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Abstract—The problem of a strapdown inertial navigation system (SINS) integration with an odometer as part
of an integrated navigation system is considered. The odometer raw measurement is considered as an incre-
ment of the distance traveled along the odometer “measuring” axis. Models of the integration solution com-
ponents for the case of three-dimensional navigation are presented, among which are the models of inertial
autonomous and kinematic odometer dead reckoning (DR), models of relevant error equations, the model of
SINS position aiding based on the odometer DR data and using GNSS position and velocity, wherever pos-
sible. The models comprise objective components, which do not depend on the type of the inertial sensors
used and their accuracy grade, and variable components, which take into account the properties of the navi-
gation sensors used. The integration does not require zero velocity updates, known as ZUPT correction,
which are commonly used in navigation application.
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INTRODUCTION
The paper considers the problem of SINS/odome-

ter integration within an integrated navigation system.
In this case, the raw measurement of the odometer is
an increment of the distance traveled along its “mea-
suring” axis. The solution of this problem is most
essential for navigation of oil and gas pipeline inspec-
tion robots, wheeled and track-type land vehicles, and
railway transport.

In Russia, the following universities carry out
research in this field: Saint Petersburg State Electro-
technical University (railway applications) [1–3];
Bauman Moscow State Technical University [4],
Moscow Aviation Institute (National Research Uni-
versity) (automotive applications) [5]; Krasnoyarsk
State Technical University (pipeline inspection
robots) [6, 7]; Lomonosov Moscow State University
[8–12].

Russian research institutes and instrument-making
companies are represented by All-Russian Research
Institute Signal (VNII Signal), Perm Scientific and
Production Instrument Making Company, Concern
CSRI Elektropribor, JSC [13], Central Research
Institute of Automation and Hydraulics, JSC (TsNI-
IAG), Gyrolab (Perm) [14], and others.

The list of the foreign companies engaged in solv-
ing the problem of SINS/odometer integration

includes Sagem and SBG Systems (France), iMAR
Navigation GmbH (Germany), Advanced Navigation
(Australia), Datron Technology (UK), and others.

Among the foreign publications known to the
author, of particular interest for us are the works that
focus on the algorithms intended to increase the accu-
racy of the integrated SINS/GNSS/odometer posi-
tional solution. The problems of accuracy increase in
the situations when GNSS data are degraded or
unavailable are considered in [15–17]. Digital maps
[16] and additional sensors, such as magnetometers
[5] and heading sensors [4, 18], can also be used as
sources of aiding data. Some publications describe
calibration of the odometer scale factor error in
motion using GNSS data [19]. There are two
approaches to formation of aiding SINS measure-
ments using odometer readings: the first one is based
on velocity [15, 18, 20, 21] and the second, on position
information [5, 17, 22, 23].

In the above-mentioned publications, odometer
measurements are most often interpreted (formed) as
velocity measurements, which are further used to aid
SINS, and in the case of kinematic odometer DR, the
latter serves as a solution to the navigation problem.
The author is unaware of any works in which the
results of the odometer DR data are used to aid SINS
based on three-dimensional DR and complete models
of SINS error equations. It should be noted that the
problems of SINS aiding using a vessel’s log measure-

1 The paper is based on presentation made at the 13th Multicofer-
ence on Control Problems, Saint Petersburg, 2020.
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ments and the measurements of an aircraft air data
system are information-related problems.

This paper describes the components of the
SINS/odometer integration solution for the case of
three-dimensional navigation, specifically for the
position interpretation of odometer measurements. At
the same time, as is the practice in integrated naviga-
tion systems including SINS, other sources of addi-
tional navigation data serve as means of SINS aiding.
The integration solution comprises objective and vari-
able components. The first one is based on objective
models:

• algorithms for autonomous inertial DR, includ-
ing the SINS vertical channel. Here, DR autonomy
means that SINS navigation solutions are generated
only using the readings of accelerometers and angular
rate sensors (ARS);

• algorithms for three-dimensional kinematic
odometer DR;

• SINS error equations;
• odometer DR error equations;
• equations of SINS positional aiding using posi-

tion data of the odometer DR;
• equations of SINS positional aiding and odome-

ter DR aided with the available GNSS data or known
coordinates of marker (reference) points in the prob-
lems of pipeline inspection.

The second, variable component, takes into
account specific properties of the navigation sensors
used in a particular integrated navigation system:
accelerometers, ARS, and odometer.

The proposed integration solution does not require
ZUPT corrections, which are commonly used in nav-
igation applications mentioned above.

For definiteness, we assume that the SINS/odom-
eter integration solution is based on the Kalman filter-
ing with feedbacks to the SINS and odometer DR.

The paper is a follow-up to the methodical publica-
tions [10, 11], which give the classification of possible
functional schemes used to solve the problem of
SINS/odometer integration. The classification given
in these papers correlates with the well-known classi-
fication of problems on integration of INS and GNSS,
with four levels of integration: separate systems,
loosely coupled systems, tightly coupled systems, and
deeply integrated systems, see, for example, [28].
Accordingly, loosely coupled odometer/SINS inte-
gration is understood as an integration solution
wherein an SINS provides attitude information for the
odometer DR. The tightly coupled SINS/odometer
integration refers to solutions in which the odometer
readings (interpreted as position or velocity informa-
tion) serve as aiding measurements for the SINS.
Deeply coupled SINS/odometer integration refers to
solutions in which odometer measurements, or the
coordinates derived from them, serve as aiding mea-
GYROSCOPY AND NAVIGATION  Vol. 12  No. 2  20
surements with feedbacks into the SINS DR algo-
rithms.

The paper offered to the reader is methodical in
nature, its aim being to describe the objective compo-
nents of the SINS/odometer integration solution, as
well as to present the main components of the variable
models. The models presented below partially use the
form of differential equations, allowing for their com-
pact representation, and partially the discrete form,
where it seems appropriate in the context. Note that in
this paper, we do not discuss obvious simplifications
of the models based on the specifics of the considered
land applications, such as relatively low velocities of
the vehicle, especially its vertical component, etc. This
is partly due to the fact that some of the models given
below are also used in other projects of the Control
and Navigation Laboratory of Lomonosov Moscow
State University, for example, in the problems of reca-
libration and realignment [27, 33], and the airborne
gravimetry problem [31].

MODEL OF INS AUTONOMOUS DR
In practice, the model of SINS autonomous DR is

most often represented by the version wherein a geo-
detic frame with one or another law of azimuth orien-
tation serves as a reference navigation frame: a geo-
detic grid, azimuth-free or wander-azimuth frames
[24]. To be specific, consider a version of a geodetic
grid.

The SINS output is as follows:
• geodetic coordinates: longitude λ', latitude ϕ',

height h';
• components of vector V' of the linear relative

velocity: eastern , northern , and vertical 
components;

• angles of true heading ψ', pitch υ', roll γ'.
Here, symbol (') is used to indicate the SINS out-

put information; similar parameters without this sym-
bol correspond to their true values.

Mechanization equations of inertial DR can be
implemented in different equivalent forms: orientation
matrices or quaternions; DR can be carried out
directly in the geodetic grid, etc.; numerical methods
for integration of ‘fast’ orientation equations can be
different. The literature on these issues is rather exten-
sive; see, for example, [24] and [26].

Below we present the differential form of the verti-
cal channel equations, because in the literature, DR
models are often given only for horizontal SINS chan-
nels. Thus, we have
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Here,  are the eastern and northern components
of the model vector of the relative angular velocity of
the reference geodetic frame; u is the angular rate of

the Earth’s rotation;  is the ‘vertical’ accelerometer
measurement obtained by the accelerometers’ mea-
surement projections on the axes of the geodetic
frame; g is the absolute value of the specific force cal-
culated, for example, by the Helmert formula [24].

MODEL OF KINEMATIC ODOMETER DR

Kinematic odometer DR of geodetic coordinates
uses the angles of the true heading ψ', pitch υ', and roll
γ' provided by the SINS. Odometer measurements
represent an increment of the distance traveled along
the “measuring” axis of the odometer. In this case, it
is assumed that appropriate adjustment procedures
were carried out at the vehicle, aimed to ensure the
highest possible accuracy in the alignment of the vehi-
cle’s longitudinal axis, one of the SINS axes Mz (here-
inafter also called the longitudinal axis), and the
direction of the odometer’s “measuring” axis. The
mechanization equations are as follows [11] (here, the
equations are given in discrete form; we mean the dis-
crete nature of the odometer positional measure-
ment):

(2)

Here, j corresponds to the moment of time tj;  is
the odometer measurement in [m] on the odometer

measurement interval [tj, tj+1];  is
the model matrix of orientation of the SINS body
frame Mz (axis Mz1 is directed to starboard, Mz2 is the
longitudinal axis, axis Mz3 is directed upward, point M
is the center of the accelerometer unit) relative to the
reference geodetic frame (with the orientation of axes
1, 2, 3 to the east, north, and upward), calculated using

the values of the true heading angles , pitch , and

roll ;  is the vector of
the distance traveled in the eastern, northern, and ver-
tical directions; RE, RN are the radii of curvature of the
first vertical and meridian sections of the navigation
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ellipsoid (for land applications,  can
be substituted by the value of a, which is the ellipsoid
semimajor axis);  are the geodetic coor-
dinates derived by odometer DR.

Relations (2) can also be represented as follows
[11]:

(3)

Here,  is the vector of the
“odometric” velocity in the axes of the geodetic frame.

Note that the “odometric” height can be used to
aid the exponentially unstable autonomous vertical
channel (1) of the SINS, for example, in the following
conventional way:

(4)

where q1, q2 are the feedback coefficients ensuring the
stability of the SINS vertical channel [24].

It is also important to note that when forming the
absolute value of specific gravity g in (4), we can use
the values of both h' (which actually leads to the expo-
nential instability of the SINS autonomous vertical
channel, in addition to the instrumental errors of the
inertial sensors) and h0 of the odometric height. The
corresponding modification of the SINS vertical
channel error equations for this case is described
below.

It is quite obvious that the obtained solution for the
SINS vertical channel will be “tracking” the behavior
of the odometric height without exponential accumu-
lation of its error.

MODEL OF SINS ERROR EQUATIONS
The model given below is widespread in airborne

applications; see, for example, [27]. Its distinctive fea-
ture is that the errors of relative linear velocity are pre-
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sented as a sum of dynamic and kinematic compo-
nents [24], and SINS attitude errors, as two misalign-
ment errors of the instrument vertical and the
kinematic azimuth error of the geodetic frame. This
model is one of the objective components of the
SINS/odometer integration solution. The right parts
of the SINS errors equations include the parameters of
instrumental errors of the accelerometers and gyro-
scopes, which refer to the variable component of the
model. For simplicity, the instrumental errors models
given below take into account only biases and noise
components. The designers of a specific integrated
navigation system can use their own models in accor-
dance with the specifics of the inertial sensors used.

In this case, the composite state vector of the SINS
errors and instrumental errors of the inertial sensors
has the 15th order, which includes the following
parameters:

(5)

Here, ΔrE, ΔrN are position errors [m] in the horizontal
plane in the east and north directions; Δh is the inertial
height error; δVE, δVN, δVUP are the dynamic errors in
determining the eastern, northern, and vertical com-
ponents of the relative linear velocity; αE, αN are the
eastern and northern misalignment errors of the
instrument vertical; β3 is the azimuth kinematic error;

 are biases of the gyros and acceler-
ometers.

The presentation of the INS errors as a sum of two
fractions, dynamic and kinematic, was described in
the classic work [29] in the 1960s, where the author
called them the errors of the first and second groups,
respectively. In [30], they were called dynamic and
kinematic components of the INS errors. Briefly, the
kinematic error equations reflect the contribution of
the ARS (in the case of SINS) to the errors of the nav-
igation system. The dynamic errors are due to acceler-
ometers inaccuracies at the integration stage of the
SINS dynamic equations.

In the following models of the SINS error equa-
tions, such separation was made for the velocity errors:
the corresponding dynamic errors δVE, δVN, δVUP are
used instead of the total velocity errors ΔVE, ΔVN,
ΔVUP. The dynamic errors δVE, δVN, δVUP are conve-
nient to use, firstly, because the right parts of the
equations do not include any accelerometer readings
for these variables (derivation of the corresponding
error equations is given in detail in [24]) in contrast to
the equations for total velocity errors. This is undoubt-
edly convenient for real-time applications. Secondly,
for navigation sensors, such as logs, air data system,
odometer as a velocity sensor, etc., measuring the
vehicle’s velocity along its longitudinal axis, the corre-
sponding velocity aiding measurements represent the
measurements of dynamic velocity errors. For exam-
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ple, it is easy to see from the formulas (2.4.11), (3.4.1)
in [26] in the section devoted to the models of SINS
aiding using log measurements.

The errors equations [24] take the following forms
(differential form with insignificant simplifications):

(6)
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Here, a is the semimajor axis of the navigation ellip-
soid; ge is the nominal absolute value of specific grav-

ity;  is the square of the Schuler frequency;

 is the vertical component of the rela-
tive angular rate vector of the geodetic reference
frame;  are the gyro and accelerom-
eter noise error components; Δh* = Δh in the case of
the autonomous SINS vertical channel; Δh* = Δh0 ,
where Δh0 is the error in the odometric height when
the latter is used to damp the SINS vertical channel.

Note. Equations (6) can certainly be simplified,
taking into account the specifics of land applications,
neglecting low-level terms, for example, those con-

taining the factor .

In accordance with the adopted errors model of
inertial sensors, simplified for the illustration, equa-
tions (6) should be added by the forming equations:

(7)

MODEL OF KINEMATIC ODOMETRIC DR 
ERROR EQUATIONS

Objectively, the model parameters are vector
of the odometric positional

error as well as SINS angular errors, since the odome-
ter DR uses angular information provided by the
SINS. The errors equation model for kinematic odo-
metric DR also includes the error of the odometer
scale factor; two misalignment errors of the odometer
‘measuring’ axis with respect to the heading and pitch
channels. On the one hand, these three parameters
also belong to the objective part of the odometer errors
equation model, because they are included in the
problem as residual errors of the scale factor and mis-
alignment angles after calibration and adjustment of
the odometer. On the other hand, these parameters
can also be attributed to the variable part, when the
developer of the system nuances the models of these
errors, for example, as it was done for the odometer
scale factor error model in [3].

Now let us take a closer look at the odometer error
components. Without going into details of its hard-
ware design, we consider the odometer as a device that
measures the number Nj, (N0 = 0) of partial angles of
rotation of the measuring wheel over the time interval
[t0, tj]. Let n be the number of marks uniformly spaced
circumferentially on the wheel, then the value of the
partial angle of rotation is given as Δa = 2π/n. Let us
denote the radius of the wheel by R. Then the distance
traveled s with the wheel-surface contact point W on
the time interval [t0, tj] can be written as
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where K is the odometer scale factor, which converts
measurements Nj into the distance traveled, and the
difference ΔNj + 1 = Nj + 1 – Nj characterizes the dis-
tance traveled Δsj+1 on the interval [tj, tj + 1]; in this
case, Δsj + 1 = KΔNj + 1.

Idealized odometer model

Consider the commonly used a priori idealized
odometer model, which assumes that, firstly, the vehi-
cle moves without slipping and secondly, the odome-
ter measuring wheel is in close continuous touch with
the road.

This allows us to pass from the scalar interpretation
of the odometer measurement to the vector one: the
vector of the path increment in the axes of the body-
fixed frame Ws is a vector with two zero components
(projections onto the lateral Ws1 and vertical Ws3 axes)
and one nonzero component Δsj + 1 (when the vehicle
is moving) along the longitudinal axis Ws2:

(9)

Realistic odometer model

The realistic odometer measurement model should
take into account at least the following factors:

• error k of the scale factor K:

(10)

where K is the true value of the scale factor, K' is the
value used in the calculations;

• the odometer “measuring” axis Ws2 and the
SINS longitudinal axis Mz2 may be misaligned. This
case is formalized by introducing a vector of small
rotation (if adjustment errors are small) δ = (δ1, δ2,
δ3)T, which characterizes the mutual orientation of the
SINS instrumental frame Mz and the body frame Ws:

(12)

where l is the same vector in the projections on the
corresponding axes, I is the unit (3 × 3) matrix,  is the
skew-symmetric matrix assigned to vector δ.

Further, to derive the equations of odometric DR
errors, we need a model of the distance traveled incre-
ment Δsz = (Δsz1, Δsz2, Δsz3)T in the axes of the SINS
instrument frame Mz. Taking into account models
(11), (12), (2), we obtain
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(13)

where  is a random error in the odometer mea-
surement.

It can be shown that for positional errors
 of odometric DR in the east-

ern, northern, and vertical directions, the following
model of error equations (differential form) is valid
[10–12]:

(14)

Here,  are the components of the
relative angular velocity of the odometric geodetic
frame calculated by the known formulas using the val-
ues of the odometric coordinates λ0, ϕ0, h0 and the

vector of the relative odometric velocity
;

ΔV s is the random error of the odometric velocity.
Formula (14) includes the SINS kinematic errors

βE, βN, β3, which are related to the components of the
state vector (5) of the SINS errors as follows [24]:

(15)

Below is one of the possible variants of the model
(variable part) for the odometer scale factor error and
misalignment of its ‘measuring’ axis:

(16)

Model (16) represents two fractions: constant
nominal components k0, ,  and variable compo-
nents ks, ,  modeled by random processes with a
priori specified characteristics. The latter are the least
formalized elements of the mathematical model, the
characteristics of which are selected based on the
experience in processing experimental data of a partic-
ular integrated system.

The total state vector of the SINS/odometer inte-
gration problem consists of two subvectors. The first
one, ‘objective’, consists of the following components:

(17)

The second subvector, “variable”, consists of the
parameters of the illustrative models used in this paper
for the instrumental errors of the inertial sensors and
odometer:

(18)

MODEL OF AUTONOMOUS SINS AIDING 
USING ODOMETRIC DR DATA

The difference in the geodetic coordinates (longi-
tude, latitude, altitude) determined by the SINS and
odometric DR is used as SINS aiding:

(19)

These differences in linear approximation charac-
terize the difference between the positional errors of
the SINS and the odometer DR:

(20)

Based on (19), we derive the objective model of
positional aiding zpos:

(21)
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ment error–introduced into the measurement model
(20)–due to possible errors in synchronization of the
SINS and odometer data, the representative value of
the minimum increment in the distance traveled mea-
sured by the odometer, etc. Characteristics of noise r
are adjusted based on the experience in processing
experimental data.

Thus, measurement (19) allows for continuous
autonomous SINS aiding using odometric coordi-
nates. In this case, there is no need for a vehicle to
make stops for SINS aiding with zero velocity updates.
In addition, it becomes possible to recalibrate the
instrumental errors of inertial sensors, instrumental
(k0) and geometric (misalignments δ1, δ3) odometer
errors since these parameters are included in the state
vector of the corresponding estimation problem. Esti-
mation of these parameters from the standpoint of
their quality and quantity is beyond the scope of this
paper as it is supposed to be the subject of a separate
study.

USING EXTERNAL INFORMATION 
FOR AIDING THE SINS/ODOMETER 

INTEGRATED SYSTEM
It is also possible that we have additional external

navigation information on position λGNSS, ϕGNSS,
hGNSS, and velocity  provided by
the GNSS receiver; information on the coordinates
λref, ϕref, href of markers, reference points in the prob-
lems of oil and gas pipeline inspection; positional car-
tographic information.

The availability of external positional information
makes it possible to carry out only one-step aiding of
both SINS and odometer DR, using objective mea-
surement models:

(24)

where rλ, rϕ, rh are the errors in the positional data
from the GNSS receiver, for which a discrete white-
noise model of a specified intensity is commonly used
in SINS/GNSS integration problems.

Obviously, model (24) is also valid when coordi-
nates λref, ϕref, href of the reference points are used for
aiding.

Information on external velocity also makes it pos-
sible to form aiding measurements and present the
corresponding objective models [24]:
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where  are the errors in the velocity data
from the GNSS receiver, for which a discrete white-
noise model of a specified intensity is also commonly
used in SINS/GNSS integration problems.

Note. Equations (25) can be simplified, taking into
account the specifics of land applications, neglecting

the low-level terms containing the factor .

NUMERICAL IMPLEMENTATION 
OF THE SINS/ODOMETER INTEGRATION 

ALGORITHM

The SINS/odometer integration solution is based
on the estimation problem solution for the state vector
y (whose components are represented by (22)) of the
linear dynamic system of the form (see (6), (7), (14),
(15)):

(26)

using measurements zpos = (zλ, zϕ, zh)T (also see (19),
(20, (23)) and, if available, positional (24) and velocity
(25) GNSS measurements, as well as available infor-
mation on the coordinates of reference points.

The general model for the above-mentioned mea-
surements can be written as follows:

(27)

where the composition of the measurement vector z
and the model of matrix H are determined by the
above formulas.

Vector v in (26) is a combined vector of the noise
errors of the inertial sensors (see (6)), odometer mea-
surements (11), and its variable parameters (16); w is
the vector of the GNSS and odometer measurement
noise errors.

To solve problems (26), (27) written in the equiva-
lent discrete form, we use a Kalman filter algorithm
(with parameterization of the corresponding hypothe-
ses). The algorithm of the extended Kalman filter is
used with the feedbacks at each step of the measure-
ment arrival, as is done in [26], see section 4.1.1.3.
Feedback is also based on the estimates of the SINS
instrumental error parameters

(28)
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(29)

Here, ,  are measurements of the gyroscopes
and accelerometers of the SINS in its instrument ref-
erence frame Mz;  are the measurements cor-
rected by the estimates of biases;  is the corrected
“vector” odometer measurement (13).

A few words about the experimental work on the
development and application of the software for the
SINS/odometer integration solution. The software
was developed within the framework of a research and
development contract between the Laboratory of
Control and Navigation of Lomonosov Moscow State
University with industrial partners (some of them are
mentioned in the introduction) and handed over to
the contractors [12, 25, 32]. These applications used
inertial measurement units that included MEMS sen-
sors [32], fiber optic gyroscopes of different accuracy
grades [12, 25], and laser gyroscopes. The minimum
increment of the distance traveled measured by the
odometer ranged from a few millimeters for oil and gas
pipeline inspection robots to a few tens of centimeters
for land applications. The navigation facilities were oil
and gas pipeline inspection robots, a car-laboratory
for diagnostics of a roadbed, a land wheeled vehicle
[12], and a railway carrier of the navigation system.
Some of the navigation results obtained during the
tests on the Soyuz trunk pipeline with the inspection
robot developed by Orgenergogaz Saratovorgdiagnos-
tika are considered in [25].

We emphasize that the objective models of inertial
and odometric DR, models of errors equations and
aiding measurements–the core of the SINS/odometer
integration solution–remained unchanged for differ-
ent applications and various composition of inertial
sensors, while the driving noise and measurements
were adjusted to the accuracy grade of the inertial sen-
sors used and the odometer resolution. We should also
note that these objective models have long been used
by the Laboratory of Control and Navigation in other
navigation applications, for example, for recalibration
and realignment of laser SINS for airborne applica-
tions [27, 33].

CONCLUSIONS
This methodical paper describes the main models

of the SINS/odometer integration solution for the
positional interpretation of odometer measurements.
The structure of the integration solution is presented
with its objective and variable components.

The objective part includes the well-known model
of autonomous inertial three-dimensional SINS DR;
the model of kinematic odometric DR; equations of
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SINS and odometric DR errors; models of SINS aid-
ing using odometric coordinates and, when available,
additional navigation information provided by the
GNSS receiver and information on the coordinates of
the reference points.

The variable part includes models of instrumental
errors of inertial sensors, the odometer positional
measurement model for a specific navigation inte-
grated system.

The structure of the SINS/odometer integration
solution has made it possible to modify the basic soft-
ware for various applications: navigation of oil and gas
pipeline inspection robots, land vehicles, and railway
transport.
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