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INTRODUCTION

The following problem arises in system stabilization by a feedback controller of given structure.
Suppose that the characteristic polynomial of the closed system depends on parameters. Is it
possible to choose parameter values ensuring that the polynomial is stable? The parameter range
may be given in advance [1].

The papers [2, 3] deal with special cases of this problem in which the parameters are the n + 1
or n (the higher coefficient is fixed to be equal to unity) coefficients of the characteristic polynomial
(of degree n) of the closed system, which can vary in some domain of the real space. The main
results of these papers are estimates of the distance from a given unstable polynomial to the nearest
stable polynomial in some metric on the parameter space (the instability radius).

The present paper solves the more general problem of finding the instability radii of polynomials
in the following setting. An arbitrary part of the coefficients is fixed, and the remaining coefficients
can vary in some domain of the real space of the corresponding dimension. We describe a set of
polynomials for which our estimate of the instability radius coincides with the exact value and
obtain an upper bound of the instability radii for some classes of polynomials.

ROBUST INSTABILITY OF POLYNOMIALS
We take a subset {iy,...,i,} C{0,...,n}, i; < -+ <i,. Let

{jla s 7jn—m+1} = {07 s 7n}\ {ila s 7’Lm} ) jl <-e < jn—m—i—l-
We also take m arbitrary positive numbers qi,...,q,, € R,y. For the set (i1,...,0m;q1, - qm),
consider the set P, (i1,...,%m;q1,---,¢n) of polynomials of the form

p(s) =ag+ais+---+a,s",
Q5 = Qs aj GR) ]E {jlu"'ajnferl}) an#oa

identified with vectors b = (bi,...,by—my1) (b1 = aj,, ..., by_my1 = aj,_,.,,) of the space R"~™+!
equipped with the norm ||b|| = max {|b;]}.

To indicate the relationship of the polynomial p(s) with a point of the space R"~™*! we denote
p(s) by p(s,b).

A polynomial p(s,b) € P, is said to be stable if all of its roots in the complex plane lie strictly
in the left half-plane and is said to be unstable otherwise.

Consider the set

%L(/Lluuzmaq177qmaB) = {p(57b) =ag+as+--- +an5n7 be B} (1)
of polynomials in P, (i1,...,%m;¢q1,--.,¢n) such that the corresponding subset of coefficients varies

in some admissible set B C R*~™*!, We say that this family is robustly unstable if the polynomials
p(s,b) are unstable for all b € B.
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Consider the set -
I(B)= | JI(w; B)
w=0

of values of the polynomials in the family (1), where I(w; B) = {p(jw,b), b € B}. The following
assertion establishes sufficient conditions for the robust instability of the family (1).

Theorem 1. Suppose that the set B is connected and, for some b° € B, the polynomial p (s,b°)
is unstable and has no pure imaginary roots; moreover, suppose that a, # 0 for allb € B. Then
the condition 0 € 1(B) is sufficient for the robust instability of the family (1).

The proof is similar to that of Theorem 1 in [2].

ROBUST INSTABILITY OF AN INTERVAL FAMILY OF POLYNOMIALS

Consider the following interval family of polynomials:

T (it oot @iy e, @ B (°))

= {p(s,b) =ayt+ams+---+a,s", a;, =b, k=1,...,n—m+1,
a, =q, l=1,....,m, ‘ajk —bg! < ’y},

b= (00,09, b0 1), b=(bi,bay . byng) -
Assumption 1. {i1,...,7,} C {2,...,n} (i.e., ag and a; are not fixed).
Assumption 2. ¥’ € R (ie., b? > 0 for all 7).
For the polynomial p (s, b%), we consider the Tsypkin—Polyak hodograph [1]

2 (w,0%) = zo(w) + jyo(w), 0 <w < oo,

where

zo(w) = go(w)/r(w),  wo(w) = ho(w)/q(w),
(

)
)
ad = by, al =19, a® =0 (k=3,....n—m+1), a?l:ql,
r(w) = ap + aw® + auw’ + -+ -, qw) = a; + azw® + asw' + -+,

o = 1 for 1:6{‘7-'1,.--,‘.7'n—m+1} (3)
0 for ’LE{'Ll,---u/Lm})

. 1 . 1
deg r(w) = max (le{j1;- },...,an_mﬂ{%})’
degq(w) = max <2j1 {%} g '72jn7m+1 {jn_;/-i_l }> - 17

and {-} is the fractional part of a number. In this notation, p (jw,b") = go(w) + jwhe(w).

Theorem 2. Let Assumptions 1 and 2 be valid. Then the following conditions are sufficient for
the robust instability of the family (2):

(1°) the polynomial p (s,b°) has no pure imaginary roots;

(20) b(r)zferl > Z'fjnferl =n;
(3°) b) >
4°) the hodograph z (w,b°) does not meet the square with vertices (£v,+7) as w varies from 0

to oo.
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Proof. Note that if we represent the value of an arbitrary polynomial in the family (2) at the
point jw in the form

p(jw,b) = g(w) + jwh(w),  g(w) = ap — aw” + agw® — -+,
h(w) = a; — azw® + asw* — -+,

then the inequalities ~
Iw) < gw) < gw),  hw) < h(w) < h(w)

are satisfied for w > 0, where

g( w) = (ao — ozofy) (ag + agfy) w? + (ag — a4'y) wt —
G(w) = (a) + aoy) — (a3 — azy) w* + (af + auy) w* —
h(w) = (af — 1) — (a3 + azy) w* + (af — asy) w' —
h(w) = (af + a1y) — (a3 — azy) w* + (al + asy) w* — -

Therefore, for each w, the polynomial p(jw,b) can vary in the rectangle with vertices
2 =gw) +jwhw), 2 =gw)+jwh(w),
23 = g(w) + jwh(w), 2y = §(w) + jwh(w).
Therefore, the range of the family (2) for each w is the rectangle
Iw;B(")) ={z=a+jy: |z—gW) < W), y—wh(w) < ywqw)}.

Further, note that the fact that the hodograph z (w, b) does not meet with the square with vertices
(£, +7) is equivalent to the system of inequalities

[wo(W) >, |yo(w)] >,
[ZoW) >, |yo(w)| <7, (4)
|zo(W)] <7, lyo(w)] >~ forall w >0,

since ¢o(0) = b) > ~. Furthermore, the condition 0 € I (B (")) is equivalent to the existence of
an w* > 0 such that 0 € I (w*; B(b°)). [One has 0 ¢ I(0; B (b°)), since otherwise the inequality
|90(0)| < v would be valid, while go(0) = b} > ~ by assumption.] But then w* satisfies the condition

90 (W) <Ar (@), [ho (W] < vg (w7),

or
[z (W) <7, yo (W) <.

Consequently, condition (4) is equivalent to 0 & I (B (b°)). But then the family (2) is robustly
unstable by Theorem 1. The proof of the theorem is complete.

A LOWER BOUND FOR THE INSTABILITY RADIUS

For a given set
(ila"'viMSQD"WQM)a
by S and U we denote the set of points in R"~™*! corresponding to stable and unstable polynomials
of the set P, (i1,...,%m;q1,---,qm), respectively. The instability radius of an unstable polynomial
p(s,b) is defined as Ry (b) = inf.cg ||b — ||
Theorem 2 not only establishes sufficient conditions for the robust instability of the family (2)

but also permits one to estimate the instability radius Ry (b°) of the polynomial p(s,b°) with
positive coefficients.
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Let Assumption 1 be valid. For the polynomial p (s,b%), we consider the function

¥(w) = max{feo(@)], lyo(w)|}

defined for w > 0. [The functions zg(w) and yo(w) are given by (3).] By wi,...,w; we denote all
positive roots of the equations

9o(w)g(w) — ho(w)r(w) =0, 9o(w)q(w) + ho(w)r(w) =0, (5a)
go(w)r(w) — go(w)r'(w) =0,  hy(w)g(w) = ho(w)q'(w) =0 (5b)
We set
® (0°) = min ¥ (w;) (6)
Theorem 3. Let the polynomial
p(s,0°) =ag+als+---+aps" (7)
with positive coefficients, which belongs to the set Py, (i1, ...,0m;q1,- -, qm) under Assumption 1, be
unstable and have no pure imaginary roots. Then the estimate
Ry (0°) = v (1) (8)
is valid, where
Y (bo) = min {a’gv a’8 + 6n7jn77n+1 (a(r)z - a8) 7(I> (bo)} (9)

and 0;; is the Kronecker delta.

Proof. Theorem 2 provides the following lower bound for the instability radius of the polyno-
mial p (s,b"):
Ry (bo) > min {»y*’ ag + G j s (ag — ag) ,ag} ) (10)

where ~* is the size (half-length of the side) of the maximum square {|z| < ~v*, |y| < ~*} inscribed
in the Tsypkin—Polyak hodograph z (w,b°) for the polynomial p (s, b°).
On the complex plane, we introduce a metric as follows:

0(#1,22) =max{|Rez; — Rez|, |Imz; — Imzsl}.

Then v* can be found as the distance from the origin to the nearest point z(w) of the hodograph;
ie., 7" = ming<,<oo 0(0, 2(w)).

Since z(w) = z(w) + iy(w), it follows that finding v* can be reduced to the minimization of
the function ¥ (w) = max {|z¢(w)|, |yo(w)|} on the interval [0,00). Note that the function ¢(w) is

positive and differentiable everywhere possibly except for the points such that |zo(w)| = |yo(w)|.
Therefore,

min_ () = min {5(0), $(00), 1 (@) ...t (@)},
where 1(00) = lim,,_, o ¥(w) and wy, . .. ,wy, are roots of Eq. (5). One of the following two conditions

is satisfied at the points w; :
(1°) wo(w) = yo(w) or zo(w) = —yo(w) [i-e., [zo(w)] = |yo(w)]];
(2°) zp(w) = 0 or yy(w) = 0.
The first case corresponds to Eq. (5a) and the second case, to Eq. (5b).
Note that
(o) = lim YPp(w) =00 if n—1,n€ {i1, ... 0n};

0,a%_,}. Now, by taking into account the relation 1(0) = max {aJ, al}
and formula (6), we obtain the estimate (8), which completes the proof.

otherwise, 1(c0) = max {a?, a’
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Now suppose that Assumption 1 is not satisfied for the set P, (i1,...,%m;q1,---,¢n). Then the
following cases are possible:

(1°) iy = 0, and the set {i1,...,im,} does not contain the entire set of odd or even indices;
(2°) 4y = 1, and the set {i1,...,4,} does not contain the entire set of odd indices;

(3°) the set {iq,...,i,} contains the set of all even indices;

(4°) i; =0, and the set {i1,...,4,} contains the set of all odd indices;

(5°) iy = 1, and the set {i1,...,i,} contains the set of all odd indices.

Theorem 4. Let a polynomial (7) with positive coefficients belong to the set

Pn(ila"'vém;qlv"'7QM)7

be unstable, and have no pure imaginary roots. Furthermore, suppose that the set {iy,..., i}
satisfies one of conditions (1°)—(5°). Then the estimate (8) is valid, where

v (6°) = min {®@ (b°) + b, j, ..y (@) — @ (%)), @ (0°)}

in case (1°); v (b°) has the form (9) in case (2°);

v () = min{ o (1) o (1) ) } . (1)

q(w) q (wi)
where wy, ... ,w; are the positive real Toots of the polynomial go(w), and if the polynomial go(w) has
no real roots, then

ho (w1)
q (Wl)

0
+ 5n7j71—7n+1 (an -

oy Joo for me{iy,... in}
’Y(b ) _{ag for n&{iy, ... im} (12)
in case (3°);
9 — min go (w1) go (wi)| |go(w1) ' a0 — go (w1)
) = min {220 o s (a2 [0

where wy, ..., w; are the positive real roots of the polynomial ho(w), and if the polynomial hy(w) has
no real roots, then v (b°) is given by (12) in case (4°);

BO :min{go(wl) o 9o (wy) ’ 9o (w1) 46, 1(ao_ 90(w1)>’ao}’
1) rlon) |7 ) |27y | 0o W= [0y ]) %
where wy, ..., ,w, are the positive roots of the polynomial ho(w) in case (5°).

Proof. We perform the proof for each of the above-mentioned cases (1°)—(5°).

In case (1°), the robust instability of the interval family (2) is provided by items (1°), (2°),
and (4°) of Theorem 2, since the coefficient af) is fixed. It is only necessary to verify the condition
0¢&I(0;B(b%). Indeed,

1(0;B(°) ={z=z+jy: |z —9(0)] <0, |yl <0}.

In this case, 0 € I (0; B (b°)) if and only if go(0) = 0; but go(0) = aJ > 0. Therefore, 0 & I (0; B (b°)).
By taking into account the proof of Theorem 3 and the fact that, in this case, the hodograph z (w, b°)
is defined for w > 0, we have the desired assertion.

In case (2°), the robust instability of the interval family (2) is provided by assumptions (1°)—(4°)
of Theorem 2. Just as in case (1°) it is necessary only to verify the condition 0 ¢ I (0; B (°)). In-
deed, I (0;B(0°)) ={z=x+jy: |v—go(0)] <7, |y| <0}. In this case, we have 0 € I (0; B (b°))
if and only if |go(0)| < ~; but go(0) = a = b} > 7. Therefore, 0 ¢ I (0; B (b°)), and consequently,
just as in case (1°), we have the desired assertion.
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In case (3°), the set I (B (b")) for the interval family (2) with w > 0 is a segment:
T@B M) = {z=a+jy: 10— g0@)| 20, Jy— who(@)| < ywaw)}.
If w = 0, then the set I (0; B (b°)) is a singleton. Then the condition 0 € I (w; B (b°)) with w > 0

is equivalent to the system
[go(@)| =0, |ho(w)/q(w)] <. (13)

The inclusion 0 € I (0; B (b°)) is valid if and only if go(0) = 0; but go(0) = af > 0. Consequently,
0 ¢& I(0;B(b%). Therefore, if v < v (b°) is given by (11), where wy, ..., w; are the positive real roots
of the polynomial go(w), then the interval family (2) is robustly instable by Theorem 1. Note that
the polynomials go(w) and hg(w) cannot have common roots, since, by assumption, the polynomial
p (s,b°) has no pure imaginary roots.

If the polynomial go(w) has no real roots, then condition (13) fails for any w > 0; consequently,
relation (12) is valid.

In case (4°), the set I (B (b")) for the interval family (2) with w > 0 is the segment
Iw;B())={2=z+jy: |z—g(w)| <yr(w), |y—whe(w)| <0}.
If w = 0, then the set I (0; B (b°)) is a singleton. Then the condition 0 € I (w; B (b°)) with w > 0

is equivalent to the system
lho(W)| =0, [go(w)/r(w)] <,

and, just as in case (3°), we obtain 0 & I (0; B (b°)).

The subsequent consideration of this case is similar to that of case (3°) with hg, ¢, go, and w;
replaced by gq, 7, hg, and w;, respectively.

Case (5°) can be considered by analogy with case (4°). The proof of the theorem is complete.

THE INSTABILITY RADII FOR A CLASS OF POLYNOMIALS

The following theorem shows that our estimate for the instability radii is attained for some sets
of polynomials.

Theorem 5. Let the assumptions of Theorem 3 be valid, and, in addition, let
v (b°) = ¢ (w*) < min{ag,ag + 6,5, ..., (ah —ag)},
where w* = argmin (¢ (w;)), i.e., ¥ (w*) = @ (b°), and moreover,

(19) & (W) = y (w*) > 0;
(2°) there exists an €* > 0 such that

Aocwcosarg (2(w) = (v (8°) +¢) (1 +14)) = mn/2,
0 < min {ag, ag + Gnj iy (ag — ag)} — (bo) —c
for each € € (0,£*).
Then Ry (b°) =~ (b°).

Proof. Consider the polynomial

p (8’ B) = (ag — aoy (b°)) + (af — a1y (b°)) s + (a3 + axy (b°)) s°
8+ a7 () 5+ o — ey (7)) o
T (ag“‘l = Qg1 (bo)) st 4 (a2k+2 + Qg2 (bo)) gtkt2
+ (a2k+3 + 43y (bo)) g3
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It follows from the assumptions of the theorem that the hodograph z (w, 5) can be obtained from
the hodograph z (w,b") by the parallel translation along the bisector of the first quadrant by the
vector {—v (b°), —v (°)}. The hodograph z (w,b) satisfies the relations

Re z (w,g) = Rez (w,bo) -y (bo) , Re z (w,g) = Rez (w,bo) -y (bo) .

Let us show that b € 95 [i.e., the polynomial p (5, 5) belongs to the boundary of the domain of
stable polynomials]. Indeed, we set ¥ = 7 (b°) + € [where € > 0 is the arbitrary sufficiently small
number occurring in assumption (2°) of the theorem] and consider the polynomial

p(s,b") = (a8 — ozo’y) + (a(l) — aﬂ) s+ (ag + ozfy) s? 4 (ag + oz;fy) sS4 ...
+ (a3 — ) s+ (afeyy — ar1¥) s+ (aly s + Qaptd) s

+ (a5 + apgsy) s34

4k+2

The hodograph z (w, b*) satisfies the relations
Rez (w,b") = Rez (w, bo) -y (bo) — ¢, Rez (w,b") = Rez (w, bo) — (bo) —e.

The hodograph z (w, b*) lies in some quadrant of the complex plane if and only if the Mikhailov
hodograph p (iw, b*) lies in the same quadrant. This, together with the Mikhailov criterion [4, p. 106]
and assumption (2°) of the theorem, implies that the polynomial p (s,b*) is stable. Since € > 0 is

an arbitrarily small number, we have p (s, 5) € 9S. But since o (0, 5) =~ (%) < R(D°), it follows
that v (b°) = R (b"), and the proof of the theorem is complete.

AN UPPER BOUND FOR THE INSTABILITY RADII

The following theorem permits one to find an upper bound for the instability radius of polyno-
mials (7) in the set .%, (n; ;R7) [ie, a? >0,i=0,1,...,n—1,a) =1, and b = (19,...,09) =
(ad,...,al_, e RY)].

By 7 (b°) we denote the maximum real part of the roots of the polynomial p (s,b%); i.e., n (b°) =
max Res;, i = 1,...,n, where the s; are the roots of the polynomial p (s, b°).

Theorem 6. Let p(s,b°) € .7, (n; 1;]1%1) be an unstable polynomial; moreover, let n (b°) > 0.
Then the instability radius of this polynomial can be estimated as

Ry (1°) < max{'w —a’

7!

}, 1=0,1,...,n—1,

where p® (n (B°) ,b°) is the value of the ith derivative of the polynomial p (s,b°) with respect to s at
the point s = n (b°).

Proof. We apply the transformation s = A + 7 (b°) to the polynomial (7). Then we obtain
ﬁ(A,E) =p(A+n(°),0°) =ao+aA+ -+ a, A"+ A,
where ,
__1dp (s,0°)
i dst

Since the transformation s = A+n (b°) corresponds to the shift of the imaginary axis to the right by
n (b°) and the transformed polynomial p ()\, b) has roots lying on the imaginary axis and possibly
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in the left half-plane, we find that the polynomial p ()\, 5) belongs to the boundary 05 of stable
polynomials. Consequently, Ry (b°) < o (0°, 5), but

Q(bo,g) :maXHp(i) (77 (bo) ,bo)/i!—ag‘}, i=0,1,...,n—1.

The proof of the theorem is complete.
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