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Abstract: This article completes our studies on the formal construction of asymptotic approximations
for statistics based on a random number of observations. Second order Chebyshev-Edgeworth ex-
pansions of asymptotically normally or chi-squared distributed statistics from samples with negative
binomial or Pareto-like distributed random sample sizes are obtained. The results can have applica-
tions for a wide spectrum of asymptotically normally or chi-square distributed statistics. Random,
non-random, and mixed scaling factors for each of the studied statistics produce three different limit
distributions. In addition to the expected normal or chi-squared distributions, Student’s -, Laplace,
Fisher, gamma, and weighted sums of generalized gamma distributions also occur.

Keywords: second order Chebyshev-Edgeworth expansions; negative binomially distributed sample
sizes; Pareto-like distributed sample sizes; asymptotically normally distributed statistics; asymptotically
chi-square distributed statistics; scaled Student’s t-distribution; normal distribution; discrete Pareto
distribution; generalized Laplace distribution; weighted sums of generalized gamma distributions
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1. Introduction

To improve the convergence properties of sums of independent identically distributed
random variables in the Central Limit Theorem, asymptotic expansions of distribution
functions of normalized sums were considered. The history of asymptotic expansions
in nonparametric statistics is presented in detail in Wallace [1], Bickel [2], and Hall [3],
among others. Chebyshev-Edgeworth expansions, with which we are concerned here,
are presented in great detail in Bhattacharya and Rao [4] for random vectors and in
Petrov [5] for one-dimensional random variables. For instance, in Pfanzagl [6] and Bentkus
et al. [7], the authors emphasize that asymptotic expansions can provide more effective
approximations for asymptotic studies in statistical theory. Second order approximations
of distribution functions of sums of random variables are of great importance because
they take into account the skewness and kurtosis of the random variable in addition to the
expected value and the variance, as in the Central Limit Theorem. In Burnashev [8], second
order expansions are proved for the asymptotically normally distributed sample median
M,;, on a sample of size m and its MSE. Based on this, for a Laplace population with density
e~1*1/2, the actual MSE with exact data is compared numerically with approximations
data. For the normal approximation, the influence of the remaining term is below 10%
only for m > 250, while for the approximation with the second order expansion, the
influence of the remaining term is below 10% already from m = 8. For a Cauchy population
with smooth and heavy tailed density 1/ (7 (1 + x2)), for the normal approximation, the
influence of the remaining term is below 10% for m > 23, while for the approximation
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with the second order expansion, the influence of the remaining term is below 10% already
from m = 11. Consequently, as Burnashev [8] pointed out, asymptotic expansions can
significantly improve the exactness of statistical conclusions, even in the case of a small
number of observations. The results in the abovementioned papers are based on non-
random sample sizes or non-random number of observations.

When planning statistical studies, situations often arise where the sample sizes are
unknown in advance and they are modeled as realizations of random variables. Many
models from medicine, finance, risk theory, physics, and reliability lead to samples with
random dimensions. For instance, in the papers by Nunes et al. [9,10,11], different models
in medical research random size samples were investigated in order to prevent false
conclusions. In Esquivel et al. [12], the authors give an informative overview of statistical
inference with a random number of observations and some applications. Results for
mean and variance for normally distributed samples, calculation of quantiles, and interval
estimates with random sample size were also proved. Dobler [13] gives a detailed review
of the literature on random sums as well as recent results on approximation in various
metrics. In Schluter and Trede [14] (Theorem 1, Proposition 1), the authors show, using
the convergence of a negative binomial random sum, that the growth rate of cities is
Student t-distributed with 2 degrees of freedom. Their empirical investigations verify the
result. The references in the above-cited papers provide further applications for random
dimension sampling.

Bening et al. [15,16] proved convergence rates and asymptotic expansions for distri-
butions of statistics Ty, based on samples with random dimension N, > 1. Here, Tj; is a
statistic based on a non-random number m > 1 of independent observations. The random
variables size N, > 1 form a sequence of integer random sample sizes that depends on
a natural parameter n with N;, — oo in probability for n — co. Inequalities with a con-
vergence rate are assumed for the approximations of the distribution functions of both
the normalized statistics T;;; and the normalized random sample sizes N;;. As examples,
convergence rates and first order asymptotic expansions are derived for the statistics Ty,
where T}, is an asymptotically normal statistic and the random sample size N;, is either
negatively binomial or Pareto-like distributed.

In Christoph et al. [17], inequalities for the second order approximations of the distri-
bution functions of normalized negative binomial and Pareto-like sample sizes were proved.
Consequently, second order Chebyshev-Edgeworth approximations and the correspond-
ing Cornish-Fisher expansions could be obtained for the distribution of the normalized
arithmetic mean of a sample with normalized negative binomial or Pareto-like sample sizes
where the remainders are of order n3/2.

The present work provides a supplement to our paper, Christoph and Ulyanov [18],
where we have developed a formal second order design for asymptotic Chebyshev-
Edgeworth approximations. We considered asymptotically normal statistics with sample
size having negative binomial distribution as well as asymptotically chi-squared statistics
with Pareto-like distributed sample sizes. In addition to the distributions of statistic Ty,
and random sample size N, three scaling factors for Ty, are also introduced, leading
to different expansions. It is the first paper to consider approximations for asymptotic
chi-square statistics based on random sample sizes. Some more applications of random
sample size sampling were also mentioned.

In the present paper, we provide similar results for asymptotically normal statistics
of samples with Pareto-like distributed sample sizes and for asymptotically chi-squared
statistics with sample size having negative binomial distribution.

For better reader convenience, we list in Section 2 some notations, conditions, and
statements that were also used in Christoph and Ulyanov [18]. Section 3 states the necessary
approximations for the statistics T;;, and the sample sizes N,. The dependence of the
limit distributions of the scaled statistic T, on the distributions of the statistic T}, and
the sample size N,;, as well as the scaling factors, is discussed in Section 4. Section 5
then presents the main results. As examples, we consider the same statistic Tj, as in
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Ny ={1,2,..}, R=(-00,), y—1<[y]<y and Iy =14(x) = {

Christoph and Ulyanov [18] (Corollaries 1 and 2), but with changed sample sizes. Section 6
provides the proofs of the main results, leaving three auxiliary lemmas to Appendix A.
Conclusions are presented in Section 7.

2. Notation and Preliminaries

Let (Q2, A, IP) be a probability space on which all occurring random variables are given.
Set positive numbers, real axis, integer part [y] of real y, and indicator function
as follows:

1, xeACR
0, x¢ ACR’

Let X1, X5, X3 ... € Rbe independent identically distributed random variables. Define
the statistic

T :=Tu(Xq,...,Xm) with meNg,

based on the random sample {Xj, X, ..., X;; } with a non-random sample size m € N..

Consider the sequence of discrete random variables Ny, Ny, ..., depending on an
integer parameter n > 1. This integer N, > 1 indicates the random dimension of the
observations Xi,..., Xy,. Let us assume that the sample size N;, does not depend on
X1,X2,X3..., where N, — oo in probability when n — co. Define for each n € N the
statistic Ty, obtained from a random sample {X;, X», ..., Xy, } by

T, (@) = Ty () (Xl (@), X2(0), -, Xy () (w)) foreach w € Q. )

It follows from Esquivel et al. [12] (Theorem 2.1.1) that the statistic Ty, is well-defined
in (1).

Since we want to prove second order approximations for the statistic Ty, in form
of inequalities, we need the corresponding assumptions for the statistic T); and for the
random sample size N;, as well.

For the statistic T, with ET;;, = 0 and the random sample sizes N, € N, we sup-
pose conditions on the structure of the approximating functions as well as on the conver-
gence rate:

Assumption 1. There are a distribution function F(x), bounded functions f1(x), fo(x) which are
differentiable for all x # 0, v € {—1,—1/2,0,1/2,1},a > 1/2 as well as 0 < C; < co such that

P(m Ty < x) —F(x) —m Y2f(x) = Lpm1(a) m Lho(x)| <Cim ™", m<1. (2

sup,

Assumption 2. There exists a distribution function H(y) with H(0+) = 0, a bounded variation
function hy(y), a sequence of numbers 0 < g, 1 0o, b > 0,and 0 < Cy < oo such that forn € N

supyZOIIP’(grlen <y)—H(y)| < Cn?, for 0<b<1,

3)
supyZOIIP)(g,len <y)—H(y) — n’lhz(y)‘ <Gt for b>1.

Remark 1. Assumptions 1 and 2 require inequalities for the approximations of T, and Ny for
all m,n € Ny, leading to inequalities for the approximations of T,,. See also Remark 5 below on
Poisson and binomial random variables N,,. For these sample sizes, we are so far only aware of
estimates of the remaining terms with small-o or large-O convergence rates. About the differences
between inequalities and O order bounds, see, e.g., Fujikoshi and Ulyanov [19] (Chapter 1).

Remark 2. In Bening et al. [16], these conditions are formulated more generally. Assumption 1
requires the existence of fi,...,f; with a > 1/2 and Assumption 2 that of hy,... h with b > k/2.
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We restrict ourselves here, as in Christoph and Ulyanov [18], to the required approximation
functions.

Assumptions 1 and 2 lead to the approximations for the distribution functions of
statistics T,

Proposition 1. (Christoph and Ulyanov [18], Proposition 1) Let v € {—1,-1/2,0,1/2,1}.
The statistic Ty, and the sample size Ny, are supposed to satisfy Assumptions 1 and 2, respectively.
Then,

sup,eg [P(&1Tn, < ) = Ga(x,1/80)| < CLE(N;*) + (CDy + Ca) ™, @

where a > 0,b > 0 are the convergence rates in (2) and (3),

Gulo1/zn) = [ (Feey 4 MR R a(e) + 120),

/8n V 8nY 8nlY n
* |9 ( filxy?) fz(xy”)>'
D, = su — | F(xy7) + + dy, (6)
o 1/ga| 9Y () V/8nY Y&n Y

and f1(z), f2(z), ha(y) are given in (2) and (3). The constants Cq, C3, Cy4 do not depend on n.

Bening et al. [16] proved general transfer theorems under the conditions indicated in
Remark 2 only for case y > 0. Therefore, the proof is repeated in Christoph and Ulyanov [20]
(Appendix A.1).

3. Second Order Estimates for Both the Statistics T}, and the Sample Sizes N,

First we consider the following statistics T, with non-random sample size m and
ET,, = 0 with the corresponding second order approximations. Let the asymptotically
normal statistic T, satisfy the following inequality:

[P(/T < %) = @(x) = (™2 (po + p23) + " (prx + pax® + psa®)l=a () p(x)| < Cm ™ )

8aly) = my

with a > 0 and ®(x) refers to the standard normal distribution function with density
function ¢(y):

. -
®(x)= [ o)y, xeR, and o)== e yeR

Asymptotically chi-squared distributed statistics T, satisfy the following inequality:

‘P(me <x)—Gy(x) — mil(qlx + qzxz)gd(x)‘ <Cm™2, (8)

where G;(x), d € Ny, denotes the chi-squared distribution function with d degrees of
freedom and the density function g;(y):

X
! [@=2)/2o=y/2 >0, and Gy(x) = P(x3 < x) = /0 2i(y)dy, x > 0.

In Christoph and Ulyanov [18] (Sections 3.1 and 3.2), some examples of such statistics T},
are given that satisfy (7) or (8) and consequently, Assumption 1.

As already announced, we consider the following random sample sizes N, with the
corresponding second order approximations.

The Pareto-like random sample sizes Ny, (s) are defined as follows:

Let Y](s) € Ni,j=1,2,... be independent discrete Pareto Il random variables with
parameter s > 0, which are discretized from continuous Lomax (Pareto II) random variables
on N, for a review, see, e.g., Buddana and Kozubowski [21]. For s > 0, there are defined
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k k"
— . < = .
e Ny (s) 1rg];agxnl/](s) and P(N,(s) <k) (s T k> , nkeNg )

Proposition 2. (Christoph and Ulyanov [18], Proposition 4) Let Ny (s) be the discrete Pareto-
like random variable whose distribution function is given in (9); then, for all integers n > 1 and
fixed positive s > 0, we have

Nu hy.s C
Sl.lpy>0 P( n(s) < y) . Ws(}/) i Z,n(y)’ < 31(25) 10)
—s/y
Ws(y):efs/yy>0, hZ;s(y):S;T(S_l‘i‘le(ny)), >0, a

with jump correcting function Q1(y) = 1/2 — (y — [y]) and Cy(s) > 0 does not depend on n.
Furthermore,

E(Ny(s)) " < C(a,s) n~minte2} (12)
with optimal bound in (12) for 0 < a < 2, where a is the convergence rate in (7).
Remark 3. The inverse exponential random variable W (s) with distribution function Hs(y) =

P(W(s) <y) = e_s/y]l(o,oo) (y) and rate parameter s > 0 is “heavy tailed” with shape parameter 1
as is P(Ny(s) <y). Thus, the expected values of these two random variables do not exist.

Suppose the positive integer N, (7) has a (shifted by 1) negative binomial distribution
with probability of success 1/n, n € N, parameter r > 0, probabilities

TP r j—1
P(Ny(r) =7j) = M <1> <1 - 711) , j€Nyand gy = E(Ny(r)) =r(n—1)+ 1. (13)

T(HI(r)
In statistical studies, for counting models, the negative binomial and Poisson distributions
are the two most important ones. In Schluter and Trede [14] (Section 2.1), the authors
emphasize that the negative binomial distribution with its two parameters can typically
observe over-dispersion in count data, while this is not the case with the one-parameter
Poisson distribution. They proved in a more general framework

n

limy, ;00 sup, [P(Ni(r)/gn < y) — Grr(y)| =0, (14)
while G, ,(y) denotes the gamma distribution that has identical scale and shape parameters
r > 0, whose density is

7

r —1,—r
grr(y) = r(,,)yr le yH(O,OO)(]/)r yeR

In Bening and Korolev [22] (Lemma 2.2), the result (14) was also obtained.

Proposition 3. (Christoph and Ulyanov [18], Proposition 3) Let r > 0. The discrete random
variable Ny, (r) has probabilities and expected value g, given in (13). Then, for alln € N :

P <) - Guoly) - 220 < Cofry o mnied, (15)

su
Pyzo n —

where C(r) > 0 does not depend on n and with the jump correcting function Q1(y) = 1/2 —
=)

hoy(y) =

0 forr <1,
{ (16)

g"zri(ry)((y— HN2-r) +2Q1(8ny))r forr>1.
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Moreover, negative moments IE(Ny, (1)) ~? satisfy the estimation for all v > 0, & > 0
a p—min{r,a} £
< 7
E(Na(r) ™ < C(r){ AP 17)

and the convergence rate in case r = w cannot be improved.

Remark 4. Second order Chebyshev—Edgeworth expansions (10) and (15) with r > 1 were first
proved in Christoph et al. [17] (Theorems 4 and 1). Approximations in (10) and (15) with remainder
estimations Cs/n or C, n~ ™"} are given, e.g., in Bening et al. [16] and Gavrilenko et al. [23].
In Christoph et al. [24] (Corollaries 5.4 and 6.5), leading terms for the negative moments of Ny (r)
and Ny (s) are derived that lead to (17) and (12).

Remark 5. The negative binomial distribution belongs to the class of Panjer distributions, which
also includes the Poisson and binomial distributions. Samples with binomial or Poisson distributed
sample sizes were studied among others in the above-cited papers [9-12]. Convergence rate bounds
for statistics based on such samples are given in Dobler [13], Korolev [25], Bulinski and Slepov [26].
Dobler [13], Korolev and Shevtsova [27], Sunklodas [28] obtained Berry—Esseen bounds for sums
based on samples with binomial and Poisson sample sizes. To the best of the authors’ knowledge,
Chebyshev—Edgeworth expansions for these lattice distributed random variables have only been
proven so far with bounds of small-o or large-O rates, see, e.g., Petrov [29] (Chapter 6, Theorem 6)
or Kolassa and McCullagh [30]. Therefore, inequality (3) in Assumption 2 is not fulfilled.

4. Limit Distributions of Statistics with Random Size Samples using Different
Scaling Factors

We now consider the statistics T}, and the sample sizes N;;,, which are supposed to
satisfy the inequalities (2) and (3) in Assumptions 1 and 2, respectively. Let us investigate
the scaled statistics gZN,(,Y o Ty, with the sequence g, 1 o0 as n — co. We analyze the two
cases @ and G, as limiting distributions F in Assumption 1 with respect to the exponents
v*and y: If F = @, then v* = 1/2and v € {—1/2,0,1/2}, while if F = G, then v* =1
and y € {—1,0,1}. Then, conditioning on N, and using (2) and (3), we have

IP’(gZNfWTNH < x) :IP’(N,Z*TNW < x(Nn/gn)V) = i P(mV*Tm < x(m/gn)”’) P(N, = m)

m=1
[ee]

B(FNu/ga)) = [ FeymaBN /3 <) S [ FamaH(y). (18)

Consequently, the limit distribution of the scaled statistic gZ N, il Ty, is a scale mixture of
underlying F with mixing distribution H: P (gZN,rIM7 Tn, < x) — [o F(xy")dH(y), as
n — oo. Refer to, e.g., Choy and Chan [31], Fujikoshi et al. [32] (Chapter 13), and Fujikoshi
and Ulyanov [19] (Chapter 2) and the references therein.

The limiting distributions floj o (xy")dH(y) therefore only arise from the leading
distributions F(x) and H(y) in the inequalities (2) and (3) and also depend on the parame-
ter 7.

In Christoph and Ulyanov [18] (Sections 5 and 6), the cases F(x) = ®(x) with H(y) =
Grr(y) aswell as F(x) = Gy, (x) with H(y) = Ws(y) were considered. Now, we interchange
the distributions of random sample sizes N,,. We first study the limiting distributions of
asymptotically normally distributed statistics with Pareto-like distributed sample sizes
Ny (s) and also asymptotically chi-squared distributed statistics with negative binomial

-1
distributed sample sizes Ny (7). Since Ws(1/n) = e~5" and G,,(1/gn) < % <, hold,

the integral range in the last integral in (18) can be extended from (1/gy, o) to (0, c0) for
further investigations.
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4.1. The Case F(x) = ®(x) and H(y) = W;(y)

In Christoph and Ulyanov [20,33], asymptotically normally distributed statistics T},
for samples of m-dimensional normally distributed vectors were considered: correlation
coefficient as well as the three geometric features: the length of a vector, the distance, and
the angle between two vectors. Inequalities for second order approximations for statistic T,
are derived when the dimension m is replaced by Pareto-like distributed random dimension
Ny (s). For the median of a sample with random sample size N, (s) analogous results are
shown in Christoph et al. [24] (Section 6). All these asymptotically normally distributed
statistics Ty, (s) with Pareto-like random dimensions or sample sizes have the same limiting
distribution.

Lety € {1/2,0, —1/2}. Since EN,(s) = co, we choose as g, = n. Then, the limit
laws for

e}

P<n7Nn(s)l/2*7TNn(s) < x) are Vy(x,s) = /Oo P(xy7)dHs(y) = / @(xy”)]%efsydy.
0

v, (x,5)

“Jih

0

with corresponding densities

hyale) =YgSevBk, =],
2,~ (Y2 /24/y) gy — (x) =1 =0,
y’- xy dy=4 ¢ T / Y (19)
Y " x —3/2 __1
Sz(x, \/>) 5 \/7 < ) ;Y= _21

Therefore, the limit distributions V, (x, s) are the Laplace law L, , ;(x) with density [; , ()
and scale parameter A = 1/+/s for v = 1/2, the standard normal law ®(x) and density ¢(x)
for v = 0 and for v = —1/2 the scaled Student’s t-distribution S} (x; /s) with 2 degrees of
freedom and density s3 (x; v/s). These mixed scale distributions V,,(x, s) are discussed in
more detail in Christoph and Ulyanov [20] (Section 4.2).

4.2. The Case F(x) = Gy(x) and H(y) = Gr,(y)

Asymptotically chi-squared distributed statistics of samples with random sample size
were considered for the first time in Christoph and Ulyanov [18] in case of H(y) = Ws(y) =
eV, y>0.

Now, negatively binomial distributed sample sizes Ny, (r) are considered. With v €
{1,0, =1} and g, = EN,(r) = r(n — 1) + 1, the limit distributions for

T

]P’(gZNn(r)lf“VTNn(r) < x) are V, (x;d,r) = /0 Gi(xyM)dG,,(y) = /o Ga(xy") %y’fl e "Ydy.

vy (x;d,7)

The corresponding densities are

rx / T2 o= (Y /24 ) gy,
r(r)2%21(d/2) Jo

F(d/2+r) xd/Zfl x —(d+2r)/2
* Idlz ]- N 7 - ].,
fr(x;d,2r) T(d/2)T(r) 2d/2rd/2( + 2r) v
8a(x) = mxd/%l e/2, v =0, (20)
r/2+d/4-1
Wy_qs2(x;d, 1) = W (xr) Ki_gpp(V2rx). v=-1

We prove (20) for v = %1 in Section 6 in the proof of Theorem 2.

The scale mixtures V. (x;d,r) are the (scaled by d) F-distribution F*(x;d,2r) =
F(x/d;d,2r) with parameters d € N and r > 0 and density f*(x;d;2r) = %f(%;d;Zr)
for v = 1, the chi-squared distribution G;(x) with d degrees of freedom and density g;(x)
for v = 0 and a gamma distribution of generalized type W,_;,,(x;d, r) occurs with density
wy_4/2(x;d, 1) for v = —1. The modified Bessel function of the third kind or Macdonald
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Wig1/2(x;d,

3
B
w_1/2(x; ,2)

5
Y
w1 /2(x; ,2)

w1/2(x;3,2)

functions K () also occurred in Christoph and Ulyanov [18,20] in generalized gamma and
Laplace densities.

Remark 6. The Macdonald function satisfying order-reflection formula K_,(u) = K, (u) and
K)(u) may be expressed for A = m + 1/2 with integer m in closed forms. In Oldham et
al. [34] (Formulas 51:4:1 and 26:13:3), the Macdonald functions K_,(u) = K,(u) for A =
1/2,3/2,5/2,7/2,9/2 are explicitly given. Using Prudnikov et al. [35] (Formulas 2.3.16.1-3),
the densities w,_ ;7 (x;d, 1) = Wy, 11,2(x;d, r) can be calculated:

7 /21 ()7 L (1126 V2, m=0,1,2,...,
L S — N 1)
T(r)272T(d/2) | (~2)=m\/Z aaxj; e VIIX g —0,-1,-2,...
Example 1. Some densities Wy, 1,2(x;d,r) form =r—(d+1)/2=-2,-1, 0, 1,2:
m=-2 d=7,r=2 w_3/(x;7, 2)=4% 15 (1++v4x)e
m=—-1 d=4r=3/2  w_1(x;4,3/2) = \/3xe V3x
m=0 d=4,r=5/2 wl/z(x45/2)f12\/25xe V5x
m=0 d=3,r=2 w1/2(x;3,2) = Vdxe Vax
m=1 d=3,r=3 w3/2(x33)—8(6x+\/6x)
m=2 d=3,r=4 ws/2(x;3,4) = 12 ((8x)3/2+24x+3\/8x) —V8x,

Remark 7. If m = r — (d + 1) /2 is an integer, the distribution functions W, 1 2(x;d, r) of the
densities wy, 1,2 (x;d, r) can also be calculated explicitly by substitution and partial integration.

Example 2. Distribution functions W) (x;d, r) for given densities w, (x;d,r) with A = £1/2:

1
= 2\/3“’_@ and W,l/z(x;él,%) :1—5(2\/3x+3x+2) e V3x (22)
2 PONCE: W0 g [0 5x Vbx WVCT:

= ¢ and Wl/z(x,4,2)f1 ( G + > + G +1]|e (23)
= Vaxe VA and Wy n(x;3,2) =1— (2x +2y/x + 1) e V47, (24)

Remark 8. The generalized gamma distribution G*(x; B, «, ) has two shape parameters « and B,
a scale parameter A, and the density

AP u
g (v B, A) = 1‘1‘([3) xPle= M x>0, |af>0, >0, A>0. (25)
The density (25) is given in Korolev and Zeifman [36] and Korolev and Gorshenin [37] and
summarizes many known densities. Generalized gamma distributions are defined in many different
ways, but they do not correspond to the ones that occur above.

Remark 9. The densities wy, 1 /2(x;d, r) with integer m = r — (d + 1) /2 are generalized gamma
densities ¢* (x; B, &, A) given in formula (25) or may be represented as linear combinations of such
densities. The parameters « = 1/2 and A = /2r apply in all densities ¢* (x; B,a,A). The
parameter B also depends on the number of derivatives m = r — (d 4+ 1) /2 in the densities (21).

Example 3. Some linear combinations of generalized gamma densities:
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w1/(x;3,2) = ¢°(x3,1/2,V4)
ws2(%:3,3) = 38°(x41/2,V/6) + 18(x:3,1/2,6)
wsp(%;3,4) = F8°(x51/2,V8) + 3 g"(1:4,1/2,V8) + § §7(%:3,1/2,V/8).

Ll/ﬁ;n('x)

5. Main Results

Inequalities for approximations to scaled statistics IP’(gZNZ *_VTNn < x) for v €

{0,£1/2, 41} will be presented. Here, v* = 1/2 and y € {0, £1/2} when the statistic Ty,
is asymptotically normally distributed, or v* = 1 and y € {0, £1} when normalized T},
has chi-squared limit distribution.

5.1. Asymptotically Normal Statistics Ty, and Pareto-like Sample Sizes Ny (s)

Let asymptotically normal statistic T}, satisfy inequality (7) with coefficients pj and the

rate of convergence a > 0. The Pareto-like sample size N, = N, (s),s > 0, is givenin (9),
which fulfills the inequality (10). For the scaling factors, select v* =1/2and y € {0,+£1/2}
in formula (18).

Theorem 1. Under the conditions given above, the following approximations apply:

i

ii:

ifi:

Let v = 1/2. The non-random scaling factor \/n for the statistic Ty, (s leads to approxi-
mations by the Laplace distribution Ly, /:(x) with the density 1y, s (x) stated in (19) for
y=1/2:

sup,

P(Vii Ty ) < ) = Ly ()| < G minte2)
where a > 0 is the rate of convergence in (7) and

Lo a
Ly, (%) + 1, 5(x) <{i/ﬁ?<) {Pz x* + po (\';% + 215”

I (a) s—1 | x| 1
fa>1} 3 3
+ p” {p5x |x|V2s+ p3x +(p1 + 1 )X(m+ 25)} :

Let oy = 0. The random scaling factor \/ Ny (s) with Ty, (s) leads to the normal approximation

D(x):
P(\/ws) Ty < ) —®(x) — gua(¥)

where a > 0 is the rate of convergence in (7) and

< Con min {a,2},

sup.,

7t(po + pa X2 X +p3x3+ psx°
] G e R e O)]

Let y = —1/2. The mixed scaling factor n=1/% N, (s) at T, (s) results in Scaled Student’s
t-distribution S (x; \/s) with density s} (x; \/s) given in (19) for v = —1/2:

sup, IP’(nil/z Nu(s) T, (s) < x) — S,’;;Z(x)' < Cypn~min{a2}
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where a > 0 is the rate of convergence in (7) and

Lias1/2y(a) 3p2x2{D > W (a)
(o — QK[ (o {a>1/2} P2
%Wﬁ)—%wﬁHMm@<\ﬁ o+ D)
3pyx 15p3x° 105psx° 3(s—1)x

N Iios1y(a)
x2+2s  (x2+42s5)2  (x242s)3 4 (x%2+2s)

n

)

As applications of the Theorem 1, we now examine the Student t-distribution, the
Student t-test statistic, and the sample mean as asymptotically normal statistics T); consid-
ered in Christoph and Ulyanov [18] (Section 3.1 and Corollary 1) for the case of negative
binomial sample sizes N, = N, (r).

Corollary 1. Let the conditions of Theorem 1 be satisfied:

i:  Letvy = 1/2. In case of the Student’s t-statistic Ty, = Z/+/x3, with m degrees of freedom
estimated in [18] (Formula (18)), inequality (7) is valid with pg = pp = p5 =0, p1 = p3 =
1/4 and a = 2. The non-random scaling factor \/n and Pareto-like Ny, (s) sample sizes lead to:

< Cs n—?2

sup,

\/HZ ll/\/g(x) 3
P()(%\[()Sx — Ly, 5(x) - . (Zx +x(1+\x\\/ﬁ)
(s

ii:  Lety=0. Let Ty = (X — pt)/Om be the Student’s t-statistic with sample mean X, and
sample variance &, which was considered in [18] (Formulas (21) and (20)). The first order
approximation (7) with pg = A3/6, p2 = A3/3, a = 1, the Pareto-like random sample sizes
Ny (s) and the random scaling factor \/ Ny (s) result in:

2
P( Ni(s) Ty, (s) < x) —®(x) — ¢(x) \/E()EJ\F/SZ%\SJC )

iii:  Let v = —1/2. Considering sample mean Ty, = X, estimated in [18] (Formulas (15) and
(16)), one has (7) with pg = —p, = A3/6, p1 = As/8—5A3/24, ps = —A4/24+
5A3/36, ps = —A3/72, a = 3/2, Pareto-like random sample sizes Ny, (s) and mixed scaling
factor n=1/2 N, (s), then

< Cs n1

= 7

sup,

supx‘]P’(rfl/2 Nu(s) Ty, s) < x) — S3(x;V/5) — sha(x;1/5)| < Con /2,
with
" " 1 /A Asx?
Sﬂmﬁ>:%“ﬁ%wX§—mﬁﬁﬂ
1<@M—E%Mf 5(3M5 — 10A5)x3  35A2x° 3@—Ux>>

8(x2 4 2s) 24(x2 +25)7  24(x2+25)° | 4(x2425)

n

5.2. Asymptotically Chi-Squared Distributed Ty, with Negative Binomially Distributed Sample
Sizes Ny (r)

Let the asymptotically chi-squared distributed statistics T, satisfy inequality (8) with
coefficients g1, g and the rate of convergence a = 2. The negative binomially distributed
sample sizes N, = N, (r) with parameter r > 0 and success probability 1/n are given
in (13) and fulfill the inequality (15). For the scaling factors, choose v* = 1and 7 € {0, £1}
in formula (18).

Theorem 2. Under the conditions given above, the following approximations apply.
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ir  Let v = 1. The non-random scaling factor gn = ENy(r) = r(n — 1) + 1 at statistics Ty )
leads to approximations by the scaled F-distribution F*(x;d,2r) = F(x/d;d,2r) having
parameters d € Ny and r > 0 and density f*(x;d;2r) = %f(%,‘d;Zr) given in (20) with
v=1

;—min {r,Z}, r#2,

sup
x n2lnn, r=2,

P(gn TN, (r) < x) — F*(x;d,27) —f;(x;d,Zr)' < Cr{

where

. “(x;d,27) 2—r\ x(2r+x) x(2—7)
fn(x;dzzr)zfgnH{r>1}(r)<(lh— 1) 2 g XC ) 26)

ii:  For vy = 0 and random scaling factor Ny (r) at Ty, ), the approximation Gy(x) does not
change:

sup,

{nmin{r,Z}’ r#2,

n=21Inn, r=2,

where

Galoin) = Galo) + S5y (g x +022) 1

iii:  Lety = —land r > 2. The mixed scaling factor ¢;;' N2(r) at T, (r) results in a gamma

distribution of generalized type W,_4,2(x; d, r) with density w,_4,,(x;d, r) given in (20) for

y=-1
<cC n’z, r>2,
=~ " n2mlnn r=2’

N2(r
P( gi )TNnm < x) —Wi—aon(x:d,7)

sup
X

where
r—2)x
H{r>1} (r) (2 2rx + %
K, _g4/2-1(V2rx) )
Ky—a/2(V2rx)

) + Wy—qd/2 (X,‘ d’ 1’)

Wi_g/on(;d, 1) = We_gp(x;d,r ¢
n

+

V2
er (qu +2g2(d+2—27) +2—r>

The restriction r > 2 in Theorem 2(iii) has a purely proof-technical character. In
Proposition 4, a result is shown with r = 3/2.

Remark 10. The function R(u;d,r) = Klé_iét(t];) can be calculated explicitly for A = m+1/2
A

with integer m = r — (d +1)/2. Then, for example, R(v/3x;4,3/2) = 1+ \/%),7 and
x
R(V4x;3,2) = 1.

Example 4. Let v = —1in (20), ¥ = 2 and d = 3. Then, for an asymptotically chi-squared

2
distributed test variable Ty, satisfying (8), with scale factor é\;i "(_2%, the estimation holds:
N2(2) w1 2(x;3,2) Inn
<x)-— : D123 2] () Vv <Cp—n
ililgp<2n_1TNn(z) <x)— Wipa(x3,2) + 2(n—1) ( dx (2 VaAx+q +112)) <G

where Wy /5(x;3,2) and w1 /5(x;3,2) are specified in (24).

As applications to Theorem 2, we now examine Hotelling’s T3 distribution and nor-
malized quotients of two independent chi-square distributions as asymptotic chi-square
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sup,,

‘|

* * n
P(gn TN,y = x) —F*(x;pq,2r) —fn(x;pq,Zr)’ < Cr{

fa(x;pq,2r)

distributions, considered in Christoph and Ulyanov [18] (Section 3.2 and Corollary 2) where
the sample sizes N, = Nj,(s) had Pareto-like distribution.

Corollary 2. The conditions of the Theorem 2 shall be fulfilled:

i:  Let v = 1. Consider Hotelling’s generalized T3-statistic T3 = T, = tr(S,S;, ) with
independently distributed random matrices S, and Sm having Wishart distributions Wp(q, I,)
and Wy(m, 1), respectively. Then, inequality (8) holds with limit distribution Gg(x),
d=pqg q1=(p+1—q)/2and qp = (p+1+4q)/(2d +4). The non-random scaling
factor gn = ENy(r) by Ty, (y) leads to

7min{r,2}/ r#2,

27
n2Inmn, r=2, @7)

where the scaled F-distribution F*(x; p q,2r) with density f*(x; pq,2r) is given in (20) for

y=1
f*(x;pq,Zr)]I ) ptl—g 2-r\ x(2r+x)
o0 {r>1} 2 2 )2r+pg-2
(p+1+9)x> x(2-7)
2rq+4 + 3 . (28)

ii:  Lety =0, X?I and X2, be independent and T, = X?I /X2, be scale mixtures satisfying
inequality (8) with coefficients q; = (d —2)/2 and qo = —1/2. Random degrees of freedom
Ny, (r) instead of m and random scaling factor Ny (r) lead to

sup[P(Nu(r) Ty, < %) — Galwim)| < G, {nmin{r,Z}, 22,

=0 n2Zlnn r=2,

where
r

r—1°

Ga(x:m) = Gy(x) + 84 >H{r>l}< N(@d-2)x — )

iii: ~ Let v = —1. The statistics Ty, = x3/ X3, satisfy the inequality (8) with the limiting distribu-
tion Gy(x) and the coefficients q; = 1 and qy = —1/2. The mixed scaling factor g;* N2 (r)
at Ty, () results in a limiting gamma distribution of generalized type W,_4/5(x;d, r). Only
ifr — (d+1)/2 = mis an integer, the involved Macdonald functions K,_4,, (/21 x) may
be explicitly calculated. Since d = 4, we choose v = 5/2 and find r — (d + 1) /2 = 0. Then,
uniformly in x > 0:

N2(5/2 2 :4,5/2 C
(Snn( 3{)/)2 Py B < x) — Wia(x4,5/2) + M(w - \/57)| <22
Nn(5/2)

2 (5n —3) n3/2’

where Wy /5(x;4,5/2) and wy /5(x;4,5/2) are specified in (23).

Remark 11. In the paper Monahkov [38], an analogous to (27) estimation is shown, but with
11 approximation terms in corresponding formula (28). Instead of (8) withgq1 = (p+1—1¢q)/2,
2= (p+1+4q)/(2d+4) and d = pq, the following equivalent inequality is used; see Fujikoshi
et al. [39] (Theorem 4.1(ii)):

C

IP’(m tr(Squ;1> < x) — Gy(x) — A (aoGd(x) +a1Ga42(x) + ﬂzGd+4(x)> ‘ < —

su
Px Am m?2

where agp=q—p—1 a=-29 a=q+p+1 with ay+ay+a =0 and
d=pqg.
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‘

0

N2(3/2)

Proposition 4. Let v = —1. Consider the statistics T,y = X3/ X2, satisfying the inequality (8)
with the limiting distribution G4(x), the coefficients g1 = 1 and q = —1/2 and the mixed scaling
factor &' Ni(r) at Ty, (). If r = 3/2and d = 4, thenr — (d +1)/2 = —1,8, = 3n —1)/2
and, uniformly in x > 0

(Sn — 1)/2 X%\In(3/2

Gn,Z (x)

/oo y V2 om0y gy —

2(3n—1)

2 .
X4 SX) — W,l/z(x,'4,3/2)+w( +v3x+1)
)

where W_1 ,5(x;4,3/2) and w_4 /5 (x;4,3/2) are specified in (22).

6. Proofs

For the proofs of Theorems 1 and 2, we use Proposition 1. The statistics T,;, and the
sample size N, are either asymptotically normally and discretely Pareto-like distributed (i.e.,
F = ® and H = W;) or asymptotically chi-squared and negatively binomially distributed
(i.e., F = Gjand H = G; ;). In both cases, the size D, defined in (6) is uniformly bounded
for all n € N4, see Christoph and Ulyanov [18] (Lemma A1). Next, the bounds that
are required in (4) for the negative moments of sample sizes EN,,(s)™* and EN,(r)™"
are provided by (12) and (17). Furthermore, it follows from Christoph and Ulyanov [18]
(Proposition 2 and Lemma A?2) that in both cases the domain of integration of the integrals
in the function G, (x,1/g,) defined in (5) can be extended from (1/g,, %) to (0, c0):

sup, |Gn(x,1/gn) — Gua(x)] < Cgy’,

whereb =2 if F=®and H=W; or b =min{r,2} if F = G;and H = G, ,, respectively,
and

Jo F(xy")dH(y), for 0<b<1/2,
Y
fo ( (xy7) + fl\(/%))dH(y) —Gi(x),  for 1/2<b<1, | 29)
00 Y
)+ [y f2g’fj Hy) + [CE8 ) ), for b>1,

We still have to calculate the integrals in (29) that contain fi, f», and hy, respectively.

Proof of Theorem 1. We now consider F = &, H = H; and v € {0;+1/2}. Here,
Alxy") = (po + P2y )p(xy"), fo(xy") = (p1xy” + pax® y™ + psx®y™)g(xy") and
we divide the function hy(y) = hys(y) given in (11) into two parts:  hy.(y) = s (s —
1)es/y /(Zy ) and h3%(y) = s Qi(ny)y 2 e~/¥. The densities of the limit distributions
Vo (x;d,r) = [ ®(xy")dWs(y) were given in (20). If ¥ = 1/2 to calculate the integrals
in (29) involving f1(x\/y), fa(x\/y) and h3(y) we use Prudnikov et al. [35] (Formulas
2.3.16.2 and 2.3.16.3):

S0 R (p e ), = 0,1,

(- )mga (e72VPT), m=0,12,...
forp=x2/2>0,q =35>0 and m = 0,1,2, respectively. The corresponding integral with
h3%(y) was estimated in Christoph et al. [17] (see Proof of Theorem 5) by c(s) e~ VAsH/2 <
C(s)n—2.

In case of 7 = 0, we obtain [;° ®(x)dhy(y) = ®(x)(ha(c0) — limy_0 h2(y)) = 0. To
calculate the integrals with f1(x) and f>(x) we use [35] (Formula 2.3.3.1) with o = 3/2,2
and g = s:

, p,g>0, (30)

[Cyete iy [T et — T a0, g>0. @D
0 0

If v = —1/2, the integrals with f1(x//y), f2(x//y) and h3 ((x//y) are calculated
using (31) witha = 3/2,5/2,7/2,9/2and g = s+ x2 /2. From Christoph and Ulyanov [20]
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(see Proof of Theorem 8), it follows that holds: n 1 sup,,

o @(x/ /7)dgs(y)| < Cs)n2

and Theorem 1 is proved. [

Proof of Theorem 2. Now, we consider the case F(x) = G;(x), H(y) = Gyr(y) and y €
{0;£1}. This combination has not yet been studied in the literature. Only if v = 1,
there is a result by Monahkov [38]; see Remark 11 above. Then, fi(xy7) =0, fo(xy?) =
(q1x Y7 + q2x? y*7)ga(x y7) and we divide the function hy(y) = hy,.(y) given in (16) into
two parts: 13, (y) = (2r) 7' grr(y)(y — 1) (2 — 1) and 133 (y) = 1" g1 (y) Q1 (8n y)-

For 7 = 1, the density v1 (x; d, 7) in (20) and the integrals in (29) with f>(xy) and h3.,(y)
are computed with (31) fora = r +d/2, r +d /2 — 1. The integral with 13, (y) is estimated in
(A1) in Lemma Al. Together with the inequality [1/g, — 1/ (rn)| < max{2,r}(r —1)(rn) 72,
we get (26).

In case of v = 0, we obtain [~ Gy(x)dha(y) = Ga(x) (ha,(00) — limy_0 i (y)) = 0.
To calculate the integrals with f,(x), we use (31) witha =r —1land g =r.

If v = — 1 the density v_1(x;d,r) in (20) and the integrals with f,(x/y) and h3 ,(y)
are calculated using Prudnikov et al. [35] (Formula 2.3.16.1):

/O YL P gy = 2(p /)2 K (24/P7), g >0,

withae =r—d/2,r—d/2—-1,r—d/2—-2, p =1 and q = x/2. We use the order-reflection
formula K, (1) = K_,(u) and the recursion formula; see Oldham et al. [34] (Chapter 51.5):

2(d/2—r+1)
V2rx

The integral with 137 (y) is estimated in (A4) in Lemma A2 and Theorem 2 is proved. [

K —a/2-2(V2rx) = Kgjp12,(V2rx) = Kija—ri1(V2rx) + Kgjor (V2rx).

Proof of Proposition 4. We consider y = —1, r =3/2d =4 and g, = (3n —1)/2. The
integrals in (29) with f»(x/y) and k5 ,(y) are calculated using (30) with m = —1, -2, -3,
p = r and g = x/2. The integral with h3", is estimated in (A5) in Lemma A3 and
Proposition 4 is proved. [

7. Conclusions

The common goal of the present work and that of Christoph and Ulyanov [18] is
to develop formal second order Chebyshev-Edgeworth expansions for sample statistics
with random sample sizes. Corresponding expansions are assumed for the statistics
with non-random sample sizes as well as for the random sample sizes. The statistics
examined are asymptotically normally distributed and, for the first time in this setting, also
asymptotically chi-squared distributed. The random sample sizes have negative binomial
or Pareto-like distributions. The formal construction of the approximating functions allows
the results to be used for a whole family of asymptotically normal or chi-squared distributed
statistics. The Student t-distribution with m degrees of freedom, the one-sample Student
t-test statistic, and the sample mean are considered as examples of asymptotic normal
statistics. Hotelling’s generalized T? statistic and scale mixture of a normalized quotient of
two independent chi-squared random variables were studied as examples of the asymptotic
chi-squared distributions. In addition, random, non-random, and mixed scaling factors for
the statistics are considered, which have a significant influence on the limit distributions.
The limit laws are scale mixtures of the normal with mixing gamma or chi-squared with
mixing inverse exponential distributions. In addition to the normal distribution and the
chi-square distribution, there are a variety of limit distributions: the Laplace, the scaled
Student t-, the scaled Fisher, the generalized gamma, and linear combinations of generalized
gamma distributions.

The remaining terms in the approximations of the scaled statistics are estimated
by inequalities.
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Appendix A. Auxiliary Lemmas
Lemma A1. Letr > 1 then

R =| [~ atemaizi) < T with 53 =g ()@ (5w AD

Proof of Lemma A1l. We use the Fourier series expansion of the jump correcting function
Q1(y) at all non-integer points y; see Prudnikov et al. [35] (Formula 5.4.2.9 for a = 0):

1 sin2mky)
Quy) =5 - =Y YEW (A2)
and Prudnikov et al. [35] (Formula 2.5.31.4):
/Oo “=1e=PY sin(by)d _ M) sin(a arctan(b/p)) with a>—1, b, p >0 (A3)
, Y y)ay = (02 + p2)ar2 p » 0P .

Integration by parts in the integral J; (x), using (A2), interchanging sum and integral and
applying (A3) withaw =r+d/2—1, p = (r+x/2) and b = 27kg, leads to

=1 xd/2

Il(x) _ W/ yr+d/2 2Q1(g ]/) (r+x/2)ydy

=1 yd/2

T AT 272T(d/2) k/ R A sin (2rckgay)dy
7T

_ I +d/2-1) & 5 ag(x;n)
B T (r)292T(d/2) &=k

with
x?/2 sin ((r +d/2 — 1) arctan(27tkg, / (v + x/2)))
) (rid/2-1)/2 :

ar(x;n) =

((27tkgn)2 + (r+x/2)?
Now, we split the exponent (r +d/2—1)/2 = (r —1)/2+ d/4 and obtain

x4/2 2d/2

<
(27tkgy )1 (r +x/2)4/2 = (2w kgn)" 1

lax(x;m)| - <
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Since r > 1, we find uniform in x > 0

r,d
Ul( - ;:; 1)
and Lemma Al is proved. [
Lemma A2. Letr > 2, then
*© *k C(I", d) : %ok -1
@)= | [ Gale/pany )| < SE2 with i) =1 g0 (y) Qi (zny) (A1

Proof of Lemma A2. Integration by parts in the integral J_1(x), using the Fourier series
expansion (A2), interchanging sum and integral, we find

7 1 d/2 r—1 0
_ r—d/2-2 (ry+x/(2y))d _
I &) = 53272t / y Qu(gny) e Y T () 29721 (d)2) ;
with ]kn foo da/2 Y- d/2=2 ,—(ry+x/(2Y)) gin (angny)dy
In the hterature, we have only found integrals J; ,,(x) with power functions y~1/2 and
y~3/2. Therefore, we integrate by parts in the integral Ji ,,(x):
Jon®) = S [ (@ =21 D i(x9) + 20falx,y) — folxy) e/ an) TEEY) g
o 2 Jo B ! ! 27tkgn !

where fi(x,y) = ¥#/2y"~4/273, fy(x,y) = x/2y /22 and fy(x,y) = 221y,
Since r > 2 and d > 1 we obtain y"2¢~"/2 < ¢, and (Jc/y)("l_l)/2 e X/ WY) < ¢y
Using (30) withm = 0,1,2, p =r/2,and g = x/4 we find

/ filx,y)dy <c cdxl/Z/ y 32203/ ) gy — 02/ me VY2 < Cy(r,d),

) 0 -1/2
/0 fa(x,y)dy < Cerxl/Z/O e(ry/yprwdy = crcgV 2 x/re V2r/2 < Co(r,d),

0 © -5/2
/0 fa(x,y)dy < c,cdx3/2/0 e(ry/yﬂwdy = ¢, c2v/T(V2rx +2)e V2 < Ca(r,d)

and
C*(r,d)
Jinl < Trkgn (|d —2r + 4|Cq(r,d) 4+ 2rCy(r,d) + C3(r,d)) < kew
Hence, . )
r s c(r,d)
_ < — C*(r,d) < .
Lemma A2 is proved. O
Lemma A3. Lety=—1,r=3/2,d=4 and ¢, = (3n —1)/2, then
% e o c(3/2,4
a0l = | [ Gatermangs o] < CRE witn 15350) = @/3) g23n(0Q 0y). (49

Proof of Lemma A3. Integration by parts in the integral J*, (x), using the Fourier series
expansion (A2), interchanging sum and integral, we find

e o V37222 [ 5, Gyt @y) e, V32 & T (%)
1_1(x)—m/0 Y Ql(gnl/)e Y Ny = NG k; k
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with -
Ji (x) = 22 / y5/2 ¢~ (Bv/23/ 20) sin (27tkg,yy)dy.
’ 0

Using Prudnikov et al. [35] (Formula 2.5.37.3), with the real constants p > 0,4 > 0
and b > 0, we obtain

T 32 e PY=0/Y sin(by)d _ VT i g 2. /G2 d 224 = \/pP2+b2£p. A6
/0 y ' %e sin(by)dy \/ﬁe sin(2,/7z-) an 73 \/PT P (A6)

It was shown in Christoph et al. [17] (Proof of Theorem 5) that Leibniz’s integral rule allows
differentiation to g under the integral sign in (A6). Therefore,

/OOO Yy 2e W sin(by)dy = (V/2) e VI (072 sin(2y/72-)
+2q 7'z, sin(2y/Gz-) — 29 'z cos(2\/§z,)) .

Since 0 < z_ < zy,p=23/2, q =x/2, b =2nkgs,, k> 1 and g, > 1 we find
z4 = \/1tkgn,

VT _ 5% Z\f NI, > el 8e2
* < 2 T 2xz+ 2J(Z+ /2 4 2 <
|]k,n(x)| =X 2 e x3/2 X Z+ z4 ¢ ( Xz xz+) = \/H

and

[J-1(x)

\/ /2 i e*1+86*2

Lemma A3 is proved. O
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