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Abstract. A new modification of evolutionary approach to sequence design of copolymers has been pro-
posed. A model of step-by-step evolution of a two-letter (HP ) copolymer sequence has been studied by
means of a coarse-grained Monte Carlo algorithm. The conditions for accepting a change in the primary
sequence depend on the spatial conformation of HP -copolymer chain. This leads to a coupling between
sequence and conformation and to formation of protein-like conformations and primary sequences (for
some values of parameters of the model) independently of initial sequence and/or conformation. Simple
theory describing these computer simulation observations is developed.

PACS. 87.15.Aa Theory and modeling; computer simulation – 87.15.Cc Folding and sequence analysis –
82.35.Jk Copolymers, phase transitions, structure – 82.35.Lr Physical properties of polymers

1 Introduction

The concept of evolution of primary sequences of biopoly-
mers attracts large interest of biologists, chemists and
physicists for a long time [1–4]. The present day biopoly-
mers (proteins, DNA, RNA) possess complicated se-
quences of monomer units which encode their very so-
phisticated functions and unique spatial structure. These
sequences are statistically very different from random
ones and often exhibit significant correlations on differ-
ent scales [5,6]. Therefore, it is natural to expect that
the content of information in these sequences is relatively
high in comparison with random sequences where it should
be almost zero [5,6]. Presumably, the information com-
plexity of early ancestors of present day biopolymers has
been increased in the course of molecular evolution when
the copolymer sequences became more and more compli-
cated. The study of various possibilities of this evolution of
copolymer sequences is just the area where the evolution
concept can be used in the context of polymer science. It is
worthwhile to note that since the information content of a
sequence can be represented as a mathematically defined
quantity, the whole process of evolution of biopolymer se-
quences can be specified in exact mathematical terms. The
formulated fundamental problem is extremely difficult be-
cause of the absence of direct information on the early pre-
biological evolution. Therefore, of particular interest are
“toy models” of evolution of sequences which show differ-
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ent possibilities for appearance of statistical complexity
and of long-range correlations in the sequences.

It is clear that information complexity cannot emerge
just as a result of random mutations. Some coupling of
mutations to other factors is necessary. It is most straigh-
forward and natural to introduce the interrelation of mu-
tations and conformations, i.e. to consider conformation-
dependent sequence design in the context of evolution.

The idea of conformation-dependent sequence design
of sequences in copolymers was first introduced in the pa-
pers [3,4] in order to solve some of the problems of protein
physics.

Another variant of conformation-dependent sequence
design for copolymers which in one step leads to rather
complicated statistical sequences has been recently pro-
posed in reference [7]. An important example of such
design corresponds to a protein-like copolymer: first, a
dense homopolymer globule is obtained (the so-called
“parent conformation”), then all monomer units in the in-
ner core are set to be hydrophobic (H-type), while units
in the outer shell are set to be polar (P -type). Protein-
like copolymers do not model directly proteins, but rather
represent synthetic “functional” polymers mimicking some
properties of biological macromolecules. One of the impor-
tant features of globular proteins is the possibility of for-
mation of a dense core stabilized by hydrophilic envelope.
It is due to this feature that proteins do not precipitate
in the solution, while taking a globular conformation.

Possible ways of experimental realization of
conformation-dependent sequence design for protein-like
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copolymers are described in references [8,9]. The
conformation-dependent sequence design was realized in
computer simulations for several schemes: protein-like
copolymers, AB-copolymers tuned to adsorption on a
plane surface, AB-copolymers which mimic membrane
proteins, etc. [10,11]. For certain conditions, designed
copolymers are able to memorize and then to reproduce
some features of parent conformation. Several theo-
retical considerations of protein-like copolymers were
proposed recently in references [12,13]. The statistical
characteristics of the sequences were calculated assuming
the picture of random walk for the chain conformation
inside the dense globule. Such protein-like sequences
were shown to correspond to the Levy-flight statistics.
These statistical characteristics are in agreement with the
results of computer simulations. Recently, the concept of
evolution of sequences within the scheme of generation of
protein-like copolymers has been introduced explicitly in
reference [14] and a modification of this scheme has been
investigated in reference [15].

The aim of the present paper is to propose a new
modification and generalization of the evolutionary ap-
proach for this design method. In the present investiga-
tion we consider HP -copolymer molecules of 1:1 composi-
tion with interacting units and with evolutionary-designed
conformation-dependent sequences. We assume that H-
units strongly attract each other. In this case, the dense
core is formed for any HP -sequence. The state of the sys-
tem is characterized by conformation in the ordinary 3d
space and by the specific sequence in the “space of se-
quences”.

In the literature, some computer models describing
the evolution of copolymer sequences have been pro-
posed [3,4,16]. Most of them are based on a stochas-
tic Monte Carlo (MC) optimization principle (Metropolis
scheme) and aimed at the problems of protein physics.
E.g. one of the problems is to design such protein se-
quences, which are thermodynamically stable in a tar-
get three-dimensional conformation and are able to fold
fast into this conformation at a given temperature (see,
e.g., Refs. [3,4,16–19]). Such optimization algorithms start
with arbitrary sequences and proceed by making random
substitutions biased to minimize relative potential energy
of the initial sequence and/or to maximize folding rate of
the target structure. Abkevich et al. [20] have considered
a model of protein evolution where polypeptide sequences
are mutated under influence of two competing factors: pos-
sibility of globular aggregation and hydrolysis of the pro-
tein globule. The competition between these two factors
– compactness and solubility – can gradually shift the se-
quence distribution toward the more compact and more
stable conformation with a unique primary structure [20].
The relevance of chain aggregation for the folding process
has also been studied in references [21–24].

In the present work, the simultaneous evolution of
sequences and conformations is studied. For sequences,
we consider the information entropy and other statisti-
cal characteristics. The design procedure leads to the final
state, which depends on the set of interaction parameters

and on the rearrangements both in conformational space
and in the space of sequences. These rearrangements are
characterized by the usual thermodynamic temperature
(Tconf) for conformational space, as well as effective se-
quence rearrangement temperature (Tseq) which is intro-
duced in the present work.

Namely, after certain number of Monte Carlo steps in
conformational space (in the course of this process the sys-
tem equilibrates at temperature Tconf) we try the possi-
bility of mutation of two randomly chosen monomer units:
monomer unit H converts into P and vise versa. If this
leads to the decrease in the energy of the globule this
move is accepted. If the globular energy is increasing by
the amount ∆E, this move is accepted with the probabil-
ity exp(−∆E/kTseq).

In general, we can define evolution of sequences for any
value of Tseq. However, the simulation for three character-
istic cases can be most easily understood.

1. The inequality Tconf � Tseq means that all the
moves in the sequence space are accepted independent
of conformations. This corresponds to random mutations,
and the final sequence (after long evolution) will be that
of a random HP -copolymer (no information complexity).

2. The inequality Tconf � Tseq means that only the
moves leading to the decrease of the globular energy E
are accepted. Such evolution should lead to a sequence
corresponding to a minimum of globular free energy in
conformational space. For the case of absence of any at-
tractive interactions between P -units (i.e. polar groups in
the shell of protein-like globule; we will consider this case
in the present paper) it was shown in reference [14] that
the final sequence after evolution should have hydrophobic
core with very few hydrophilic (or polar) loops and a long
hydrophilic tail. This sequence is close to that of HP di-
block copolymer, and should not exhibit any information
complexity.

3. The case Tconf = Tseq corresponds to annealed HP -
sequence. This case is equivalent to the situation when
monomer unit H can be converted into P by attaching
some ligand L:

P � H + L.

Number of ligands is fixed to maintain 1:1 H/P compo-
sition, however they can choose which monomer unit to
bind. This defines, in particular, the chain sequence. An-
nealed HP sequences in the context of polymer globules
were first considered by Grosberg in reference [25] (see
also [26,27]). It was shown that non-trivial sequences lead-
ing to core-shell globular structures are possible. Our com-
puter simulations (see below) support this conclusion. We
will see that even in the absence of attraction of P -units
the final sequences remain protein-like (i.e. correspond-
ing to the core-shell structure of a globule) and therefore
maintain certain information complexity.

In the general situation, when Tseq is not correspond-
ing to any of the characteristic cases described above, the
evolution of sequences coupled with conformations can
be still defined in the same way. One has only to re-
member that if Tconf �= Tseq there is a flow of heat be-
tween conformational space and space of sequences, so full
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thermodynamic equilibrium is impossible. Still, we can
be in a stationary regime corresponding to the sequences
tending to a certain fixed point, and possessing (or not
possessing) information complexity.

It should be emphasized from the very beginning that
the problem which we address in the present study is
somewhat different from that usually discussed in the
context of protein physics. Unlike references [3,4,16–24]
cited above, we are not aimed at searching for unique
tree-dimensional (native) conformation with fast folding
rate. On the contrary, we are interested in the non-unique
conformations, i.e., with a large entropy. In general, our
aim is to learn whether it is possible to make with syn-
thetic copolymers a step along the same line as molecular
evolution.

This paper is organized as follows. In Section 2 we in-
troduce the model and describe our simulation technique.
Then we present our computer simulation and analytical
theory results in Sections 3 and 4. In Section 5 we make
some concluding remarks.

2 Model and simulation technique

We will work in the statistical ensemble which we de-
note here as CS-ensemble (for the sake of brevity) which
includes both a spatial conformation and a primary se-
quence of a given copolymer chain. The energy of a chain,
E(c, s), depends on its spatial conformation, c, which is
defined by the position vectors of all monomer units of
the chain, and on the primary sequence of units of differ-
ent types, s. We consider the general case when there are
two separate temperatures Tconf and Tseq, controlling the
conformation and sequence in a separate manner. Thus,
we combine sequence search for target conformation cor-
responding to the temperature in sequence space Tseq (cf.,
e.g., Refs. [3,4,16]) and conformation search for particular
sequence with conformational temperature Tconf .

We will consider a lattice model of polymer chain.
Simulations were performed using the bond fluctuation
model [28] and the Monte Carlo (MC) scheme [29]. A sin-
gle HP -copolymer chain is taken in an initial globular
state, and then we start a procedure of the evolution (an-
nealing) of the primary sequence together with the change
of the chain conformation. The composition of the chain is
fixed (1:1), P -units interact with P - and H-units only via
excluded volume (εPP = εPH = 0), H-units are assumed
to attract each other (εHH < 0). Such choice of interaction
parameters leads to the formation of core-shell conforma-
tions (with H-core and P -shell). The iterative procedure
for sequence evolution for the chain of a given length N
consists of many mutation steps interchanged with partial
equilibration of spatial conformation:

(i) Two monomer units are chosen randomly and, if
they happen to be of different types, an attempt is made
to exchange their types (H ↔ P , see Fig. 1). According to
the Metropolis scheme the probability of such an exchange
is set to 1 if ∆E ≤ 0 and to exp(−∆E/kBTseq) if ∆E > 0,
where ∆E is the difference between the interaction ener-
gies of new and old configurations, Tseq is the “sequence

Fig. 1. The trial step of sequence design: two monomer units of
different types are randomly chosen, the attempt to exchange
their types is tried. The exchange probability is determined
according to the Metropolis scheme.

design temperature” (see also the Introduction). This is a
trial move in the space of sequences (mutation). We repeat
this procedure Nseq times. Nseq characterizes the speed of
mutation process, or how many point-mutations can be
performed during one evolution step.

(ii) Then we perform Monte Carlo simulations of chain
motion at a fixed temperature Tconf in the conformational
space during the period of time τrelax = 1000 MC steps.
This period is not sufficient for complete relaxation of the
system, but allows local structural rearrangements.

After that we return to step (i). The condition of mi-
croscopic reversibility in our MC algorithm is satisfied.

As initial primary structures, we take sequences with
different statistics: protein-like copolymer sequences, sta-
tistically random and diblock-copolymer sequences. Sev-
eral (about 5) realizations were tried in all cases. Interac-
tion parameters were set to εPP = εPH = 0; εHH = −1.
During simulations, we set Tconf = 1.42. This temper-
ature is small enough to ensure the formation of globu-
lar structure from statistically random HP -sequence and
high enough in order not to freeze spatial structure. The
composition of H- and P units was chosen to be 1:1. We
studied the chains of lengths N = 1024 and 256. All results
concerning statistical characteristics of the sequences are
shown below for 1024-unit chain, thermodynamic proper-
ties are presented for 256-unit chain. We have chosen the
value Nseq = 0.1N . In other words, 10% of all monomer
units were subjected to mutation procedure at each mu-
tation step.

From the autocorrelation function for the end-to-end
distance we estimated the relaxation time of the system
at Tconf = 1.42, N = 256 to be about 104 Monte Carlo
steps (MCS). Note that this time is larger than the time
between two mutation attempts τrelax = 1000 MCS (see
above). The energy histograms were gathered during 106

MCS after initial 106 MCS equilibration. All results on the
system behavior depending on evolution time (number of
evolution steps) were obtained for 4× 103 evolution steps
and averaged over 10 independent runs. Thus, 10 × 4 ×
103× 103 = 4× 107 MC steps were performed for each set
of parameters.

A common approach for the analysis of complex sys-
tems is to use concepts from information theory and infor-
mational theoretic-based techniques [5,30,31]. Within this
approach, copolymer sequences can be examined as mes-
sages written in two-symbol alphabet (letters H and P ).
In general, the aim is to find a measure capable to indicate
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how far copolymer sequences generated during our evolu-
tionary process differ from each other and from random or
trivial (degenerate) sequences. In this study, we consider
the statistical properties related to the Shannon entropy
and the degree of complexity of copolymer sequences. Let
s1s2...sN be the symbols of a given sequence S of length N .
If fn(s1s2...sn) is the average frequency of a subsequence
with the symbols s1s2...sn, i.e., of the “word” s1s2...sn of
length n < N , then the Shannon’s entropy of the whole
sequence is given by [30]:

S = −kB

∑

all words

fn(s1s2...sn) ln[fn(s1s2...sn)] (1)

where kB denotes the Boltzmann constant and the sum-
mation runs over all possible “words”. Note that the fre-
quencies in (1) can be replaced by the corresponding prob-
abilities if the sequence would have infinite length. If kB

is replaced by 1/ln2, then S quantifies the amount of in-
formation in units of bits [31]. Of course, the Shannon
entropy depends on the definition of a set of “words” in
the sequence. For our case of two-letter HP copolymer, we
will adopt the following set of “words” (uniform blocks):
H , HH , HHH ,..., P , PP , PPP ,..., i.e., “word” (block)
is defined by its length n and type (H or P ). Then the
Shannon entropy per monomer unit can be written as (see
Appendix for accurate derivation of this formula)

Sseq =− ñ

2N

[
∑

k

pH(k) log2 pH(k)+
∑

k

pP (k) log2 pP (k)

]

(2)
where pH(k) and pP (k) are the probabilities of “words”
of length k [14,33], ñ is the total number of “words” com-
posed of letters H and P , and 0 · log20 = 0 is assumed by
continuity.

Thus statistical properties of the sequences for our sys-
tem are characterized by the Shannon entropy (2) and by
the dispersion of the number of H(P )-units in the segment
of the length L within the sequence:

D2(L) =
m+L∑

i,j=m

(〈uiuj〉 − 〈ui〉〈uj〉), (3)

where ui denotes the type of a monomer unit, ui = 1
for H-unit and ui = 0 for P -unit, (the number of H-
units in the window L starting at the monomer unit m

is equal to
m+L∑
i=m

ui, brackets in (3) mean the averaging

〈A〉 = 1
N − L

N−L∑
m=1

Ak). The latter value characterizes the

type of correlations along the chain, similar methods were
used for the correlation analysis in DNA sequences [32].

Usually D(L) can be approximated by the scaling law
D(L) ∼ Lα. For completely random sequences, α is equal
to 0.5; the value α > 0.5 corresponds to long-range cor-
relations in the sequence. The long-range correlations in
protein-like sequences were predicted in reference [12]; for
example, the value α ≈ 0.78 was obtained for a globule of
length N = 1024.

Fig. 2. Shannon’s entropy vs. number of mutation steps (evo-
lution time) for two different initial sequences and conforma-
tions, N = 1024.
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Fig. 3. System interaction energy vs. number of mutation
steps (evolution time) for two different initial sequences and
conformations, N = 1024. Asymptotic value (around −3.4)
corresponds to dense H-core.

3 Computer simulation results

The first question is whether our scheme for evolution
of sequences leads to some fixed point in the sequence
space and how many mutations are needed for the sys-
tem to come to this stationary state. In order to answer
this question we studied statistical parameters of the se-
quence (Shannon’s entropy (2), mean block length) and
interaction energy (characterizing behavior in conforma-
tional space), as a function of the number of mutation at-
tempts (evolution time). The case of equal temperatures
(Tseq = Tconf = 1.42) was considered. Figures 2, 3 and 4
present the Shannon’s entropy, system interaction energy,
and mean block length as a function of the number of per-
formed mutations. The curves are plotted for two initial
sequences and conformations: a random copolymer glob-
ule and a “core-tail” structure corresponding to diblock
copolymer. All considered values tend asymptotically to
the same limit independently of the initial sequence. In
this final state the average block length kav is equal to 6.5
and the mean Shannon’s entropy is Sseq = 0.5.

Let us now compare the properties of HP -copolymers
obtained via our evolutionary procedure and via normal
“coloring” procedure for protein-like copolymers originally
proposed in [7]. The energy histograms for the systems
corresponding to protein-like sequences obtained by in-
stant coloring and by optimization via evolutionary an-
nealing are presented in Figure 5. Data were obtained by



Chertovich et al.: Conformation-dependent sequence design: evolutionary approach 19

Fig. 4. Average block length vs. number of mutation steps
(evolution time) for two different initial sequences and confor-
mations, N = 1024. Asymptotically, kav ≈ 6.5.

equilibration of the system (prepared at Tconf = 1.42)
at several different temperatures, for N = 256. Plot (a)
corresponds to “core-shell” conformations for both cases.
Plot (b) corresponds to the temperature close to coil-
globule transition, when most of the instantly colored
protein-like copolymers are in a coil state, while opti-
mized sequences after evolutionary annealing are still in
the “core-shell” conformation. Plots (c) and (d) corre-
spond to coil conformations. The conformations obtained
by evolutionary method have larger θ-temperature and
are more stable: their histograms always have a bias to
smaller energy values (in comparison with the histograms
for instantly colored copolymers).

The variation of gyration radii for H- and P -units in
the course of evolutionary procedure are presented in Fig-
ure 6 (for N = 1024). Again, the averaging over 10 inde-
pendent runs was performed. After evolution, the values
of 〈R2

gyr〉 for core and shell units differ considerably from
each other revealing the formation of stable “core-shell”
structure. In spite of averaging we observe significant fluc-
tuations in gyration radius of hydrophilic units. This effect
is caused by pronounced fluctuations of polymer chains in
a good solvent [34].

In Figure 7, we show the dependencies of D(L) (see
Eq. (3)) for protein-like sequences, calculated by evolu-
tionary procedure and by instant coloring, as well as for
completely random sequences. The curve for evolution-
ary coloring has larger slope than that for instant color-
ing, hence these sequences correspond to more pronounced
long-range correlations. The upper line with the slope
equal to 1 reflects the behavior of D(L) for maximally
“nonrandom” sequence, with α = 1.

In addition to the case Tseq = Tconf = 1.42, we ex-
amined also the situation when Tconf = const while Tseq

is variable. We consider the case when all forces between
monomer units are the same as before, i.e. correspond to
εPP = εPH = 0; εHH = −1. On the other hand, evolution-
ary pressure due to the sequence variation can differ. In
particular we studied the following two cases: Tseq/Tconf

= 10 (Tconf = 1.42) and Tseq/Tconf = 0.1 (Tconf = 1.42).
Results are presented in Figure 8. Like previously, we per-
formed averaging over 10 independent runs, initial struc-
tures are random globule and core-tail structure. From the

a)

b)

c)

d)

Fig. 5. Energy histograms for the macromolecules prepared at
kT = 1.42 by two different methods (evolutionary procedure
and instant coloring) and equilibrated at different tempera-
tures: kT = 1.42 (a), 2.27 (b), 2.5 (c), 10.0 (d). (N = 256).
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vs. number of mutations (evolution time), N = 1024.

Fig. 7. The dependencies D(L) for random, protein-like (in-
stant coloring) and protein-like (evolutionary procedure) se-
quences in double logarithmic scale. The chain length was
taken equal to N = 1024.

plots presented in Figure 8 it is seen that the sequence
temperature Tseq plays an important role in the forma-
tion of core-shell structures. In the case of high Tseq, final
sequence is statistically random, with mean block length
kav = 2. Shannon’s entropy is close to 1 for this system.
Initial sequences come to fixed point very quickly (in fact,
random globule is almost in the state corresponding to the
fixed point from the very beginning). Their conformations
correspond to a coil, according to mean interaction energy
values. Same conclusion can be drawn from the analysis
of gyration radii (plots are not shown here).

Let us now consider an opposite case corresponding to
low sequence design temperature, Tseq = 0.142. In this
case, the interaction energies for both initial conforma-
tions after some evolution become close to each other;
their values correspond to compact hydrophobic core (the
same results follow from the analysis of gyration radius).
This means that we achieve some stationary state in con-
formational space. However, it is much more difficult to
achieve stationary state in sequence space. This is due to

a)

b)

c)

Fig. 8. Interaction energy (a), Shannon’s entropy (b) and se-
quence mean block length (c) as a function of evolution time
(logarithmic scale) for Tseq �= Tconf . Horizontal dash line in
Figure (c) corresponds to Tseq = Tconf = 1.42.
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the fact that Tseq is low and all motions in sequence space
are rather slow. Nevertheless, one can make assumption
that there is an asymptotical convergence of statistical
characteristics for the sequences obtained from different
initial structures. Moreover, mean values of Shannon’s en-
tropy and block lengths considerably differ from the values
corresponding to Tseq = Tconf = 1.42. A 10 times temper-
ature decrease causes the increase of average block length
from 6.5 up to approximately 10.5, while Shannon’s en-
tropy decreases from 0.5 to ca. 0.35. This means a trend
to degeneration of the sequence, forming structures with
dense core and few long loops. Analogous results were ob-
tained recently in the paper [14]. Our procedure corre-
sponds to “repeated coloring” considered in [14] if we set
Tseq = 0 and Nseq → ∞ (infinite number of mutation
attempts per one evolution step).

Thus, we have demonstrated that by changing se-
quence temperature (i.e., mutation probability) the sys-
tem can obey to different regimes of behavior: from evolu-
tion to random coil till emerging of degenerated “core-tail”
structures. Besides, there are intermediate values of Tseq

which allow the formation of core-shell structures. In this
case the informational content of the sequence is maxi-
mally rich.

4 Theoretical description

In the present section we investigate theoretically the fac-
tors controlling the formation of the core-shell structure
and describe the sequence characteristics corresponding to
a final state.

The first obvious condition of the core-shell structure
formation is the strong immiscibility of hydrophobic units
with polar units and with the solvent. We assume that hy-
drophobic blocks form the dense core of radius Rc deter-
mined by the attraction between these units at the tem-
perature which is lower than the coil-globule transition
temperature [35].

Polar blocks in the shell are immersed in a solvent.
We assume that polar units can weakly attract each other
(εPP ≤ 0), and their interaction is described by the sec-
ond virial coefficient BP . To estimate, whether they over-
lap or not, we should compare the area of the core sur-
face per polar block with the squared block size in a good
solvent. The area of the core surface per polar block is
equal to Sblock = 4πR2

c/ñ, where ñ is the number of polar
blocks, while the average block length is km = N/2ñ. The
block size in a good solvent R0 can be estimated as [34]:
R0 ≈ ak

3/5
m (BP /a3)1/5, where a is the statistical segment

length of the chain, BP ∼ v for a chain in a good solvent, v
is the volume of a monomer unit. For the values of the pa-
rameters related to the computer simulations: N = 1024,
Rc ≈ 12b, where b is the lattice step, a ≈ √

8b, v ≈ 8b3 (for
the bond fluctuation model), we obtain that Sblock ≈ R2

0
for all reasonable values of km. Hence, polar blocks im-
mersed in a solvent do not overlap and their contributions
to the free energy are additive.

If the core-shell structure still does not correspond to
the stationary state, the sequence transforms slowly in the

direction of increase or decrease of the number of blocks.
We introduce the free energy of the system F (Rc, km) as
a function of the average block length km. The free en-
ergy F consists of the free energy of the H-core Fcore, the
contribution of H- and P -blocks Fblock, and the sequence
entropy contribution Fseq :

F (Rc, km) = Fcore(Rc) + Fblock(Rc, km) + Fseq(km). (4)

The term Fcore(Rc) corresponds to the free energy of a
hydrophobic globule of radius Rc [35]. The block contribu-
tion Fblock is the free energy of the block end localization
at the core surface and of the interaction of polar units.
The sequence contribution is determined by the Shannon’s
entropy of the chain: Fseq = −TseqSseq log 2.

Of course, writing the expression for the free energy
for the situation when there are two temperatures (in
the conformational space and in the sequence space) can-
not be strictly justified from the viewpoint of statisti-
cal mechanics. However, introducing the addition Fseq to
other “conformational” contributions to the free energy
is: (a) definitely strictly valid for the case Tseq = Tconf

of annealed sequences (see the Introduction); (b) for the
case Tseq �= Tconf it represents the correct trend of en-
hancement of randomization of sequences with increasing
Tseq. We will look for the minimum of the constructed free
energy (4) with respect to the average block length km,
and we will see that the results obtained are quite reason-
able and are in agreement with the computer simulations
presented above.

The core free energy Fcore dominates in the total free
energy of a core-shell structure F , other terms are assumed
to be of the order of the surface energy of a globule (for
km � 1). On the other hand, the core free energy Fcore

is independent of km in the course of the evolution of a
core-shell structure.

The block contribution into the free energy can be
written as

Fblock(Rc, km) = ñ (fH(Rc, km) + fP (Rc, km)) , (5)

where fH and fP are the free energies per hydrophobic
and polar block, correspondingly.

The H-block free energy is determined by the statisti-
cal weight GH of the block of length km with both ends
located at the core surface. The P -block free energy is de-
termined by the corresponding statistical weight GP and
by the polymer-solvent interaction energy fP−s:

fH = −kBTconf ln GH(Rc, km),
fP = −kBTconf ln GP (Rc, km) + fP−s. (6)

The ends of P - and H-blocks should be located within
the surface volume Vsurf ∼ R2

cD, where D is the width of
the globular surface layer. The probability that the end of
a long H-block (km � (Rc/a)2) returns to the surface is
equal to GH ≈ Vsurf/Vc, where Vc is the core volume: Vc =
4πR3

c/3. The width of the surface layer D is approximately
equal to D ≈ a/φ, where φ is the volume fraction of units
in the core [35].



22 The European Physical Journal E

The probability that the end of a P -block is located
at the surface is GP ≈ Vsurf/V0, where V0 = 4πR3

0/3.
Following the Flory approach [36,34] one can write for
the block free energy in a good solvent

fP−s ≈ kBTconfk1/3
m (BP /a3)2/3

for a block of size R0.
The sequence entropy contribution Fseq can be taken

in the form (2)

Fseq = kBTseq ñ
∑

k

(pP (k) · ln pP (k) + pH(k) · ln pH(k)) .

(7)
The characteristic width of the block length distributions
is assumed to be of the order of km, in accordance with the
dependencies p(k) obtained in the computer simulations.
Using a very rough estimation that all blocks of length
k < km can be found with the equal probability pP (k) ≈
pH(k) ≈ 1/km, we obtain

Fseq = −2kBTseqñ ln km. (8)

As stated above, we assume that the sequence char-
acteristics after the evolution correspond to the minimum
of the total free energy F with respect to the mean block
length km. The core radius and volume fraction are related
via the obvious formula φ = Nv/2Vc. Then, the expression
for F can be rewritten using (5-8):

F (Rc, km) = Fcore(Rc)

+ kBTconf
N

2km

((
9
5
− 2

Tseq

Tconf

)
ln km + k1/3

m B̃2/3

+
3
5

ln B̃ − ln
(

9Rc

16π2φ2a

))
, (9)

where B̃ = BP /a3, km � (Rc/a)2.
A core-shell structure which is stable in the course

of evolution of sequences can be formed if the free en-
ergy minimum corresponds to a certain finite value of k∗

m
(k∗

m � 1) depending on the core size and chain rigidity.
The stability of the structure for long blocks is controlled
by the increase of the block free energy with increasing
the number of blocks and by the increase of the sequence
free energy with decreasing that number.

If the factor before ln km in equation (9) is positive
and, hence, the sequence design temperature Tseq is less
than the threshold value Tth (Tth/Tconf = 0.9), then the
free energy (9) decreases with the increase of km. In this
case the structure with more long P -loops is favorable
and, finally, it should contain a small number of loops or
even only one polar block (“core-tail” structure). On the
other hand, the free energy (9) can increase with km if
Tseq > Tth (see Fig. 9). In this case the structure with
shorter blocks is more favorable and a core-shell structure
can be formed, in agreement with the computer simulation
results presented in Section 3.

Besides, the formation of the core-shell rather than
core-tail structure is controlled by the interaction between

Fig. 9. The total free energy F , equation (9), vs. the mean
block length km for different relations between temperatures
Tconf and Tseq . The values of the parameters correspond to
those used in the computer simulations: N = 1024, φ = 0.6,
BP /a3 = v/2a3 = 0.17.
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Fig. 10. The total free energy F , equation (9), vs. the mean
block length km for different values of the second virial coef-
ficient BP describing the interaction between the polar units
for N = 1024, φ = 0.6, Tseq = Tconf .

P -units and by the core size, which, in turn, is deter-
mined by the chain length. If Tseq > Tth, then the free
energy Fblock + Fseq increases or decreases with km for
N = const depending on the value of the second virial co-
efficient BP . The higher values of the parameter BP cor-
respond to stronger repulsion between P -units leading to
the higher free energy per polar loop. Hence, the decrease
of the block number ñ becomes favorable and, finally, a
core-tail structure can be formed rather than a core-shell
structure (see Fig. 10).

The influence of the attraction between polar units on
the structure formation was studied by computer simula-
tions in the work [14]. It has been demonstrated that such
attraction can lead to the formation of a core-shell struc-
ture, whereas without attraction only a core-tail structure
is formed, these conclusion being in agreement with the
present consideration.
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Fig. 11. The total free energy F , equation (9), vs. the mean
block length km for different values of the chain length N for
φ = 0.6, BP /a3 = 0.2, Tseq = Tconf .

Now let us consider the influence of the chain length
which is manifested mainly in the conformational contri-
bution per P -loop. The free energy fP is less for large
values of Rc ∼ (N/ϕ)1/3 due to the increase of the surface
volume accessible to a loop end. This contribution does
not limit anymore the growth of the number of blocks
which takes place in the course of the recoloring evolu-
tionary procedure. As a result, a core-shell structure is
formed more easily for longer chains (see Fig. 11).

The expression (9) and Figures 9–11 do not describe
the behavior of the system for the mean block length
km < (Rc/a)2. For short blocks, a more detailed descrip-
tion of the structure should be used. However, we can
obtain a simple estimation for the free energy F of a com-
pletely random chain with very short blocks (km = 2) and
estimate whether this case can be realized or not. The se-
quence free energy of a completely random sequence has
the value Fseq0 = −kTseqN ln 2. Let us denote the sum of
the interaction free energy and conformational energy by
F0: |F0| � |Fcore| since a completely random copolymer
forms either a globule of low density or a copolymer coil.
The total free energy of this structure is Frnd = F0+Fseq0.
The total free energy of a core-shell structure F is approx-
imately equal to Fcore due to the strong immiscibility of
hydrophobic units with the solvent and with polar units.
Since Frnd − Fcore � kBTconf for the considered values
of the parameters, the formation of a structure with very
short blocks is strongly unfavorable. Hence, the forma-
tion of a core-shell structure with the average block length
km ≈ (Rc/a2) is predicted.

However, if the sequence temperature Tseq is very high,
then the sequence free energy dominates in the total free
energy F (4) and a free energy minimum corresponds to
a completely random sequence. The threshold sequence
temperature T0 can be roughly estimated by comparing
the free energy of a core-shell structure F ≈ Fcore and
the free energy corresponding to a completely random se-
quence Frnd ≈ Fseq0. We estimate the core free energy
using the Flory expression for the polymer-solvent interac-

tion energy Fcore/Vc = kBTconf((1−φ) ln(1−φ)+φ−χφ2),
where the Flory-Huggins parameter χ = −ZεH/2, Z is
the coordination number of the lattice. For the values of
the parameters related to the computer simulation model
(εH = −1, φ = 0.6, Z = 27) we obtain T0/Tconf ≈ 5.5
for the threshold temperature of the transition from the
core-shell structure to a completely random copolymer.

Therefore, we can conclude from the theoretical es-
timations that the core-shell structure can be formed if
the sequence temperature corresponds to the range 0.9 <
Tseq/Tconf < 5.5 for the proper values of the chain lengths
and the interaction energies between polar units. The up-
per threshold temperature T0 decreases if the immiscibil-
ity between hydrophobic units and the solvent molecules
and polar units becomes weaker. It is possible that the
molecular parameters would correspond to the threshold
temperature T0 less than Tth estimated from (9). In this
case, the formation of the core-shell structure can not be
expected.

5 Conclusions

In the present study we have proposed a new method of
conformation-dependent sequence design. The method has
been tested by computer simulation and corresponding
theoretical considerations. This method takes into account
the randomness not only in the process of thermal motion
but also in the process of sequence design. The rates of
these processes are characterized by two different temper-
atures. The copolymers generated in this way form more
stable “core-shell” structures than protein-like copolymers
obtained by instant coloring. These differences are due to
the process of simultaneous matching of sequences and
conformations.

To describe the thermodynamic forces controlling the
structure formation, sequence free energy Fseq was intro-
duced. It is taken to be proportional to the Shannon’s en-
tropy with the factor −Tseq and (somewhat boldly) added
to the normal conformational free energy. At very high
Tseq � Tconf , the sequence free energy dominates and the
sequence tends to be completely random, corresponding
to the minimum of Fseq . At low Tseq, the evolution selects
those sequences, which correspond to the low value of the
conformation free energy (structure of the core-tail type).
In the intermediate regime, the conformational thermo-
dynamic force and the sequence contribution (evolution
pressure) interplay. Therefore, the formation of non-trivial
structures and sequences is possible. These theoretical pre-
dictions are in a good agreement with the results of com-
puter simulations.

Main feature of our sequence design method is intro-
duction of two different temperatures Tseq and Tconf , con-
trolling sequence and conformational phase space inde-
pendently. Unlike previous works, this approach means
trend to simultaneous sequence and conformation selec-
tion from “expanded” CS-ensemble. The proposed method
can be easily generalized (at least via computer simula-
tion) to more complex external conditions and interaction
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potentials, however many aspects still need proper
statistical-mechanical justification.

In conclusion, we would like to emphasize once more
that a protein-like copolymer globule cannot be regarded
as a model of real globular proteins in the native state:
the H core is liquid-like (although compact), while the
spatial structure of a native protein is unique. Our ulti-
mate target was a synthetic “two-letter” copolymer with
useful functional properties (e.g., solubility of globules),
rather than biological protein.

The authors thank A. Yu. Grosberg for useful discussions. The
financial support from Alexander-von-Humboldt Foundation,
Program for Investment in the Future (ZIP), INTAS (project
2001-607), and Russian Foundation for Basic Research is highly
appreciated.

Appendix: Primary sequence entropy

Let the sequence statistics be characterized by the distri-
butions of length of hydrophobic and polar blocks pH(n)
and pP (m). The normalization conditions

∞∑

n=1

pH(n) = 1,

∞∑

m=1

pP (m) = 1

are satisfied.
The average sequence composition and the probabili-

ties to find pairs of units HH , HP and PP in the sequence
are determined by the average lengths of hydrophobic and
polar blocks n∗ and m∗ correspondingly:

pH =
n∗

n∗ + m∗ , pP =
m∗

n∗ + m∗ ,

pHP = pPH =
1

n∗ + m∗ , pHH =
n∗ − 1

n∗ + m∗ ,

pPP =
m∗ − 1
n∗ + m∗ ,

where the average block lengths are equal to

n∗ =
∞∑

n=1

npH(n), m∗ =
∞∑

m=1

mpP (m). (A.1)

Let Hi, Pi denote the sequences of i units of one type,
UM denote a sequence of length M . For example, UM =
Hn1Pm1Hn2Pm2 . . .Hnk

denote a sequence of length M =∑k
i=1 ni +

∑k−1
i=1 mi consisting of k H-blocks and (k − 1)

P -blocks. The probability to find this sequence pUM is
equal to

pUM = pHP p̃H(n1)pP (m1)pH(n2)pP (m2) . . . p̃H(nk),
(A.2)

where p̃H(n) is the probability to find a hydrophobic end
block of length n. The end block can be considered as a
part of a more long internal block, hence, this probability
is equal to

p̃H(n) =
∞∑

j=n

pH(j) = 1 −
n−1∑

j=1

pH(j), p̃H(1) = 1. (A.3)

The same expressions are valid for a polar end block:

p̃P (m) =
∞∑

j=m

pP (j) = 1 −
m−1∑

j=1

pP (j).

The probability of any other sequence UM contain-
ing at least one HP -pair can be written in the similar
way (A.2). The following relations are satisfied:

pUiHPm = pUiHP p̃P (m),
pUiHPm = pUiHPm+1 + pUiHPmH

The probability of a pure H- or P -sequence can be set by
the recurrent formulae: pHi+1 = pHi − pHiP giving

pHi = pH − pHP

i−1∑

j=1

p̃H(j). (A.4)

The normalization condition for the sequence proba-
bilities is satisfied:

∑

{UM}
pUM = 1, (A.5)

where {UM} is the total set of sequences of the length M .
The entropy of a sequence of two letter alphabet per

1 unit is determined by the relation [33]

Sseq = − lim
M→∞

1
M

∑

{UM}
pUM log2 pUM . (A.6)

Let us introduce the entropy of sequences of length M
Sseq(M) =

∑
{UM} pUM log2 pUM . It can be written in the

form

Sseq(M) =
M−1∑

i=1

∆Si + Sseq(1), (A.7)

where

∆Si = Sseq(i + 1) − Sseq(i) =

−



∑

{Ui+1}
pUi+1 log2 pUi+1 −

∑

{Ui}
pUi log2 pUi



 ,

Sseq(1) = −pH log2 pH − pP log2 pP .

Using the relations (A.2), (A.3), the difference ∆Si can
be written in the form

∆Si =

− pHP

(
i−1∑

n=1

pH(n) log2 pH(n)+
i−1∑

m=1

pP (m) log2 pP (m)

)

− pHP log2 pHP (p̃H(i) + p̃P (i))
− 2pHP (p̃H(i) log2 p̃H(i) + p̃P (i) log2 p̃P (i))

− (pHi+1 log2 pHi+1−pHi log2 pHi +pPi+1 log2 pPi+1

− pPi log2 pPi

)
. (A.8)
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The probabilities of pure H- and pure P -sequences and
the probabilities pH(i), p̃H(i) and pP (i), p̃P (i) tend to
zero for long blocks: i � n∗, m∗. Hence,

∆Si → ∆S =

− pHP

( ∞∑

n=1

pH(n) log2 pH(n) +
∞∑

m=1

pP (m) log2 pP (m)

)

for i → ∞.

Then,
Sseq(M) → M∆S for M → ∞ (A.9)

and, finally,

Sseq = ∆S

= −pHP

(∞∑

n=1

pH(n) log2 pH(n) +
∞∑

m=1

pP (m) log2 pP (m)

)
.

(A.10)

If we take into account that pHP = ñ/N we will get
exactly formula (2) in Section 2.
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