18) 

In most cases formula for the second harmonic power P2 in its 
original form (16) predicts lower than measured power. To describe 
experiments correctly we must account for the recently discovered in 
[31–38] effect of the angle of the electron-photon interaction θ = σγ/Lg, 
where σγ is the photon beam section, and account for it instead of the 
divergences in (17); then we get correct estimation. Another formula for 
the second harmonic power P2 was proposed by Geloni and co-authors in 
[52]: P2 reads in terms of the fundamental power P1 with account for the 
Fresnel numberΓ = Σ/Luλ1. The latter describes difference in the phases 
of the waves, coming from the centre and from the edges of the beam of 
the cross section Σ to the undulator end, distant at the section length Lu. 
We reformulate the author’s formula [52], explicitly distinguishing the 
terms as follows: 

PGeloni 2 ≅ P1
Δ
Γ
, Δ =

(2K(J0(K) − J2(K) ) + J1(K) )
2
+ (J1(K) )

2

(24π)2K(J0(K/2) − J1(K/2) )2 , (19)  

where J0,1,2(K)[52] are the Bessel functions of the argumentK =

k2/
(

2
(

1 + k2/2
))

, not related to the Bessel coefficientsfn;x,y, which 

describe the normalized amplitudes of the UR harmonics. 
Further analysis of different analytical formalisms for the FEL har-

monic powers will be done elsewhere. In what follows we will use 
proven reliable formulation (11)–(15) to analyze the effect of the vari-
ation of main beam parameters on the harmonic radiation. 

3. Modelling radiation at SPARC FEL 

In this section we consider the radiation from SPARC undulators in 
the visible range λ1 ~ 500 nm [19,27]. Some data for the beam and 
undulators of SPARC is collected in Table 1. 

3.1. The spontaneous UR analysis for SPARC undulators 

In this section we discuss the parameters of the installation as re-
ported for the experiment in [19] and their effect on the spontaneous 
radiation spectrum of SPARC undulators as well as the influence of the 
variation of the energy spread and of the emittance on the spontaneous 
harmonic radiation; to this end we model analytically and numerically 
the spontaneous UR at SPARC installation. 

The intensities of harmonics of the spontaneous UR of SPARC are 
shown in Fig. 1. The spectrum is typical for a planar undulator; it con-
sists of strong odd and weak even harmonics. The beam has rather small 
absolute emittance εx,y ~ 9 × 10-9 m × rad, small divergence θdivγ≈0.02 
and low energy spread: σe = 0.05 %–0.1 %. The deflection parameter of 
SPARC undulators is quite small, k = 2; the third spontaneous UR har-
monic is the strongest of all; it is evident in Fig. 1b for the beam with low 
energy spread σe = 0.05 %. Higher beam energy spread σe = 0.1 % af-
fects high harmonics rather than the fundamental; for σe = 0.1 % we see 
in Fig. 1 the decrease of high harmonic powers as compared with their 
intensities for σe = 0.05 %. The third UR harmonic is as strong as the 
fundamental for higher energy spread σe = 0.1 % (see Fig. 1a) and higher 
harmonics in general are noticeably weaker in this case (compare 
Fig. 1a, b). The decrease of the energy spread below σe = 0.05 % has 
fairly weak effect on the intensity of the harmonics at SPARC. The result 
of the comprehensive analytical account for the emittance and energy 
spread in the convolution (7) does not noticeably differ from the simpler 
evaluations with (6), where only the energy spread effect is considered; 
we omit proper plots for brevity. The analytical results agree quite well 
with our accurate numerical simulations with SPECTRA (compare 
Fig. 1b with Fig. 1c). 

For the spontaneous UR it is rather common that high harmonics 
intensity reaches and exceeds that of the fundamental tone. Among the 
losses, which affect the harmonic intensities, main role plays the energy 
spread as can be seen upon the comparison of Fig. 1a vs Fig. 1b. The 
energy spread in Fig. 1 b is rather low and then the third harmonic is the 
strongest and the fifth is as strong as the fundamental in the spontaneous 
radiation spectrum. Accurate numerical simulation with specialized 
SPECTRA software accounts for all losses; thenumerical results in Fig. 1c 
confirm our analytical evaluation, shown in Fig. 1b. For higher values of 
the undulator deflection parameter k, the maximum of the harmonic 
intensity shifts towards higher harmonics, so that for wigglers with k ~ 
7–10, the spectrum may contain a hundred of strong harmonics, in a way 
similar to the spectrum of a magnetic chicane or of a bending magnet. 
While this is common for the spontaneous radiation, it is not true for the 
stimulated radiation in modern electron cyclotron masers and free 
electron lasers. In these devices high harmonics are usually much 
weaker than the fundamental due to weaker bunching at their wave-
lengths and the saturation of the fundamental limits growth of the 
harmonic powers (in what follows the example of the bunching evolu-
tion in LEUTL FEL is shown in Fig. 6 b). 

3.2. Modelling and analysis of the FEL radiation at SPARC 

Here we model and discuss the reported radiation of FEL harmonics 
in the experiments at SPARC and the effect of variation of the energy 
spread and emittance of the beam on the harmonic radiation. In SPARC 
experiments only the fundamental and the third harmonics were 
detected [19,27]. The maximum collected pulse energy at SPARC was 
Eγ≈0.01 mJ; the energy measurement was made after the sixth undu-
lator and it was said to be close to saturation. From the reported electron 
bunch length τe≈2.5 ps we estimate the photon pulse duration: 
τγ ≅

̅̅̅̅̅̅
2π

√
τe

̅̅̅̅̅̅̅̅̅̅̅
Lg/Ls

√
≈1.5 ps. The respective power for the maximum 

pulse energy is ~ 7 MW and it matches the maximum of the measured 
power range at 12.5 m. The evolution of FEL harmonic powers along 
pure undulator length is shown in Fig. 2. The SPARC FEL has six 
undulator sections of the total length ~ 12.5 m. It was reported that the 

Table 1 
Parameters of the beam and undulators of SPARC [19].  

Electron beam Undulator section 

parameter value parameter value parameter value 

I0, A 53 σe, % 0.05–0.1 λu, cm 2.8 
E, MeV 152 βx, m 1.5 Lu, m 2.1 
γ∊x , m × rad 2.9 × 10- 

6 
βy, m 1.5 N 75 

γ∊y , m × rad 2.5 × 10- 

6 
radius, μm 120 k 2.07     

number of 
sections 

6  
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saturation was not achieved at the end of the last undulator section at 
SPARC installation. We extended our analysis beyond the total length of 
the six undulators to study the saturation domain and the respective 
saturated harmonic powers for various beam parameters. Our theoret-
ical predictions for the harmonic powers are denoted by the colored 
lines in Fig. 2a,b and Fig. 3a: n = 1 — red solid, n = 2 — orange dash-
dotted, n = 3 — green dashed, n = 5 — blue dotted lines, the colored 

dots denote the measured values range. We compared our results with 
those reported after each undulator section and we model the FEL 
saturation region, which would be in the upstream undulators beyond 
the actual undulators installed at SPARC. Our theoretically predicted 
power for the fundamental is denoted by the red solid line and it exactly 
matches the highest experimental values along the FEL if we assume the 
default emittance εx,y≈2.7 mm × mrad and the lowest reported energy 

Fig. 1. SPARC spontaneous UR spectrum a) analytical result for energy spread σe = 0.1 %, b) analytical result for energy spread σe = 0.05 %, c) numerical result of 
SPECTRA for energy spread σe = 0.05 %. 

Fig. 2. SPARC FEL harmonic power evolution along undulators, γε = 2.7 μrad × m, energy spread: a) σe = 0.1 %, b) σe = 0.05 %. Harmonics are denoted by coloured 
lines: n = 1 — red solid, n = 2 — orange dashdotted, n = 3 — green dashed, n = 5 — blue dotted, connected coloured dots denote experimentally measured data 
range. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 3. A) SPARC FEL harmonic power evolution along undulators, γε = 2.0 μrad × m, energy spread σe = 0.1 %. Harmonics are denoted by coloured lines: n = 1 — 
red solid, n = 2 — orange dashdotted, n = 3 — green dashed, n = 5 — blue dotted, coloured dots denote experimentally measured data range. b) — radiation spectral 
density; calculated — blue line, measured — red line, SASE estimate — red dotted line. (For interpretation of the references to colour in this figure legend, the reader 
is referred to the web version of this article.) 
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spread σe = 0.05 % (see Fig. 2b). For larger spread, the fundamental FEL 
power is expectedly lower; it remains in the measured range close to the 
average values (see Fig. 2a). The calculated gain length is Lg≈0.6 m; the 
saturation is expected after Lg≈13–14 m of pure undulator length. 

We have analyzed possible FEL harmonic power evolution for the 
whole range of variation of the beam parameters all along and beyond 
the length of the six undulator sections in the saturation domain. 
Following the suppositions in [19] that the emittance was possibly 
smaller than that measured, we assumed its value γεx,y = 2.3 mm × mrad 
and assumed slightly larger Twiss parameter β = 1.6 m to keep the beam 
section invariant; then we got the harmonic power evolution practically 
identical that in Fig. 2b, where the standard setup is assumed; the 
computed power is at the upper limit of measured range; the value of the 
energy spread was kept invariant σe = 0.05 %. Moreover, as suggested by 
reports in [19], we assumed even smaller emittance γεx,y = 2.0 mm ×
mrad and for some higher energy spread σe = 0.1 % we got for the 
harmonic powers (see Fig. 3a) very close to their values in the case of the 
default emittance γεx,y = 2.7 mm × mrad and lower energy spread σe =

0.05 %. They were at the upper range of the experimental values, as 
shown in Fig. 3a. Thus the evolution of the fundamental FEL power in 
the assumption of the higher beam emittance, γεx,y = 2.7 mm × mrad, 
and lower energy spread, σe = 0.05 %, is same as the evolution of the 
fundamental for lower emittance, 2.0 mm × mrad, and higher energy 
spread, 0.1 %; all the values are in the measured range (compare Fig. 3a 
vs Fig. 2b). The reason for such behaviour is in the higher current density 
for smaller beam emittance, which shortens the gain length; this effect is 
counteracted by larger electron energy spread, which extends the gain 
so that the resulting FEL gain barely changes. Our analysis confirms the 
suppositions of the authors of the experiment in [19], that real values of 
the installation may be somewhat different from those measured in the 
studied range. Nevertheless, the results are within the range of the 
experimental values. 

Let us discuss the influence of the angle of the photon-electron in-
teractions on the harmonic radiation. For the stimulated UR in general, 
high FEL harmonics generally are suppressed contrary to the sponta-
neous UR harmonics; FEL harmonics extinguish rapidly with increase of 
the harmonic number n since bunching at the high harmonic wavelength 
is very sensitive to all kind of losses, such as the energy spread, the 
divergence etc. However, there can be five harmonics in SPARC FEL 
spectrum; the fifth harmonic is allowed by both conditions: εx,y ~ 
λ5/4πand σe≈ρ5. Several numerical programs were used by the authors 
of SPARC FEL experiment [19] and by other researchers [27]. The nu-
merical results from different from each other codes for simulation of the 
FEL have the discrepancy of one order of magnitude for the fundamental 
and two orders of magnitude for the third harmonic. Our analytical 
results for the harmonic powers are obtained with account not only for 
the beam diffraction, energy spread and emittance, but also for the 
effective angle of the photon-electron interactions, γθ≈0.06, in the beam 
on one gain length; this angle is three times the divergence angle, 
θdivγ≈0.02. Then we get the resulting harmonic powers at the highest 
measured values for the best FEL performance and they are within the 
range of discrepancy of results of the numerical simulations in [19,27]. 
If we ignore the effective angle of the photon-electron interactions, then 
we get way too low second harmonic power. The calculated values for 
the gain Lg, saturation length Ls, and FEL amplification factor ~ 107, 
match the experimental data. For the reported pulse energy Eγ≈0.01 mJ 
we calculated the saturated FEL harmonic content for the second har-
monic: ~0.15 %, for the third harmonic: ~1%, and for the fifth har-
monic: ~0.1 %, in good agreement with the available data. 

We also estimated the FEL harmonic saturated powers, following two 
alternative theoretical approaches. Original formula (16) by Huang (see 
[51]) predicts the third harmonic power P3 higher by an order of 
magnitude than that measured. With our phenomenological correction 
coefficient Θ≈10-2, we estimate the third harmonic power P3 ~ 0.25 
MW in agreement with the measurements. For the second harmonic, the 

approach [51] yields too low power. Instead of the divergence, origi-
nally supposed in (16) and (17) for the angle θ, we assume the effective 
angle of electron-photon interaction θ in (17) since this angle is the 
largest of all other angular contribution and it yields correct prediction 
in our model (11)-(15). With account for θ, the formalism of Huang also 
yields reasonable power range for the second harmonic: P2 ~ 10–80 kW, 
which is determined by the values P1,3 and agrees with our theoretical 
result P2 ~ 30 kW from (11)-(15). Following the alternative approach of 
other authors in [52], we get very high predicted second harmonic 
power from (19); it appears almost as high as the third harmonic power, 
P3~0.15 MW as detected at SPARC; this value for the second harmonic 
seems unrealistic because of the second harmonic was not detected in 
SPARC experiments at all and also because of the emittance was quite 
low in the fairly narrow electron beam of SPARC; so there were no 
obvious reasons for abnormally strong second harmonic at SPARC. 

The radiation spectral line was measured between 496 and 498 nm 
[19], which yields the radiation spectral density ~ 0.4 % [19]; it is 
shown by the red solid line in Fig. 3b. Our analytical estimation of the 
spectral width involves the Bessel coefficients (3) and the result denoted 
by the blue line in Fig. 3b agrees with the experiment. The general es-
timate for SASE yields smaller value: Δλ/λ ≅

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ1/(Ls/λu)

√
≈ 0.2 %; it is 

shown by the red dotted line in Fig. 3b. 

4. LEUTL FEL 

We consider the radiation of visible light at the wavelength λ1 ~ 530 
nm at LEUTL FEL [17,18]. 

4.1. The spontaneous UR analysis for LEUTL undulators 

In this section we discuss the parameters of the installation in com-
parison with SPARC and their effect on the spontaneous radiation 
spectrum of LEUTL undulators as well as the influence of the variation of 
the energy spread and of the emittance on the spontaneous harmonic 
radiation; to this end we model analytically and numerically the spon-
taneous UR at LEUTL installation. LEUTL and SPARC have similar each 
other radiation wavelengths and electron beam energies. However, the 
beam quality is much better at SPARC also because it was built a decade 
later than LEUTL. There is a difference between their beams: at LEUTL 
the beam section, σx,y = 0.25 mm, is twice as wide as that at SPARC; the 
divergence at LEUTL, θdiv ≈ 0.17 mrad, γθdiv ≈ 0.085, is four times that at 
SPARC; the emittance at LEUTL, γεx,y ~ 6π–9π mm × mrad, is seven 
times that at SPARC. The deflection parameter of the LEUTL undulators, 
k = 3.1, is larger than at SPARC, where k ≈ 2.1. In what follows we 
model, analyze and compare with each other the radiation in two LEUTL 
experiments with different from each other emittances and currents and 
compare with the radiation at SPARC; the harmonics at LEUTL were 
accurately measured after each undulator section. Some data for the 
beam and undulator for the two LEUTL experiments [17,18] is given in 
Table 2. 

First consider the LEUTL experiment from August 2001 [18]; in this 
experiment the emittance, εx,y≈6π mm × mrad, was smaller than in 

Table 2 
Parameters of the beam and undulator of LEUTL [18].  

Electron beam Undulator section 

parameter value parameter value parameter value 

I0, A 210 A or 505A σe, % 0.1 λu, cm 3.3 
E, MeV 217 βx, m 1.5 Lu, m 2.4 
γ∊x, m ×

rad 
5.9π × 10-6 or 
8.3π × 10-6 

βy, m 1.5 N 72 

γ∊y, m ×
rad 

6.4π × 10-6 or 
9π × 10-6 

σx,y, μm ~250 k 3.1     

number of 
sections 

8  
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earlier experiments at the same installation. The betatron effects in a 
wide beam may contribute to the harmonic radiation. We have 
accounted for both betatron oscillations and large emittance as well as 
for the energy spread and took proper convolution for the spontaneous 
UR with the Bessel coefficients. We now compare the spectrum with 
account for the losses computed by (7) with the result of the simple 
convolution (6), where only the energy spread is accounted for; we also 
computed the spectrum numerically with the help of SPECTRA program. 
The result of the comprehensive convolution (7) in Fig. 4a is very close 
to the numerical result in Fig. 4b; the account for the energy spread 
alone (6) in yields slightly stronger high harmonics in the spectrum and 
is omitted for brevity. 

Let us explore the contribution of the betatron oscillations to the 
harmonic intensities and on the radiation line width. It is worth 
mentioning that even harmonics in LEUTL spectrum are mainly due to 
the angular effects and not to the betatron oscillations. The Bessel co-
efficients for the harmonics n read as follows: fn=1,…,10={0.753, 0.073, 
0.334, 0.077, 0.218, 0.078, 0.158, 0.078, 0.119, 0.076}. We distin-
guished the contributions from the betatron effects and found that they 
were absolutely negligible for odd harmonics. The betatron contribu-
tions to the Bessel factors for the even harmonics read as follows: 
fbetatron
n=2,4,6,8,10={0.019, 0.014, 0.011,0.009, 0.008}. They are not negligible, 

but they contribute with less than quarter of the total values for the even 
harmonics and their effect is minor. The radiation line of LEUTL is split 
into betatron harmonics distant from each other by the wavelength in-
terval δλ ≅ kλ/n

̅̅̅
2

√
γ
⃒
⃒
n=1 ≅ 2.7 nm. For the Bessel functions we get the 

following values: J̃p=− 3,...,+3={0.00, 0.08, 0.47, 0.75, 0.43, 0.16, 0.04} 
and we see that the harmonics with numbers p = –1,…,1 contribute 
mainly. Thus we end up with the total width of the split line Δ≈5.5 nm at 

the radiation wavelength λ1 = 532 nm. The respective spectral density is 
therefore Δ/λ≈0.01, which is comparable with the natural width, 
0.9/N|N=72 = 0.0125, of the UR line. 

Let us discuss the effect of the emittance in itself on the spectrum. 
Comparing with each other plots in Fig. 4 a vs b, we note that large 
emittance in itself affects the spontaneous UR at LEUTL. Analytical 
calculations with account for the energy spread alone yield stronger 
high harmonics (see Fig. 4a) than those computed with SPECTRA code 
(see Fig. 4c), where all effects were accounted for numerically. The 
analytical account for the emittance in the convolution (7) yields the 
harmonics shown in Fig. 4 b; the proportions of the analytically obtained 
harmonic intensities are close to those in the numerical SPECTRA result 
in Fig. 4 c. For even larger beam emittance γεx,y≈8.5π mm × mrad in the 
other LEUTL experiment [18], the calculated UR spectrum is shown in 
Fig. 5. Our analytical result accounts for the spectrum degradation due 
to both the emittance and the energy spread in Fig. 5b. The account for 
the detrimental effect of energy spread alone yields the result in Fig. 5a. 
The common degrading effect of the energy spread and large emittance 
yields weaker high harmonics as shown in Fig. 5b, in comparison with 
their intensities in Fig. 5a, where only the energy spread was considered. 
The comprehensive SPECTRA numerical result in Fig. 5c is close to our 
analytical evaluation (7) (see Fig. 5b) where we accounted for the en-
ergy spread and emittance. Note that for the radiation from SPARC 
undulators we also used both convolutions (6) and (7) and they yielded 
very close to each other results due to small emittance of the beam at 
SPARC. 

4.2. Modelling and analysis of the FEL radiation at LEUTL 

Here we model and discuss the radiation of FEL harmonics in the 

Fig. 4. Theoretical spontaneous UR spectrum for LEUTL, γε = 6.2π μrad × m: a) — analytical with account for the emittance and energy spread in the convolution, b) 
— analytical with account for the energy spread alone in, c) — numerical with SPECTRA. 

Fig. 5. Theoretical spontaneous UR spectrum for LEUTL, γε = 8.5π μrad × m: a) — analytical with account for the emittance and energy spread in the convolution, b) 
— analytical with account for the energy spread alone in, c) — numerical with SPECTRA. 
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experiments at LEUTL and analyze the influence of variation of the en-
ergy spread and emittance of the beam on the harmonic radiation as well 
as that of the electron-photon interaction and of the betatron oscillations 
in the beam of finite size. Among FEL experiments at LEUTL, we 
considered two with the most complete radiation measurements (see 
[18] and some data in Table 2). Main difference in the setup of the ex-
periments was in the beam emittance and current. The con-
ditionsεx,y⩽λ0/4π, σe⩽ρ/2 are strictly fulfilled only for the fundamental; 
for the harmonics n = 2,3, the emittance exceeds λ2,3/4π and the energy 
spread is comparable with the Pierce parameter: σe≈ρ2≈0.7ρ3. The first 
and second harmonics were detected and measured [18] all along the 
undulators; their reported experimental values along the undulators are 
shown in Fig. 6a by coloured dots, following [18]. The third harmonic 
saturated power was 1–2 % of the fundamental (green area after 16 m), 
the second harmonic average rate was 1/240 in all experiments (solid 
orange line). Our analytically computed harmonic powers and the 
bunching values along the undulators are shown by the coloured lines in 
Fig. 6 a and b respectively. We accounted for the emittance, betatron 
oscillations and effective angle of the electron-photon interaction in the 
beam; the latter largely determines even harmonic powers in a FEL; the 
off-axis deflection was not reported for LEUTL. Our theoretical results 
for both LEUTL experiments perfectly match the measurements (see 
Fig. 6a and Fig. 7a). For the second harmonic power, calculated with 
account for the emittance and betatron oscillationsneglecting the 

effective angle of the electron-photon interaction, we get much lower 
theoretical power than that measured [31–35]. We calculated the 
effective angle of photon-electron interactions: θ ≈ σx,y/Lgain≈0.28 
mrad, γθ≈0.14; it is larger than the divergence: γθdiv≈0.07. For the 
second harmonic the contribution from betatron effects compares with 
that from the angular effects in y-polarization in (3): fβ

n=2,p~fn=2,y≈0.02. 
With account for the effective angle of photon-electron interactions θ we 
get much larger Bessel factors for the second harmonic: 
fn=2,x≈0.14≫fn=2,y~fβ

n=2,p≈0.02, which determine the radiation of the 
second harmonic. We obtained the gain Lgain ≈ 0.75 m and saturation 
length Ls = 16 m, in agreement with the reports [18]. 

Note that despite the electron currents in two LEUTL experiments 
were different from each other, the gain length in both experiments was 
almost the same. This can be explained by larger emittance in the 
experiment with higher current. Larger emittance counteracted the ef-
fect of higher current by reducing the current density and by itself 
imposing the losses, so that at the end the gain length did not change 
significantly. In the early experiment high measured values of the ra-
diation power after the first and second undulators (see Fig. 7a) were 
explained in [18] by high noise levels and by the fundamental tone, 
entering the detector of the second harmonic. In the later experiment the 
setup was improved and more measuring stations were added. The 
agreement of the theory with the experiment in this case is close to 
perfect also after the first undulators (see Fig. 6a). 

Fig. 6. Modelling of LEUTL experiment from August 2001, γεx,y = 6.2π mm × mrad, I0 = 210A, λ1 = 530 nm; a) harmonic power evolution along undulators, b) 
harmonic bunching evolution along undulators. Harmonics are denoted by coloured lines: n = 1 — red solid, n = 2 — orange dotdashed, n = 3 — green dashed; 
experimental values are shown by the coloured dots; average experimental value P2 = P1/240 — orange thick line after 16 m. (For interpretation of the references to 
colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 7. A) harmonic power evolution along LEUTL undulators in experiment in March 2001, λ1 = 530 nm, γεx,y = 9π mm × mrad, I0 = 505A. Harmonics are denoted 
by coloured lines: n = 1 — red solid, n = 2 — orange dotdashed, n = 3 — green dashed; experimental values are shown by the coloured dots; average experimental 
value P2 = P1/240 — orange thick line after 16 m; b) the radiation line spectral density: analytically calculated — blue line, measured at half-height — red line, 
general SASE width estimate — red dotted line. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of 
this article.) 
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The bunching evolution is shown in Fig. 6b and it corresponds well 
with the power growth along the undulators in Fig. 6a. The bunching of 
the third harmonic closely follows that of the fundamental in the linear 
regime along first 5 m of the undulators, where the powers of the har-
monics n = 1 (red solid line) and n = 3 (green dashed line) are close to 
each other. The bunching of the third harmonic grows noticeably slower 
than that of the fundamental and so does the power (compare Fig. 6 a 
and b). After 13 m, where the green dashed line, denoting the third 
harmonic in Fig. 6a and Fig. 6b, rises faster, the nonlinear generation of 
the third harmonic prevails over its independent growth. The harmonic 
content in saturation was the same in both considered LEUTL experi-
ments; the harmonic evolution in both experiments also looks quite 
similar in Fig. 6a and Fig. 7a, despite the current and emittance were 
different; the FEL power was expectedly higher for the higher current in 
Fig. 7a. 

We estimated the third harmonic power with Huang theory [51] 
applying our correction Θ≈0.01 to (16); it yields ~ 1 % content for the 
third harmonic, which is close to that measured. Estimate for the second 
harmonic power with the original Huang formula (16) is way too low; 
however, if we assume in (17) the effective angle of electron-photon 
interaction θ for the angular contribution θ, then we get ~ 0.15 % 
content for the second harmonic; it is close to the low measured values 
for the second harmonic power (see Fig. 6a). The estimation of the 
second harmonic with by Geloni [52] is in good agreement with the 
experiment. 

The width of the spectral line at LEUTL is determined mainly by the 
contributions with p = {0,±1} in (3), which yield the spectral density 
δλ/λ ~ 1 % (see Fig. 7b) and agrees with the measurements and reports 
in [18]; the usual estimate for SASE,Δλ/λ ≅

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ1/(Ls/λu)

√
, is signifi-

cantly smaller (dotted red line in Fig. 7b). 

5. SwissFEL 

We consider the FEL radiation of hard X-ray light, the wavelength λ1 
~ 0.1 nm, in two experiments at the modern SwissFEL facility [54–58], 
where the radiation is generated by electrons with relatively low for X- 
ray facility energy, E = 5.8 GeV; the LINAC energy spread is low, its 
absolute value is 350 keV, the designed beam relative energy spread is 
very low: σe=0.006 %, the emittances are low: γε = 0.4 mm × mrad. We 
consider the radiation at the SwissFEL default wavelength λ1 = 0.1 nm in 
two well documented instances of its operation on two different occa-
sions. In one experiment, the reported energy spread and the emittances 
were as follows: σe=0.006 %, γε = 0.4 μm; the bunch charge was Q = 0.2 
nC; it produced the photon pulse of the measured duration τγ = 24 fs, 
and the collected energy was Eγ = 1 mJ [54]. The respective electron 
bunch length was τe = 40 fs, the radiation power ~ 40 GW and the 
computed electron current was I0 = 5 kA. The other FEL experiment [58] 
followed with lower current, I = 2 kA, lower emittance εx,y = 0.2 mm ×
mrad [54], but higher energy spread, whose measured value in this 
experiment was σe ¼ 0.0125 %. Some data on the SwissFEL beam and 
undulators is collected in Table 3. 

The spontaneous UR spectrum from SwissFEL undulators itself is not 
remarkable; due to the low value of the deflection parameter k and very 
low losses the fundamental harmonic is dominant in the spectrum; the 
latter is close to the ideal UR pattern. We omit proper figure for 
conciseness. 

For the FEL radiation at λ = 0.1 nm we theoretically obtained the 
saturation length Ls ~ 30 m for both considered instances of its opera-
tion; it agrees with the measurements. At SwissFEL the saturation length 
Ls ≈ 30 m is rather short as compared with most other hard X-ray FELs. 
For the higher current I ~ 5 kA we got some shorter gain Lg ~ 1.4 m, for 
the lower current I ~ 2 kA we got longer gain: Lg ~ 1.7 m. The harmonic 
content was similar in both cases. Our analytical modelling of the FEL 
harmonic powers in SwissFEL is shown in Fig. 8. For the measured ra-
diation pulse energy Eγ = 1 mJ and the respective pulse time τγ = 24 fs, 
proper saturated power is shown by the dashed red line after 25 m in 
Fig. 8a. The second harmonic content is surprisingly high: ~0.5 %, 
higher than that at LCLS for similar radiation wavelength, where the 
second harmonic content was ~ 0.04–0.1 %. The beam at SwissFEL is 
narrow, the emittance is low and the effective angle of the electron- 
photon interaction is small: θ~6 μrad. Low losses at the SwissFEL 
installation ensured close to ideal conditions for the harmonic radiation 
from undulators with small deflection parameter k; the third harmonic 
content was rather large: ~0.7 %. However, it is smaller than that at 
LCLS FEL, where the third harmonic content was ≈2% due to high 
deflection parameter k = 3.5 of LCLS undulators. 

In one instance of SwissFEL operation, the emittance was two times 
smaller and the energy spread two times higher, the electron current was 
2.5 times weaker than default. The analytical result of the harmonic 
powers in this case is shown in Fig. 8b. The saturated power was ~ 10 
GW, the second harmonic content was ~ 0.4 % and the third harmonic 
content was ~ 0.2 %. Slightly lower content of the third harmonic in this 
SwissFEL experiment as compared with the other experiment is 
explained by the higher relative energy spread, which affects high har-
monics, even though the energy spread was not really high in any of the 
SwissFEL experiments. 

We calculated the SwissFEL spectral density Δλ/λ ~ 0.1 %, within 
the range ~ 0.05 %–0.15 %, declared by the authors of the experiment in 
[55]. Computing the Pierce parameter for SwissFEL, we get: ρ1≈0.0005; 
the estimate for SASE spectral width reads as follows: 
δλ/λ ≈

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρλu/Ls

√
≈0.0005. 

Thus at SwissFEL the increase in the energy spread from the 
extremely low value 0.006 % to the very low value 0.0125 % affected 
high harmonics, which became some weaker, despite the increase of the 
energy spread was accompanied by the reduction of the emittance by 
half from εγ = 0.4 μm × rad for σe = 0.006 % to εγ = 0.2 μm × rad for σe 
= 0.0125 %. The reduction of the emittance yields higher current den-
sity for the same electron current; this allowed weaker beam current, I =
2kA, for the beam with lower emittance to get the same as in the other 
experiment gain and saturation length. 

6. Conclusions 

We have analysed the effect of the beam parameters, such as the 
emittance, energy spread, current etc. on the harmonic radiation in 
single pass FELs. With the help of the analytical formalism of generalized 
forms of Bessel and Airy functions we accounted for the key factors, 
affecting the harmonic radiation. We also showed that large emittance 
itself can deteriorate radiation of harmonics. At LEUTL, where the 
normalized emittance was up to γε≈9π, its effect was evident for both 
spontaneous and stimulated radiation. Large emittance caused strong 
even harmonics of the UR and broadening and distortion of the line 
shape from the symmetric sinc function to the asymmetric Airy-type 
function shape, accounted by the proper convolution. The harmonic 
intensity was lower than that computed with common convolution with 
the energy spread alone by roughly ~ 30–40 %. For small beam 

Table 3 
Parameters of the beam and undulator of SwissFEL.  

Electron beam Undulator 

parameter value parameter value parameter value 

I0, A 2 kA or 5 kA σe, % 0.0125 or 
0.006 

λu, cm 1.5 

E, MeV 5800 βx, m 18 Lu, m 4 
γ∊x , m ×

rad 
0.2 × 10-6 or 
0.4 × 10-6 

βy, m 18 N 267 

γ∊y , m ×
rad 

0.2 × 10-6 or 
0.4 × 10-6 

σx,y, μm ~20 k 1.2     

number of 
sections 

12  
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emittances, such as at SPARC, LCLS, PAL X-FEL, SwissFEL et al., the 
distortion of the line due to the emittance is irrelevant. 

Comparing the FEL radiation in experiments with different beam 
parameters at the same installations, we found that even harmonics in 
FELs are determined mainly by the angular effects. We have verified that 
the second harmonic power is determined mainly by the effective angle 
of the electron-photon interaction in the beam on one gain length. The 
emittance itself somewhat reduces the harmonic powers, although the 
effect is noticeable for high emittance only. However, the beam emit-
tance is related to the beam section and thus the reduction of emittance 
increases the current density. This in turn increases the gain and the 
harmonic powers. The energy spread expectedly reduces the harmonic 
powers and thus counteracts the decrease of the emittance. This was 
observed, for example, in SwissFEL in two different setups in different 
experiments. 

At LEUTL quite high content of the second harmonic ~ 0.5 % was 
registered due to large angles of electron-photon interaction. Large 
emittance on the contrary reduced the harmonic powers, especially for 
high harmonics. The betatron oscillations were shown to have little ef-
fect on even FEL harmonic powers and no effect on odd FEL harmonic 
powers. The increase of the current and simultaneous increase of the 
beam emittance in some experiments did not make the gain and satu-
ration shorter, but increased the FEL power. The ratio of the harmonics 
remained unaffected. 

At SPARC, the emittance and energy spread were rather low. Much 
weaker current than in LEUTL was needed for SPARC to produce similar 
to LEUTL radiation. The third harmonic was detected at SPARC; its 
content was ~ 1 %. The betatron oscillations were shown to have no 
effect on FEL harmonic powers. Variation of the electron energy spread 
in the range σe = 0.05–0.1 % somewhat influences the FEL gain and 
noticeably changes the second harmonic power. High harmonics 
become some weaker with the energy spread increase. 

At SwissFEL, in one experiment the current and emittance were two 
times lower and at the same time the energy spread was two times 
higher as compared with another experiment at the same installation. 
The saturation length was the same in these experiments and the gain 
was slightly shorter when the current was two times higher, this also 
increased the FEL power by four times. Similar effect was observed at 
LEUTL. The harmonic content of SwissFEL was noticeable due to very 
low emittance and energy spread; the effect of the increased emittance 
was compensated by higher current and lower energy spread and vice 
versa (see details in the text). 

The theoretical power estimates from Huang et al. [51] are generally 
too high for the third harmonic and too low for the second harmonic. 
The estimates from Geloni et al. [52] are reasonable for even harmonics 
at LEUTL and SwissFEL, but for SPARC the second harmonic estimate is 
abnormally high, while it has not been detected in experiments at all. 

For both theories the correction consists in that the effective angle of the 
electron-photon interaction in the FEL must be taken into account; 
usually it is the largest angular contribution. 

The study can be used to evaluate the effect of beam parameters on 
the performance of other FELs, both operating and under construction. 
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