ON THE CONSTRUCTION OF FAMILIES OF OPTIMAL
RECOVERY METHODS FOR LINEAR OPERATORS

K.YU. OSIPENKO

ABSTRACT. The paper proposes some approach to the construction of families
of optimal methods for the recovery of linear operators from inaccurately given
information. The proposed construction method is used to recover derivatives
from inaccurately specified other derivatives in the multidimensional case and
to recover solutions of the heat equation from inaccurately specified tempera-
ture distributions at some instants of time.

1. INTRODUCTION

Let X be a linear space, Y, Z be normed linear spaces. The problem of optimal
recovery of the linear operator A: X — Z by inaccurately given values of the linear
operator I: X — Y on the set W C X is posed as a problem of finding the value

E(AW,1,6) = inf sup |[[Az — o(y)]|z,
w:Y—=Z zeW, yeY
[z—ylly <6
called the error of optimal recovery, and the mapping ¢ on which the lower bound
is attained, called the optimal recovery method (here 6 > 0 is a parameter that
characterizes the error of setting the values of the operator I). Initially, this problem
was posed for the case when A is a linear functional, Y is a finite-dimensional space
and the information is known exactly (§ = 0), by S. A. Smolyak [1]. In fact,
this statement was a generalization of A. N. Kolmogorov’s problem about the best
quadrature formula on the class of functions [2], in which the integral and the
values of the functions are replaced by arbitrary linear functionals and there is no
condition for the linearity of the recovery method. Subsequently, much research has
been devoted to extensions of this problem (see [3]-[10], and the references given
therein).

One of the first papers in which the problem of constructing an optimal recovery
method for a linear operator was considered was the paper [4]. This topic was
further developed in the papers [11]-[19]. It turned out that in some cases it
is possible to construct a whole family of optimal recovery methods for a linear
operator. The study of such families began in [20] and continued in [21], [22], [14],
and [19].

The aim of this paper is to propose some approach to the construction of families
of optimal recovery methods for linear operators and demonstrate its application
to a number of particular problems.
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2. GENERAL SETTING AND CONSTRUCTION OF FAMILIES OF OPTIMAL RECOVERY
METHODS

We will consider the case when in the optimal recovery problem the set W
(a priori information about elements from X) is given in the form of constraints

associated with a certain set of linear operators. Let Yg, Y7,...,Y, be normed linear
spaces and I;: X — Y;, j = 0,1,...,n, be linear operators. Let, in addition, the
numbers 41, ...,d, > 0 are given and the set of natural numbers J C {1,...,n} is

given. Put J = {1,...,n}\ J.
The problem is to optimally recover the operator Iy on the set

WJZ{Z‘EX:I]wHYj <é;,jed}

by the values of the operators I;, given with errors d;, j € J (when J = () we
assume W = X). More precisely, we will assume that, for each z € W, we know
the vector
Y= {yj}jej €Yy = H Y;
jeJ
mappings ¢: Y7 — Yp. B
The error of a method ¢(+) is defined as

such that || Iz —y;ly, < d;, j € J. As recovery methods we will consider arbitrary

es(1,0,¢) = sup lTor — ©(y)vo»
zeWy, y€Y7

I jz—y;llv; <85, G€J

and the quantity

(1) E;(I,6)= inf e;(L,0,¢)
p: Y5 =Y
is known as the optimal recovery error (here I = (Ip,Iy...,1,), § = (61,...,0n)).

The methods on which the lower bound in (1) is attained (if any exist) are called
optimal.

Theorem 1. Let 1 < p < +o0o. Assume that there exist Xj >0,5=1,...,n, such
that

n

\ p Y. 5P

sup [ox|ly, > g Aj0%.
zeX —1

I Zzlly; <65, j=1,....,n 7

Moreover, let the set of linear operators S;:Y; =Yy, j =1,...,n, be such that

(2) Io=7 ;1
j=1

> 5i%
j=1
forall z; €Y;, j=1,...,n. Then for any J € {1,...,n} methods

(4) Py)=>_ Sy

jeJ




ON THE CONSTRUCTION OF FAMILIES OF OPTIMAL RECOVERY METHOD 3

are optimal for the corresponding optimal recovery problem, and for the error of
optimal recovery the equality

(5) E;(I,8) = (an Xp;?) v

holds.
Proof. Let ¢: Y5 — Yy be an arbitrary method of recovery and 2 € X such that
I1zlly, <d;,5=1,...,n. Then
2[[Hoxllyy = Hoz = ¢(0) = (To(=2) = ¢(0)) v,
< [Hox = @(0)llv, + [Ho(=2) = (0)|ly, < 2e.(1,6,¢).

Hence

zEX
Ij2lly, <67, j=1m

o) > s ol > 30N
j=1
Since () is arbitrary, we obtain
(6) ES(1,6) =) A0h.
j=1

To estimate the p-th power of error of method @(-), it is necessary to estimate
the value of the following extremal problem

p
—max, |[z|y, <d;, j€J,
Yo

I()LU—ZS]'y]’
jeJ
||Ija?—yj||yj S(Sj, jEj, rz e X.

Put z; = Lix —y;,j € J. Then this problem is rewritten as follows

(7) H(IO—ZSJJJ)HZSJ-ZJ- ’

jeT jeJ

- max, |[[Lzlly, <905, j€J,
0

Izilly, <65, j€J, zeX.

In view of (2) and condition (3) we obtain

P p
[ERS YA TS S (P S
jeT jeT Yoo ljes g€t 0
<SONILal, + S0 Nl < SR
jeJ JET i=1

Thus,

n

EY(1,8) < 5(1,6,5) <Y Mo,
j=1

which together with (6) proves the theorem. O
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Note that the dual extremal problem
I loz|ly, = max, |[[zly, <d;, j=1,...,n,

“does not distinguish” which of the operators I; are informational, and which of
them define the class on which the recovery problem is being considered. In other
words, the dual extremal problem does not distinguish a priori information from
a posteriori information. Because of this, it follows from Theorem 1 that if the
operators Sj: Y; — Yy, j = 1,...,n, are found such that they satisfy the conditions
(2) and (3), then 2™ recovery problems are immediately solved. Moreover, to obtain
the appropriate optimal method, it is sufficient to put y; =0, j € J, in the method

oy) =S1y1 + ...+ Snyn.

3. RECOVERY IN L,(R%)

Denote by L,(R%), 1 < p < oo, the set of all measurable functions z(-) for which

Ol e = ([ ) <o

Let @ = (aq,...,aq) € RL. For & = (&,...,&) € R? we set (i§)* =
(i)™ ... (i&q)™, |€]™ = [&1]2r .. |&a|*. For a°,al, ..., a" € RY put

L) = (i) 2(€), §=0,1,....n.
We denote by X the set of all measurable functions z(-) for which | [;2())[|1 re) <
o0, j =1,...,n. Consider problem (1) for Yo =Y; = ... =Y, = L,(R?).
Put
Q = co{(a',In1/6,),...,(a",In1/5,)},
where co M denotes the convex hull of the set M, and define the function S(-) on
R? by the formula

(8) S(a) =max{z eR: (a,2) € Q},

assuming that S(«) = —oo if the set in curly brackets is empty.

Let o € co{al,...,a™}. Then the point (a’,S(a")) belongs to the boundary
of the convex polyhedron ). We draw a hyperplane of support to the convex
polyhedron @ at the point (a°, S(a?)). It can be written as z = («, ) + @ for some
= ,...,04) € R? and @ € R ({, 7)) denotes the scalar product of the vectors «
and 7). According to the Caratheodory theorem, there exist points (a/*,In1/4;,),
k=1,...,s, s <d+ 1, from this hyperplane such that

O =Xl 650 k=L 30, -1
k=1 k=1
Put JO = {jl, “ee 7js} and
~ 0.
3 = 67;@*1’5@’), j € Jo.
J

Theorem 2. Let o® € co{al,...,a"}. Then for any J € {1,...,n}

E;(I,8) = ¢S50,
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Moreover, all methods
Py) = Y a©y;,
jeINJy
where measurable functions a;(-), j € Jo, satisfy the conditions

(10) S (€)Y a;() = (i6)*,

Jj€Jo
la; ()" L
(11) Y o <L 1p+l/ =1 ifl<p<co,
Jj€Jo )‘j
(12) max 1O e
J€Jo )‘j

for almost all £ € RY, are optimal for the corresponding optimal recovery problem.

Proof. We estimate the value of the extremal problem

1) [ I @ ds 5w, [ 07O dE <5 =1

d
Put A = e Pa, EJ =e M, j=1,...,d, E: (El,...fd). For sufficiently small € > 0
consider the cube
Be={&=(&4,... .8 R —e <<, j=1,...,d}
and the function
~ 1/p
(4/1B.1) . €eB.,

0, £ ¢ B
(|B:| denotes the volume of the cube B.). Then

J.

In view of the fact that z = («, 7)) + @ is the hyperplane of support to @, we have
(a?,7) +a>1n1/4;.

z:(§) =

(if)ajxg(fﬂp g < g‘apa’ — o—p((a? )+a)

It follows that
NG e g <8, j=1..om.

Thus, z.(-) is an admissible function for problem (13). Consequently,

swp el = [ i n (P d = AEP,
lyzlly, £67 G=1,0m e
where

fAE = (21 —57...,&—6).
Making e tends to zero, we have

sup Hozl[f, > e7Pafgre’ = em#(e?M+8) = g=pS(e),
ILzlly, <67, =1,

Thus,

sup [ Tox]|§, > Z def.

x€ .
. Ji
I1zlly; <d;, j=1,...,n 7€Jo
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We define operators Sj: L,(RY) — L,(R%), j =1,...,n, as follows

_ aj(g)z(g)v VES Jo,
5,2(6) = {0) e

where a;(-), j € Jo, satisfy conditions (10)—(12). We have

n p
> Sizi() = /
j=1 Ly(Rd) JR?

By Holder’s inequality for 1 < p < oo

5 205 6] <o (X Hor)

j€Jdo 4 J€Jo

P

(14) de.

> a;(€)z(€)

Jj€Jo

> as(€)55(6) -

Jj€Jo

where

Qi p’ 1/1”
o = (X 295) L v -t

' /p
jedo A

For p = 1 we obtain the inequality

5 ()| < 20 T Bl@1)

j€Jo j€Jo
in which
Q(€) = max ‘ai\(f)|.
J€Jo )‘j

Using the obtained inequalities, it follows from (14) that

gszj(v ;(Rd)g /R Qp(g)(z Xj|zj(g)|p) de.

J€Jo
In view of conditions (11)—(12) we get

ZSJ‘ZJ‘(')

It remains to show that the set of functions a;(-), j € Jo, satisfying conditions
(10)—(12) is nonempty. Consider the function

=14 3 Rperre et

Jj€Jo

p

< S XlHOE g

Ly (R%) j€Jo

on R?. This is obviously a convex function, and it is easy to verify that f(7j) = 0 and
the derivative of this function at the point 7 is also zero. It follows that f(n) > 0
for all n € RZ. Consequently,
_e—pla’m) 4 Z XjePletm >,
Jj€Jo
Putting e= =|§;|, j =1,...,d, we obtain that
(15) P+ 3 Ml >0

J€Jo
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for all ¢ € R9. Set
a0 Aj(—i6) [¢| =2’

S A lere

Jj€Jo

, JE€Jo.

It is easy to check that condition (10) is valid. For p = 1, taking into account (15),
we obtain

Ja; (] _ \SAIC'O <1
Aj > oAlE

Jj€Jo

If p > 1, then

7" 3 N lefre

Jj€Jo

61" J¢| ¢~

|a]( _
JEZJO ? J;) 3P’ /p 3. paj v N . pocj v
VR OIRYS > il

Jj€Jo j€Jo

j€[Pe”

-~ J
> Al
Jj€Jo

Now it follows from (15) that

Z |a’J

Jj€Jo j
O
Let @ = (a1,...,0q) € RL. For z(-) € Lo(R?) denote by D*z(-) the Weyl
derivative of order «, which is defined as follows
1 .
Takia i(&,t) d
G €7 Falee < de

where Fz(-) is the Fourier transform of z(-).
Let o% al,...,a™ € Ri. Put

Dx(t) =

;=D j=0,1,...,n

Denote by X the set of measurable functions z(-), for which ||Dajx(-)||L2(Rd) < 00,
j =1,...,n. Consider problem (1) for Yy = Y} = ... =Y, = Lyo(R?). Using the
previously introduced notation for p = 2, we get

Theorem 3. Let o’ € co{al,...,a"}. Then for any J € {1,...,n}
E;(I,8) = e=50"),

> Ay,

jeINJy

Moreover, all methods
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where A;j: Ly(R?) — Lo(R%), j € Jo, are linear continuous operators whose actions
in Fourier images have the form: FA;y;(-) = a;(-)Fy;(-), and measurable functions
a;(+), j € Jo, satisfy conditions

37 (i6) a;(€) = (i),

J€Jo
Z |aj£§)| <1,
7j€Jo AJ

for almost all £ € RY, are optimal for the corresponding optimal recovery problem.
Proof. Passing to the Fourier images and using the Parseval equality, conditions
j
1D 2 ()7, gy < 65
j
1D () = y; (I, rey < 65,

may be rewritten in the form

JNCRIGI Y
|l s - Vit < 62

where
1 1

fe)= WFx(')a Yj(') = WF%(.).

For any recovery method ¢: (Lo(R?))™ — Ly(R?), m = cardJ,

1D 2(-) — o) O3, ety = / 1) £(6) — R()(©)[* de,

where

*(1)() = a7z o))

Thus the problem under consideration is equivalent to the problem, the solution of
which is given in Theorem 2 (for p = 2). O

Note that Theorems 1 and 2 imply the equality
a0 _S(a® 6,
(16) sup D x()[|L,mey =€ S?) — H ;7.

HDajw(')HLQ(Rd)S‘SJ'? j=1,...,n j€Jo

The extremal problem in the left-hand side of (16) is closely related to finding the
exact constant in the generalized Hardy—Littlewood—Polya inequality, which in the
case under consideration has the form

1D 2 () | pyey < [T 1D = ()7 (RY)
Jj€Jo

(for more information, see [23]).
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4. GENERALIZED HEAT EQUATION ON A SPHERE

Set
Sl ={zeR?: |z =1}, d>2,

where |z| = /21 + ...+ 2% The Laplace-Beltrami operator Ag is defined for
functions defined on the unit sphere S?~! as follows

AsY (2') = AY ("””) ,
|x| ‘m:r/
where A is the Laplace operator. Denote by Hy the set of spherical harmonics of

order k. It is known (see [24]) that Lo(S?~1) = Y77 Hy, while dimHo = ag = 1,

—3)!
dim?—lk:ak:(d+2k—2)(d+k 3)!

m, k:1,2,

Choose in Hj, the orthonormal basis Yj(k)(~)7 j=1,...,a,. For a > 0 the
operator (—Ag)®/? is defined by the equality

[oe] ag
@ a/2 k
(—A5)°2Y () = STA2Y ey vV,
k=1 j=1

where
oo ag

YO =3 e v M0,

k=0 j=1
and Ay = k(k + d — 2) are the eigenvalues of the operator —Ag.
Consider the problem of finding a solution of the equation

(17) up + (—Ag)*?u =0,

with initial condition
where f(-) € Lo(S?1). If
oo ag
(18) O =33 ey M0,

k=0 j=1

then, using the Fourier method, it is not difficult to obtain a solution of this problem
o /2 QA
U(.I‘/, t) _ Z efA,c t Z ij)/j(k)(m/)-
k=0 j=1

Assume that the solutions of the problem under consideration are approximately
known at ¢ = 0,7. It is required to recover the solution at the instant of time
7,0 < 7 < T. For functions f(-) € La(S?!), having expansion (18), we put

Lif(:)=f(),
Bf() = 3o S a0
k=0 j=1

(oo}

ag
Lf() =Y e TS v (),
j=1

k=0
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Thus we come to the problem (1) for X = Yy = Y] = Yo = Ly(S%1), p = 2 and
J=0.

«@ a/
Theorem 4. If §1/02 € [ AT eAmflT for some m € Zy, then for all oy;,

k=0,1,...,j=1,...,a, satisfying the condition

o 2
AT g 2
J Qi
(19) 7 + N <1,
)\1€2A’C T 2
where
\ Q2AN 2 (T—7) _ j208/3(T—7)
1 — 2A(’Yn/fl 62Aa/zT
\ o203/ _ 260/
2 e—20S/2T _ 2N 2T
methods
> /2 /2
I A k
P(y1,y2)( ZZ ( ( (T=7) ) y,(w) + Olk]y;(w)) Y( '),
k=0 j=1
where

o0 ag
s k
) =22 w0, s=12,

k=0 j=1

Ey(I,6) = \/A162 + A\p62.

If 61 /02 € (0,1], then the method

[e%e) ag
01/2
Py, ) () =D e NSy y My
k=0

Jj=1

are optimal and

is optimal and Ey(I,8) = 0;.
Proof. Consider the extremal problem

||Iof(')||2Lg(sd71) — max, Hij(')H%g(Sd*l) < 5?7 J=12

This problem may be written in the form
oo oo /2

(20) Z T Smax, YO fE<el Y eI <,
k=0 k=0

where

ag
2 2
fk:zcjk’ kZO,].,....
Jj=1
o a/2 -,
Let 61/d2 € [eAm T eAmH } Define f,, and f,,4+1 from the conditions
2 2 2
m fm+1 = 615
—2A/2T 2 —2A%/2 T 2 2
e hm L e Thmn R L =05
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We have
9 52 52 —2Am/f1
m 6—2/\%/2 . e_QAsz/flT’
) 5%e —2A8/2T — 52
m+1 — —2A”/2 _ 72A$n/f1

The sequence {fx}, in which f = 0 for k # m, m+ 1, is admissible in the extremal
problem (20). Therefore,

sup 1o f ()3, gusy > e72N5T g2 4 e2Mlhr g2
F()EL2(8TT)
Hij(')HLZ(gdfl)Séja j=12
= A\167 + \pd3.
If 61/85 € (0,1], then the sequence {fi}, in which fo = 62, and f =0 for k > 1, is
admissible in the extremal problem (20). Therefore, in this case

sup HIOf(‘)”%z(gdﬂ) > fg = 5%.
F()EL2(STY)
VOl a1y <65 1,2
Let again 01/d, € [ AT eAm/JrlT]. For functions f(-) € L2(S%!), having
expansion (18), define operators S;: La(S?™1) — Lo(S971), j = 1,2, by equalities

_AS/2p a/2 .
51/() ZZ@ E ( . )—akj) e ¥, (),
k= 0] 1

o0

S2f Zzakgckj : 7

k=0 j=1

where ay; satisfy condition (19). It is easy to see that Iy = SiIy + S2lp. For
f1(), f2(+) € La(S41) we have

S1fr(-) + SZfZ(.)”iQ(Sd—l)

oo ag
_ ZZ (efA:/QT (eA‘;/?(Tfr) ) f(l) i akjf@)) :

k=0 j=1

where f,g;),f@) are the Fourier coefficients of fi(-), fo(-). From the Cauchy—
Schwartz—Bunyakovskii inequality, taking into account (19), we get

@ « 2
(e—Ak/zT (eAk/Q(Tf‘r) . Oékj) flg) + Oékjf;g?))

2
/2
(eAk (T—7) _ akj)

<
= /2
)\162A,C T

+‘; (MU +22(55?)

<MD+ Xl FE)2.
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Thus,
1811 () + S22 ()3, oy < 30 D0 (MU + 22 (2)?)
k

= MIAONL, g1y + A2l foONIL,g0-1)-
We show that there are agj, k =0,1,..., j =1,..., ax, satisfying condition (19).
Consider on the plane (x,y) a set of points with coordinates

opA/2
oy = e 2N

)
_ a/2
yp=e 2T B=0,1,....

This set of points lies on a concave curve y = z7/7. Draw a straight line through
the points (Zm+1, Ym+1) and (T, ym). It is easy to verify that the equation of this
line is written as y = A1 + Aox. Due to the concavity of the curve on which the
points under consideration lie, we have

Y <A1+ Aoz, k=0,1,....
Consequently, for all £ =0,1,...
672/\2/27

«/2 =
)\1+)\26—2Ak T

Put
a/2
R )\26Ak/ (T—7)
o —— —mMmMmMM——,
+ )\162A:/2T + )\2
Then
A2 (T—7) _ ~ 2 ~9 a/2 a/2
ek — Qg5 O‘kj 62Ak (T—7) 6_2Ak T
/2 = /2 = o2
A e2A°T A2 Me2MTT L ny A 4 Age 2M°T

If 61/d2 € (0,1], then we set S; = Iy and S = 0. Then

o0 B a/27— ar
1S1F1() + Safo (I ga-r) = Hofr ()13 gamry = D e 28T (F1))?

k=0 j=1
oo ag
1
<Y = IO e
k=0 j=1
Now the statement of the theorem being proved follows from Theorem 1. O

Condition (19) can be written in the equivalent form
—2A2/%7 W +)\2672A:/2T
_ano/2r)?
(M + Agem24i7)

Thus, all ay; satisfying condition (19) have the form

~ N2 ANS/2p —€
(Ozkj —Ozkj) < A Age™ e

a/2 a/2
Ay T+>\1+)\2e—21\k T

/2
)\1+)\26—2Ak T

—2
~ 20072 /3 \/_e
Qj = Qj + ije k A1 A

where |0;;| < 1.

)
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If we consider the problem of optimal recovery of the solution at the instant of
time 7 by an inaccurately given solution at the instant of time 7" > 7 on the class

W ={f(-) € La(S" ") : If Ol La(sa-1) < 01},

then from the same Theorem 1 (for J = {1}) will follow that the methods @(0, y2)(+)
will be optimal. It turns out that among this family of optimal methods there is a
subfamily of optimal methods that have some advantage over the rest.

In order to specify this subfamily, we first formulate an extended version of the
problem under consideration. Let some class of functions F C Ly(S%1) be given.
Set

e(F,0,0) = sup lu(-s7) — o) ()llLysa—1),
F(HEQ, y(-)EL2(S*71)
(- T) =y ()l 1y sa—1,<8

E(F,0) = inf e(F,d,¥).

@i Ly(S?=1)—Ly(S41)

The problem of finding the error of optimal recovery E(F,d) and the corresponding
optimal method differs from the one considered earlier only by an arbitrary class
F.

We will say that the method ¢(y)(-) is exact on the set L C Lo(S% 1) if

ou(-, 7)) =u(-,7) forall f(:)eL

Proposition 1. If ¢(y)(:) is an optimal method for the class F, which is linear
and ezact on the set L C Lo(S%™1) containing zero, then it is optimal on the class
F + L. Moreover,

(21) E(F,6) = E(F+ L,9).

Proof. Let f(-) € F+ L, f(-) = fi(:) + fa(:), where fi(-) € F, fa(-) € L. Denote
by u;(-,-) the solution of equation (17) with the initial function f;(-), j =1,2. Let
y(*) € La(S771) such that [[u(-,T) = y()l| ya-1) < 6. Put g1 () = y(") —us(,T),
It is clear that y;(-) € La(S?1). Since uy(-,T) — yl( ) =u(-,T) —y(-) we have

(22) [ur (5 T) = 91 ()l page-1) < 6.
From linearity and exactness @(y)(-) on L follows the equality
(23) [u(,7) = W) ()l La@a-1) = llur (-, 7) = @(y2) ()l Lo @a-1)-

The expression in the the right-hand side in (23) by virtue of (22) does not exceed
the value e(F, §, ), which is equal to E(F,J), since the method @(y)(-) is optimal.
Taking into account this fact and going to the upper bound by f(-) € F + L and
the corresponding y(-) we get that

e(F+L,0,p) < E(F,9).
Hence and from the fact that 7 C § + L, we have
E(F,8) < E(F+L,6) < e(F+L,5,9) < E(F,0b).
Consequently, @(y)() is an optimal method for the class F+ L and (21) is valid. O

o a/2 . .
Assume that 0;/d; € |eMm /2T eAm+1 . It is easy to show that for sufficiently

large m the inequality Ao > 1 holds. Thus, if §; is fixed, then for sufficiently small
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02 the inequality Ao > 1 is satisfied. In this case we put

~ In Ay 2/
= : < R .
k max{k€Z+ Ay, (2( )> }

It is easy to check that

T | J@=22 Ao g2
B 4 2(T — 1) 2
([a] is the integer part of a).
Consider the methods

75 a o0 ak
N a/2 _r
2o)() = D3Iy 1 3TN g VY0,

k=0j=1 k=ha13=1

where ay;, k= b+ 1,% +2,...,5=1,...,a, are satisfied condition (19). In view
of the fact that for

~

/2
apg =M T B =01,k j=1,..., a4,

condition (19) is valid, methods @(y)(-) are optimal on the class W.
Moreover, methods @o(y)(+) are exact on the subspace

k=0
Indeed, let f(-) € L. Then
k oap
k
JO =323 eV M)
k=0 j=1
Therefore,
3
u(@, T) = 3" e TS ey M ()
k=0 j=1
Consequently,
%
Y _ a/27_
Go(ul- D)) =D e ™ 7Y eV () = ul7)
k=0 j=1

Thus, it follows from Proposition 1 that methods @o(y)(+) are not only optimal on
the class W, but they remain optimal on the wider class W + L.

5. OPTIMAL RECOVERY OF SOLUTIONS OF DIFFERENCE EQUATIONS

Let us consider the process of heat propagation in an infinite rod described by a
discrete model, namely, by an implicit difference scheme

4 Ust1,j = Usj _ Ust1j1 = 2Usi1,j + Usy1j—1
(2 ) - h2 .
.
Here 7 and h are positive numbers, (s, j) € Zy X Z, us ; is the temperature of the
rod at the instant of time s7 at the point jh.
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Denote by Iz 5, the set of vectors x = {z;} ez for which

1/2
felhas = (B k) - <o, h>0.

JEZL

Suppose that the temperature of the rod is approximately measured at the instant of
time zero and at the instant of time nr, i.e. the vectors ug = {ug ; } and u, = {un ;}
are approximately known, or, more precisely, we know the vectors yi,y2 € l2 5 such
that

”UO - y1||lz,h < 617 Hun - yQle,h < 52’

where 6; > 0, j = 1,2. According to this information, it is required to recover the
vector Uy, = {Um,; }, where 0 < m < n, i.e. recover the value of the rod temperature
at the instant of time mr.

Thus we come again to problem (1), in which X =Yy =Y; =Y, =y, p = 2,
J =0, and the operators I;: lop, — lap, j = 0,1,2, are defined by the equalities

Ioug = U, Irug = ug, I2ug = up.

By the Fourier transform of the sequence & = {z,};cz € lo, we mean the
function

Fx(§)=h Z xje e,

JEZ
It is easy to verify that Fa(-) € La([—n/h,m/h]) and
(25) IFLNT, (= n e ymgy = 2712117, -

Let us apply the Fourier transform to the both parts of the equality (24)

hz Us+1,j = Usj —ijhe _ hz Us 41,41 — 2Ust15 + Ust1j—1 ijne
T

h2
JEZ JEZ
Hence
Ust1(§) ~Us(§) _ ™ —24 e ™
a p = B2 Us+1(€)7
where
Us(€) =hY_ug e,
jEz
Thus,
Ar L hE\ !
Ust1(§) = (1 + 5l sin® 2) Us(§)-
Consequently,

U = (O, M) = (14 5 )
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Put a = (1 +47/R?)71,

0, 62/61 S (O,Gn},
AL = @m)52mm 83/61 € (a™,1)
1 n 51 ’ 2/01 a, ’
1, 52/51 S [1,4—00),
a?(m=n) d2/01 € (0,a™],
S 2(m/n—1)
Ay = % ((i) , 52/(51 € (a™ 1),
0, 52/61 € [1,400).

Theorem 5. The following equality holds:

Ey(I,6) = \/A162 + A\p62.

For all a(-) satisfying for 62/01 € (a™,1) the condition

(26) A2m(£) (|1 _;‘1(5” +A—2n(§) |O‘g\§2)| ) < 17

and in other cases, equality
1, d2/6 0,a™
Oé(g): ) 2/16(,@],
0, 52/(51 e [1,+OO),
methods
Py y2) = FTHA™ ()1 = a()Fyi () + A" () Fya ()
are optimal.
Proof. Consider the extremal problem
[umllf,, — max, |uollf,, <67, luallf,, <03

Passing to the Fourier images, we obtain the following problem
1 1
(27) %HA U0 (= gy — MK, %||UO(')H%2([4/h,w/h]) <67,

1
%HATL(')UO(')H%Q([fﬂ/h,ﬂ-/h]) < d3.

Assume that d5/6; € (a™,1). For & € [0,7/h] the function A(£) monotonically
decreases from 1 to a. Therefore, there will be £ € (0, 7/h) such that A™(&) = d2/01.
For sufficiently small £ > 0 put

07 5 ¢ ( Y E)'
‘We have )
§|\U0(')||%2([4/h,7r/h]) = 67
and
1 n 7y 2 6% e 2n 24 2n /A 2
o N OV (rypmymy = — [ A7) dE < TAT(E) = 3.
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Thus Up(-) is admissible in problem (27). Consequently,

2, > o [A™ ()T ()2 i /E+EA2 (€) de
su U, > m(, . m Il _ 1 m
uoell;),h l2,n ot 0 La([—7/h,m/h]) e Je

2 2
H“0H127h<51

lunll?, , <63
— (5%A2m(0),
where ¢ € [5, £+ ¢]. Passing to the limit as ¢ — 0, we obtain

N 2(1— 2
sup  fuml?,, > 0742 (€) = 670 = N167 + Mad3.
ug€la,n
lluoll?, , <57

2 2
lunll?, , <63

Assume that d2/01 € (0,a"]. For sufficiently small £ > 0 put

2T (52
Oo() = \/?An@)’ &€ m/h=em/hl
0, &¢ (m/h—e,m/h).

Then
1

%||A"(')U0(')H%Q([fﬂ/h,w/h}) =&
and
o)1 SB[ g ae < g <
o La(len/hmm) = 2 [ < 03" <47
Thus (70(-) is admissible in problem (27). Consequently,

5% 7T/h

1 ~
2 m 2 _ 72 2(m—mn)
sup  umlli, , = - IA" (U0 ((—rfpm )y = A §)d§
S Junly, 2 OO ey = 2 [ A
luoll?, , <63

lunll?, , <63
= A2,
where ¢ € [r/h — e, m/h]. Passing to the limit as € — 0, we obtain

2 2 2(m—n) __ 2
sup  umllz,, > d2a = A\ad5.
uo€la,n
luoll?, , <62

2 2
lunll?, , <63

If, finally, d5/01 € [1,+00) for sufficiently small € > 0 we put

s
ﬁo(f) _ \/j(;lv §€ (075)’

Oa € ¢ (O’E)'
Then 1
2 1 00O L mymy = 3F

and )
1 ~ 0% €
A"(- 212 — 1 / A2n de < 52 < 52'
2r I OT O njmnymy = 2 | A (€ de < 07 < 3
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Thus Up(-) is admissible in problem (27). Consequently,

1 ~ 52 €
2 m 2 1 2m
Sup tm 2o A )Uo(: —n/h, = A d
qulg,h || ||l2,h 27_[_ || ( ) 0( )||L2([ /h, /h]) c o (g) E
lluoll?, ,, <67

2 2
lunll?, , <63

= 6 A" (o),
where ¢ € [0, g]. Passing to the limit as & — 0, we obtain
sup  JJumllf, , > 7.
up€la,n

2 2
lunll?, , <63

luoll?, , <83

Now we concerned with estimate (3). Let d2/01 € (a™,1). Define the operators
Sjt lon = l2.p, 7 =1,2, so that

F(Siu)(-) = A" ()1 — o)) Fu(),
F(Sau)(-) = A™ 7" () Fu(:).
It is easy to verify that for all ug € Iy p,
F((IO — 51]1 — Sglg)u)() =0.
Therefore, Iy = S11; + Sal>. In view of (25) we get
1 w/h
IS+ Sazall, = 5= [ AO1( - al©F ) + A OO Pl de.
—m/h
It follows from the Cauchy—Schwartz—Bunyakovskii inequality that
AZ™(E) (1 = al€)Fz1(€) + A" a(€) Fza(€)|* < Q)M IF21(6)2 + Ao Fza(€)[?),

where
‘1 - a(§)|2 + A—2n(£) |Oé(€)|2) )

(e = a7me) (1= &

In view of (26) we obtain

1 7T/h
|S121 + 52Z2||l22'h < g/ /h()\1|F21(§)|2 —|—)\2|F2’2(§)|2) d¢

= Mlzllf,, + Xellzll7, -

It follows from Theorem 1 that in the case under consideration, the methods

P(y1,y2) = S1y1 + Sy

Ey(I,5) = \/A102 + 203

Now consider the case when /81 € (0,a™]. Define the operator So: laj, — lop
so that

are optimal and

F(Sau)(-) = A™7" () Fu(-).
Since
F((lo — S212)uo)(§) =0,
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then Iy = SI5. Moreover,
1 ﬂ-/h m—n m—n
1S222]|7, , = ) A= ()| Fap(8))7 dE < a7 | z]l7, -

It follows from Theorem 1 that in the case under consideration, the method

(Y1, y2) = Sayo
is optimal and
Ey(I,6) =a™ "da.
Finally, if 02 > §; we define the operator S;: I35, — l2 5, so that
F(Siu)() = A" () Fu(.).
Then Iy = S11; and
2 L o 2 2
ISz, = 5p [ AP e <l
It follows from Theorem 1 that the method
P(y1,y2) = Sy
is optimal and
Ey(I,6) = 6.
We prove that for d2/01 € (a™,1) the set of functions «f-), satisfying condition
(26) is nonempty. Consider the concave function

(28) y=a™" x>0

Draw a tangent to the graph of this function at the point zg > 0. It is easy to
verify that the tangent will have the form y = A1 + Aoz, where

A= (1 B @> oy, Re = apinTh,
n n

Due to the concavity of the curve (28), for all z > 0 the inequality
xm/n < /):1 + //\\21‘

will hold.
Put

n (&)
xAQ@%:m(&).

Then Xj = \j, j = 1,2, and for all { € [—-m/h, 7 /h] the inequality
AP(E) < Aa A+ AA(€)
holds. It follows that

A*™(€)
—M WA (E) <1.
Putting
A9
O[(é-) - )\1 + )\2A2n(£)7
we obtain

oo (L= a0 [a()] A(g)
AT (Al” ©% )ZAIHQA%(&)SL
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If we consider the problem of optimal recovery of the solution at the instant of
time m7 by an inaccurately given solution at the instant of time n7 on the class

W = {uo €lap: |luolli,,, <01},

then from the same Theorem 1 it will follow that the methods $(0,y2)(+) will be
optimal.

Note that for a continuous model of heat propagation, the result obtained in [25]
for t1 = 0, t = T (n = 2) and the intermediate point 7g, in which it is required
to recover the temperature distribution, in the one-dimensional case will coincide
with the limiting error of recovery and one of the methods constructed in Theorem
5 for h — 0 and 7 — 0 (in this case, we must put a = 0).

We also note that a problem similar to the one considered when the process of
heat propagation occurs on a circle was considered in [22].
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