ACCL Lecture 3:
Infinitary classical propositional logic:
Syntax, semantics, non-compactness.
The cardinality of the set of formulas

Evgeny Zolin

Department of Mathematical Logic and Theory of Algorithms
Faculty of Mechanics and Mathematics
Moscow State University

Advanced Course in Classical Logic
March 10th, 2021

Evgeny Zolin, MSU Infinitary Logic 10.03.2021

1/15



flx) —



Warming up

f(x1) — unary function (ogHomecTHas)

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 2/15



Warming up

f(x1) — unary function (ogHomecTHas)
f(x1,x2) —

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 2/15



Warming up

f(x1) — unary function (ogHomecTHas)
f(x1,x2) — binary function (gBymecTHas)

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 2/15



Warming up

f(x1) — unary function (ogHomecTHas)
f(x1,x2) — binary function (gBymecTHas)
f(X17X27 X3) -

Evgeny Zolin, MSU Infinitary Logic

10.03.2021

2/15



Warming up

f(x1) — unary function (ogHomecTHas)
f(x1,x2) — binary function (gBymecTHas)
f(x1, x2, x3) — ternary function (TpexmectHas)

Evgeny Zolin, MSU Infinitary Logic

10.03.2021

2/15



Warming up

f(x1) — unary function (ogHomecTHas)
f(x1,x2) — binary function (gBymecTHas)
f(x1, x2, x3) — ternary function (TpexmectHas)
f(x1, X2, X3, Xa) —

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 2/15



Warming up

f(x1) — unary function (ogHomecTHas)

f(x1,x2) — binary function (gBymecTHas)

f(x1, x2, x3) — ternary function (TpexmectHas)
f(x1, X2, X3, x4) — quaternary function (4eTbipexmecTHas)

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 2/15



Warming up

f(x1) — unary function (ogHomecTHas)

f(x1,x2) — binary function (gBymecTHas)

f(x1, x2, x3) — ternary function (TpexmectHas)
f(x1, X2, X3, x4) — quaternary function (4eTbipexmecTHas)
f(x1, x2, X3, X4, X5) —

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 2/15



Warming up

f(x1) — unary function (ogHomecTHas)

f(x1,x2) — binary function (gBymecTHas)

f(x1, x2, x3) — ternary function (TpexmectHas)
f(x1, X2, X3, x4) — quaternary function (4eTbipexmecTHas)
f(x1, x2, X3, Xa, X5) — quinary function (nsTumecrtHas)

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 2/15



Warming up

f(x1) — unary function (ogHomecTHas)

f(x1,x2) — binary function (gBymecTHas)

f(x1, x2, x3) — ternary function (TpexmectHas)

f(x1, X2, X3, x4) — quaternary function (4eTbipexmecTHas)
f(x1, x2, X3, Xa, X5) — quinary function (nsTumecrtHas)

senary, septenary, octenary (or octal), nonary, denary (decimal), ...

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 2/15



Warming up

f(x1) — unary function (ogHomecTHas)

f(x1,x2) — binary function (gBymecTHas)

f(x1, x2, x3) — ternary function (TpexmectHas)

f(x1, X2, X3, x4) — quaternary function (4eTbipexmecTHas)
f(x1, x2, X3, Xa, X5) — quinary function (nsTumecrtHas)

senary, septenary, octenary (or octal), nonary, denary (decimal), ...

All of them are finitary functions (puHutapHasi, koHe4HOMeCTHasi)

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 2/15



Warming up

f(x1) — unary function (ogHomecTHas)

f(x1,x2) — binary function (gBymecTHas)

f(x1, x2, x3) — ternary function (TpexmectHas)

f(x1, X2, X3, x4) — quaternary function (4eTbipexmecTHas)
f(x1, x2, X3, Xa, X5) — quinary function (nsTumecrtHas)

senary, septenary, octenary (or octal), nonary, denary (decimal), ...

All of them are finitary functions (puHutapHasi, koHe4HOMeCTHasi)

f(x1,x2,...) —

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 2/15



Warming up

f(x1) — unary function (ogHomecTHas)

f(x1,x2) — binary function (gBymecTHas)

f(x1, x2, x3) — ternary function (TpexmectHas)

f(x1, X2, X3, x4) — quaternary function (4eTbipexmecTHas)
f(x1, x2, X3, Xa, X5) — quinary function (nsTumecrtHas)

senary, septenary, octenary (or octal), nonary, denary (decimal), ...

All of them are finitary functions (puHutapHasi, koHe4HOMeCTHasi)

f(x1, x2,...) — infinitary function (MHcuHNUTapHas, beckoHeHHOMECTHAS)

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 2/15



Warming up

KOHEYHBbI beckoHe4HbIl

finite infinite
KOHEYHOMECTHBbI BeckoHeYHOMECTHBIN
finitary infinitary

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 3/15



Warming up

KOHEYHBbI beckoHe4HbIl

finite infinite

[aiinaiiT]

KOHEYHOMECTHBbI BeckoHeYHOMECTHBIN
finitary infinitary

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 3/15



Warming up

KOHEYHBbI beckoHe4HbIl

finite infinite

[aiinaiiT] [mHprHMT]
KOHEYHOMECTHBbI BeckoHeYHOMECTHBIN
finitary infinitary

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 3/15



Warming up

KOHEYHbIA beckoHeYHbl

finite infinite

[aiinaiiT] [mHprHMT]
KOHEYHOMECTHbI BecKOHEYHOMECTHbI
finitary infinitary
[puHuTapu]

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 3/15



Warming up

KOHEYHbI BeckoHeYHbI

finite infinite

[aiinaiiT] [mHprHMT]
KOHEYHOMECTHbI A 6eCKOHEHHOMECTHbI
finitary infinitary
[puHuTapu] [MHdbrHNTapY]

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 3/15



ACCL Lecture 3:
Infinitary classical propositional logic:
Syntax, semantics, non-compactness.
The cardinality of the set of formulas

Evgeny Zolin

Department of Mathematical Logic and Theory of Algorithms
Faculty of Mechanics and Mathematics
Moscow State University

Advanced Course in Classical Logic
March 10th, 2021

Evgeny Zolin, MSU Infinitary Logic 10.03.2021

4/15



Infinitary propositional formulas: syntax

We will consider the language with countable conjunctions and disjunctions.

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 5/15



Infinitary propositional formulas: syntax

We will consider the language with countable conjunctions and disjunctions.
We have a countable set of variables: Var = {pg, p1, ...}

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 5/15



Infinitary propositional formulas: syntax

We will consider the language with countable conjunctions and disjunctions.
We have a countable set of variables: Var = {pg, p1, ...}

Definition

Formulas of the infinitary propositional language:
the set Fm is the smallest set, such that

@ every variable p; € Var is a formula: p; € Fm,

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 5/15




Infinitary propositional formulas: syntax

We will consider the language with countable conjunctions and disjunctions.
We have a countable set of variables: Var = {pg, p1, ...}

Definition
Formulas of the infinitary propositional language:
the set Fm is the smallest set, such that

@ every variable p; € Var is a formula: p; € Fm,
o if Ac Fm, then —A € Fm,

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 5/15




Infinitary propositional formulas: syntax

We will consider the language with countable conjunctions and disjunctions.
We have a countable set of variables: Var = {pg, p1, ...}

Definition
Formulas of the infinitary propositional language:
the set Fm is the smallest set, such that
@ every variable p; € Var is a formula: p; € Fm,
o if Ac Fm, then —A € Fm,

e if ® C Fm and & is at most countable: |®| < w, then (AP) € Fm.

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 5/15




Infinitary propositional formulas: syntax

We will consider the language with countable conjunctions and disjunctions.
We have a countable set of variables: Var = {pg, p1, ...}
Definition
Formulas of the infinitary propositional language:
the set Fm is the smallest set, such that
@ every variable p; € Var is a formula: p; € Fm,
o if Ac Fm, then —A € Fm,
e if ® C Fm and @ is at most countable: |®| < w, then (A®P) € Fm.

Other connectives are introduced as abbreviations:

(AAB) = A\{A B}, (AVB):=—~(-AA-B),
(A= B):=~(AA-B), Vo :=-A\{-A|Ac b}

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 5/15




Infinitary propositional formulas: syntax

We will consider the language with countable conjunctions and disjunctions.

We have a countable set of variables: Var = {pg, p1, ...}
Definition
Formulas of the infinitary propositional language:
the set Fm is the smallest set, such that
@ every variable p; € Var is a formula: p; € Fm,
o if Ac Fm, then —A € Fm,

e if ® C Fm and & is at most countable: |®| < w, then (AP) € Fm.

Other connectives are introduced as abbreviations:

(AAB) = A\{A B}, (AVB):=—~(-AA-B),
(A= B):=~(AA-B), Vo :=-A\{-A|Ac b}

Also we abbreviate T := A@, L :=—T.

Evgeny Zolin, MSU Infinitary Logic 10.03.2021

5/15



Infinitary propositional formulas: syntax

We will consider the language with countable conjunctions and disjunctions.
We have a countable set of variables: Var = {pg, p1, ...}
Definition
Formulas of the infinitary propositional language:
the set Fm is the smallest set, such that
@ every variable p; € Var is a formula: p; € Fm,
o if Ac Fm, then —A € Fm,

e if ® C Fm and & is at most countable: |®| < w, then (AP) € Fm.

Examples: A{po, p1,...} —is a formula,

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 5/15



Infinitary propositional formulas: syntax

We will consider the language with countable conjunctions and disjunctions.
We have a countable set of variables: Var = {pg, p1, ...}
Definition
Formulas of the infinitary propositional language:
the set Fm is the smallest set, such that
@ every variable p; € Var is a formula: p; € Fm,
o if Ac Fm, then —A € Fm,

e if ® C Fm and & is at most countable: |®| < w, then (AP) € Fm.

Examples: A{po, p1,...} —is a formula,
AnsoP2n AV =07 P2n+1 — is a formula

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 5/15



Infinitary propositional formulas: syntax

We will consider the language with countable conjunctions and disjunctions.
We have a countable set of variables: Var = {pg, p1, ...}
Definition
Formulas of the infinitary propositional language:
the set Fm is the smallest set, such that
@ every variable p; € Var is a formula: p; € Fm,
o if Ac Fm, then —A € Fm,
e if ® C Fm and @ is at most countable: |®| < w, then (A®P) € Fm.

Examples: A{po, p1,...} —is a formula,
AnsoP2n AV =07 P2n+1 — is a formula

How many formulas do we have? |[Fm| = ...|N|? ...2/NI? 22

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 5/15



Infinitary propositional formulas: syntax

We will consider the language with countable conjunctions and disjunctions.
We have a countable set of variables: Var = {pg, p1, ...}
Definition
Formulas of the infinitary propositional language:
the set Fm is the smallest set, such that
@ every variable p; € Var is a formula: p; € Fm,
o if Ac Fm, then —A € Fm,
e if ® C Fm and @ is at most countable: |®| < w, then (A®P) € Fm.

Examples: A{po, p1,...} —is a formula,
AnsoP2n AV =07 P2n+1 — is a formula

How many formulas do we have? |[Fm| = ...|N|? ...2/NI? 22
At least continuum: take A® for any & C Var.

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 5/15



Infinitary propositional formulas: syntax

We will consider the language with countable conjunctions and disjunctions.
We have a countable set of variables: Var = {pg, p1, ...}
Definition
Formulas of the infinitary propositional language:
the set Fm is the smallest set, such that
@ every variable p; € Var is a formula: p; € Fm,
o if Ac Fm, then —A € Fm,
e if ® C Fm and @ is at most countable: |®| < w, then (A®P) € Fm.

Examples: A{po, p1,...} —is a formula,
AnsoP2n AV =07 P2n+1 — is a formula

How many formulas do we have? |[Fm| = ...|N|? ...2/NI? 22
At least continuum: take A® for any & C Var.
Exactly continuum or more?

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 5/15



Infinitary propositional formulas: semantics

A valuation is a function v: Var — {0,1}.

Evgeny Zolin, MSU Infinitary Logic 10.03.2021 6/15



Infinitary propositional formulas: semantics

A valuation is a function v: Var — {0,1}.
It is extended from Var to all formulas Fm inductively:

v(—-A) =1-v(A),

Evgeny Zolin, MSU Infinitary Logic 10.03.2021

6/15



Infinitary propositional formulas: semantics

A valuation is a function v: Var — {0,1}.
It is extended from Var to all formulas Fm inductively:

v(~A) =1-v(A),  v(A\®)= I] v(A).

Aco

Evgeny Zolin, MSU Infinitary Logic 10.03.2021

6/15



Infinitary propositional formulas: semantics

A valuation is a function v: Var — {0,1}.
It is extended from Var to all formulas Fm inductively:

v(~A) =1-v(A),  v(A\®)= I] v(A).

Aco

Denote: v = A iff v(A) =1

Evgeny Zolin, MSU Infinitary Logic 10.03.2021

6/15



Infinitary propositional formulas: semantics

A valuation is a function v: Var — {0,1}.
It is extended from Var to all formulas Fm inductively:

v(-A) =1-v(A),  v(A®) = ] v(A).
Acod
Denote: v = A iff v(A) =1. Then the semantics of A is:

vE AP <= v [ Aforevery formula A € ®.

Evgeny Zolin, MSU Infinitary Logic 10.03.2021

6/15



Infinitary propositional formulas: semantics

A valuation is a function v: Var — {0,1}.
It is extended from Var to all formulas Fm inductively:

v(mA)=1-v(A),  v(A®) = ]I v(A).
Acod
Denote: v = A iff v(A) =1. Then the semantics of A is:
vE AP <= v [ Aforevery formula A € ®.

viEV® <= v = A forsome formula A€ ®.

Evgeny Zolin, MSU Infinitary Logic 10.03.2021

6/15



Infinitary propositional formulas: semantics

A valuation is a function v: Var — {0,1}.
It is extended from Var to all formulas Fm inductively:

v(~A) =1-v(A),  v(A\®)= I] v(A).

Aco

Denote: v = A iff v(A) =1. Then the semantics of A is:
vE AP <= v [ Aforevery formula A € ®.

viEV® <= v = A forsome formula A€ ®.
Definition

Ais a tautology if v(A) =1 for all valuations v.

Evgeny Zolin, MSU Infinitary Logic 10.03.2021

6/15



Infinitary propositional formulas: semantics

A valuation is a function v: Var — {0,1}.
It is extended from Var to all formulas Fm inductively:

v(~A) =1-v(A),  v(A\®)= I] v(A).

Aco

Denote: v = A iff v(A) =1. Then the semantics of A is:
vE AP <= v [ Aforevery formula A € ®.

viEV® <= v = A forsome formula A€ ®.

Definition
Ais a tautology if v(A) =1 for all valuations v.
A is satisfiable if v(A) =1 for some valuation v.

Evgeny Zolin, MSU Infinitary Logic 10.03.2021

6/15



Infinitary propositional formulas: semantics

A valuation is a function v: Var — {0,1}.
It is extended from Var to all formulas Fm inductively:

v(~A) =1-v(A),  v(A\®)= I] v(A).
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Denote: v = A iff v(A) =1. Then the semantics of A is:
vE AP <= v [ Aforevery formula A € ®.

viEV® <= v = A forsome formula A€ ®.

Definition

Ais a tautology if v(A) =1 for all valuations v.

A is satisfiable if v(A) =1 for some valuation v.

A set ' C Fm is satisfiable if v |=T for some valuation v.
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How many functions f(xo, x1,...): {0,1}* — {0, 1} does there exist?
22" (hypercontinuum = continuum)

How many formulas |Fm| do we have? Only continuum = 2/,

So, not every infinitary Boolean function is representable by an infinitary
formula.

Task. Try to build a concrete example of an non-expressible function.
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Answer: at A\ = w; (the first uncountable ordinal).
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Cardinality of the set of all infinitary formulas

Theorem J

There are continuum many infinitary formulas: |Fm| = c.
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Rules: modus ponens and (RA): %B/{’jf"’
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Axioms and rules for the infinitary propositional logic

Axioms:
e All tautologies for A, V, —, —
e A®— A forevery Ac ®, where & C Fm is at most countable

{A— B}geo

Rules: modus ponens and (RA): ey

Definition

A derivation is an at most countable sequence of formulas (Ag)s<x, where
A is some (at most) countable ordinal, such that each formula

— either is an axiom,

— or is obtained from the previous formulas by some rule of inference.
The formula A is provable (or derivable): - A.

A derivation from a set of hypothesis I = A — is defined similarly.
(here T is at most countable)
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Proof theory for the infinitary logic

Theorem (Deduction theorem)
IfT,AF- B thenT - A— B.

Proof: see the lecture notes.

Theorem (Completeness)

(a) FA <— Aisvalid.
(b)) THFA <= T | A. (hereTl is at most countable)
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Home tasks

Task 1: If we allow for taking A® for at most continual sets: |®| < ¢
then every infinitary Boolean function f(xg, x1,...): {0,1}* — {0,1} is
representable by some formula.

How many formulas do we have here?

Task 2: Write an infinitary formula A with very big conjunctions /
disjunctions (continual, hypercontinual) such that

Ais a tautology <=  we believe in the Continuum Hypothesis. ]

Task 3: Do the same for the Axiom of Choice.

Task 4: Does interpolation theorem hold for Fm,,?

Thank you! Questions?
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