
Êóðñîâàÿ ðàáîòà "Î ïðèâåäåíèè ñèñòåìû 3 ïîðÿäêà ê

âèäó ñî ñòîëáöîâûì îòíîñèòåëüíûì ïîðÿäêîì"

Ïåðöåâà Àíàñòàñèÿ, ãð. 314

Ðàññìîòðèì ëèíåéíóþ âåêòîðíóþ êâàäðàòíóþ äèíàìè÷åñêóþ ñèñòåìó òðåòüåãî ïîðÿäêà

âèäà x
t+1 = Axt +Bξt

yt = Cxt
(1)

t = 0, 1, 2, . . . ,

ãäå xt ∈ Rn, yt ∈ Rl, ξt ∈ Rl - ïåðåìåííûå;

A ∈ Rn×n, B ∈ Rn×l, C ∈ Rl×n - ïîñòîÿííûå ìàòðèöû.

Îïðåäåëåíèå. Ñòîëáöîâûì îòíîñèòåëüíûì ïîðÿäêîì ñèñòåìû (1) â ñìûñëå Èñèäîðè

íàçûâàåòñÿ òàêîé âåêòîð r = (r1, . . . , rl), äëÿ êîòîðîãî âûïîëíåíû óñëîâèÿ:

1. CAjBi = 0, j = 1, . . . , ri − 2

CA(ri − 1)Bi 6= 0 ∀ i = 1, . . . , l

2. |H(r1, . . . , rl)| =
∣∣∣CAr1−1B1 · · · CArl−1Bl

∣∣∣ 6= 0,

ãäå Bi - i-é ñòîëáåö ìàòðèöû B.

Îïðåäåëåíèå. Ìàòðèöåé Ðîçåíáðîêà ñèñòåìû (1) íàçûâàåòñÿ ñëåäóþùàÿ áëî÷íàÿ

ìàòðèöà, çàâèñÿùàÿ îò ïàðàìåòðà z:

R(z) =

(
zI − A −B
C 0

)
.

Îïðåäåëåíèå. Èíâàðèàíòíûå íóëè ñèñòåìû (1) - âñå çíà÷åíèÿ z, ïðè êîòîðûõ ìàò-

ðèöà Ðîçåíáðîêà R(z) èìååò íåïîëíûé ðàíã.

Êðèòåðèåì îáðàòèìîñòè äëÿ êâàäðàòíûõ ñèñòåì ÿâëÿåòñÿ îòñóòñòâèå íåóñòîé÷èâûõ

èíâàðèàíòíûõ íóëåé ñèñòåìû. Ïðîàíàëèçèðóåì äëÿ òàêèõ ñèñòåì âîïðîñ îáðàùåíèÿ, ò.å.

âîññòàíîâëåíèÿ íåèçâåñòíîãî âõîäà ïî åå èçìåðÿåìîìó âûõîäó. Îáðàùàåìûìè ÿâëÿþòñÿ

òå îáðàòèìûå ñèñòåìû, äëÿ êîòîðûõ âûïîëíåíî îïðåäåëåíèå îòíîñèòåëüíîãî ïîðÿäêà ïî
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Èñèäîðè. Ïîýòîìó â îáùåì âèäå ïîïðîáóåì ïðèâåñòè ñèñòåìó (1) ê âèäó ñî ñòîëáöîâûì

îòíîñèòåëüíûì ïîðÿäêîì. Çàìåòèì, ÷òî äàëåå ðàññìàòðèâàþòñÿ òîëüêî îáðàòèìûå ñèñòåìû

âèäà (1) (ò.å. äëÿ êîòîðûõ îïðåäåëèòåëü ìàòðèöû Ðîçåíáðîêà íå ðàâåí íóëþ), ÿâëÿþùèåñÿ,

êàê ñëåäñòâèå, óïðàâëÿåìûìè è íàáëþäàåìûìè.

Òàêóþ ñèñòåìó âîçìîæíî ïðèâåñòè ê êàíîíè÷åñêîé ôîðìå óïðàâëÿåìîñòè íåâûðîæäåí-

íûì ïðåîáðàçîâàíèåì êîîðäèíàò.

Ïîñëå ïðèâåäåíèÿ ê êàíîíè÷åñêîìó âèäó ïîëó÷àåì ìàòðèöû A è B áëî÷íîé ñòðóêòóðû:

A =


a11 0 a13

a21 0 a23

a31 1 a33

 ,

B =


1 0

0 1

0 0

 .

Íåâûðîæäåííûì ïðåîáðàçîâàíèåì âûõîäîâ ïðèâåäåì ìàòðèöó C ê ñòóïåí÷àòîìó âèäó.

Ïîëó÷àåì òðè âîçìîæíûå ñòðóêòóðû ìàòðèöû C.

Ñëó÷àé 1.

C =

(
1 0 c13

0 1 c23

)
.

Ïðîâåðèì 1 óñëîâèå â îïðåäåëåíèè ñòîëáöîâîãî îòíîñèòåëüíîãî ïîðÿäêà äëÿ âåêòîðà
(
1 1

)
:

r1 = 1 : CB1 =

(
1 0 c13

0 1 c23

)
·


1

0

0

 =

(
1

0

)

r2 = 1 : CB2 =

(
1 0 c13

0 1 c23

)
·


0

1

0

 =

(
0

1

)

Ïîëó÷èëè íåíóëåâûå ìàòðèöû. Ïîýòîìó åñëè âåêòîð îòíîñèòåëüíîãî ïîðÿäêà ñóùåñòâóåò äëÿ

äàííîé ñèñòåìû, òî îí ðàâåí
(
1 1

)
. Ïðîâåðèì òåïåðü 2 óñëîâèå äëÿ íåãî:

|H(1, 1)| =
∣∣∣CAB1 CAB2

∣∣∣ = ∣∣∣∣∣1 0

0 1

∣∣∣∣∣ = 1 6= 0

⇒ rÎÏ =
(
1 1

)
.

Ñëó÷àé 2.

C =

(
1 c12 0

0 0 1

)
.
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Ïðîâåðèì 1 óñëîâèå â îïðåäåëåíèè ñòîëáöîâîãî îòíîñèòåëüíîãî ïîðÿäêà äëÿ âåêòîðà
(
1 1

)
:

r1 = 1 : CB1 =

(
1 c12 0

0 0 1

)
·


1

0

0

 =

(
1

0

)

r2 = 1 : CB2 =

(
1 c12 0

0 0 1

)
·


0

1

0

 =

(
c12

0

)

Äëÿ ýòèõ çíà÷åíèé 2 óñëîâèå íå âûïîëíåíî:

|H(1, 1)| =

∣∣∣∣∣1 c12

0 0

∣∣∣∣∣ = 0.

Íåâûðîæäåííûì ïðåîáðàçîâàíèåì ïðèâåäåì ìàòðèöó B ê âèäó B̃ =


1 α

0 1

0 0

, ãäå α - íåêî-

òîðîå ÷èñëî.

Òîãäà CB̃1 =

(
1

0

)
, CB̃2 =

(
1 c12 0

0 0 1

)
·


α

1

0

 =

(
c12 + α

0

)
. Âîçüìåì α = −c12, ÷òîáû ïåð-

âûé ýëåìåíò âåêòîðà CB̃2 îáðàòèëñÿ â íóëü: CB̃2 =

(
0

0

)
. Òàê êàê âåêòîð ïîëó÷èëñÿ íóëåâûì,

âû÷èñëÿåì ñëåäóþùèé:

r2 = 2 : CAB̃2 =

(
1 c12 0

0 0 1

)
·


a11 0 a13

a21 0 a23

a31 1 a33

·

−c12
1

0

 =

(
a11 + a21c12 0 a13 + a23c12

a31 1 a33

)
·


−c12
1

0

 =

=

(
−c12(a11 + a21c12)

1− a31c12

)
.

Â èíòåðåñóþùèõ íàñ ñëó÷àÿõ 1− a31c12 6= 0 (ïîÿñíåíèå ïðåäñòàâëåíî íèæå), ïîýòîìó âåêòîð

CAB̃2 íåíóëåâîé, è âîçìîæíûé âåêòîð îòíîñèòåëüíîãî ïîðÿäêà rÎÏ =
(
1 2

)
.

Ïðîâåðèì óñëîâèå 2:

|H(1, 2)| =

∣∣∣∣∣1 −c12(a11 + a21c12)

0 1− a31c12

∣∣∣∣∣ = 1− a31c12.

Ïîêàæåì, ÷òî åñëè 1 − a31c12 = 0, òî îïðåäåëèòåëü ìàòðèöû Ðîçåíáðîêà òàêæå ðàâåí íóëþ,

à çíà÷èò ñèñòåìà íåîáðàòèìà è íå ïðåäñòàâëÿåò èíòåðåñà äëÿ èññëåäîâàíèÿ:
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|R(z)| =

∣∣∣∣∣∣∣∣∣∣∣∣∣

z − a11 0 −a13 −1 c12

−a21 z −a23 0 −1
−a31 −1 z − a33 0 0

1 c12 0 0 0

0 0 1 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣
= 1− a31c12 = |H(r)| .

Ñëó÷àé 3.

C =

(
0 1 0

0 0 1

)
.

Ïðîâåðèì 1 óñëîâèå â îïðåäåëåíèè ñòîëáöîâîãî îòíîñèòåëüíîãî ïîðÿäêà äëÿ âåêòîðà
(
1 1

)
:

r1 = 1 : CB1 =

(
0 1 0

0 0 1

)
·


1

0

0

 =

(
0

0

)

r1 = 2 : CAB1 =

(
0 1 0

0 0 1

)
·


a11 0 a13

a21 0 a23

a31 1 a33

 ·

1

0

0

 =

(
a12 0 a23

a31 1 a33

)
·


1

0

0

 =

(
a21

a31

)

Íèæå áóäåò ïîêàçàíî, ÷òî ïðè |R(z)| 6= 0 ýòîò âåêòîð íåíóëåâîé.

r2 = 1 : CB2 =

(
0 1 0

0 0 1

)
·


0

1

0

 =

(
1

0

)

Óñëîâèå 2:

|H(2, 1)| =

∣∣∣∣∣a21 1

a31 0

∣∣∣∣∣ = −a31.
Òåïåðü âû÷èñëèì ìàòðèöó Ðîçåíáðîêà äëÿ ýòîãî ñëó÷àÿ:

|R(z)| =

∣∣∣∣∣∣∣∣∣∣∣∣∣

z − a11 0 −a13 1 0

−a21 z −a23 0 1

−a31 −1 z − a33 0 0

0 1 0 0 0

0 0 1 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣
= −a31 = |H(r)|.

Òàêèì îáðàçîì, |H(r)| è |R(z)| îáðàùàþòñÿ â íóëü îäíîâðåìåííî, ÷òî çíà÷èò, ÷òî ñè-

ñòåìà íåîáðàùàåìà òîëüêî êîãäà íåîáðàòèìà.
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