ISSN 0016-7932, Geomagnetism and Aeronomy, 2016, Vol. 56, No. 6, pp. 724—732. © Pleiades Publishing, Ltd., 2016.
Original Russian Text © V.V. Surkov, M. Hayakawa, 2016, published in Geomagnetizm i Aeronomiya, 2016, Vol. 56, No. 6, pp. 763—771.

Semianalytical Models of Sprite Formation
from Plasma Inhomogeneities

V. V. Surkov* # * and M. Hayakawa“
9 National Research Nuclear University MEPhI, Moscow, 115409 Russia

b pushkov Institute of Terrestrial Magnetism, lonosphere, and Radiowave Propagation,
Russian Academy of Sciences (IZMIRAN), Troitsk, Moscow, 142190 Russia

¢Telecommunication University, Tokyo, Japan
*e-mail: surkovvadim @yandex.ru
Received September 17, 2015; in final form, February 1, 2016

Abstract—A spherical plasma inhomogeneity located at mesospheric altitudes in a thundercloud quasi-elec-
trostatic field is considered as a possible cause of sprite formation. A simple semianalytical model of ioniza-
tion instability in a quasi-electrostatic field, the value of which is larger than the air breakdown value, is devel-
oped on the assumption that plasma ball conductivity is controlled by impact ionization and electron attach-
ment to neutrals. After several simplifications, the problem is reduced to a system of ordinary differential
equations for the average conductivity and plasma ball radius. The analytical estimates and numerical simu-
lation indicate that the predicted expansion rate and acceleration of the plasma inhomogeneity boundary are
close in magnitude to the values observed during high-speed imaging of sprite development.
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1. INTRODUCTION

The data from high-speed imaging indicated that
sprites can be initiated spontaneously at mesospheric
altitudes or can originate from the luminous inhomo-
geneities that appear at the halo bottom. Sprite-initi-
ating streamers, which start developing downward and
upward from a sprite initiation point, appear subse-
quently (Cummer et al., 2006). Based on high-speed
imaging methods with a time resolution of 1 ms, Stan-
ley et al. (1999) established that the growth rates of ini-
tial streamers are higher than 10’ m/s. Multianode
photometer observations indicated that the velocities
of downward and upward propagating streamers are

about 10’-10° m/s (McHarg et al., 2002). An analysis
of the data on high-speed imaging with a time resolu-
tion of 0.1 ms made it possible to establish that stream-
ers develop with an acceleration about 101 m s—2 at a
sprite top during the initial stage of development
(McHarg et al., 2007). At the same time, at the sprite
bottom, downward-propagating streamers first accel-

erate to the maximal velocity (1 —3)X 10" m/s and
then abruptly decelerate with an almost constant rate
close to 10'° m s~2, and this deceleration dominates in
the course of time and over a distance traveled by these
streamers (Li and Cummer, 2009).

The numerical simulation of a streamer sprite
development in the external electric field, which is
close to the conventional breakdown threshold, indi-

cates that a streamer can propagate with an accelera-

tion about (0.5 —1)x10'* m s~2 during the initial stage
(Liu et al., 2009; Kosar et al., 2012). In another
numerical model, a downward-propagating streamer
is formed at the front of an electron density wave,
which in turn originates from the sprite halo after a
positive cloud-to-ground lightning discharge (Luque
and Ebert, 2009, 2010). Pasko et al. (2013) indicated
that the numerical calculations performed in (Luque
and Ebert, 2009, 2010) cannot explain the experimen-
tally observed initial acceleration of streamers. In
addition, it was assumed that a collapse of the electron
density wave front, which transforms this front into a
streamer, can be caused by the instability of the finite-
difference schemes that were used to numerically simu-
late the equations (Qin et al., 2011). The model of a
sprite in the form of an expanding ball filled with elec-
tron avalanches was considered in (Qin et al., 2011). It
was assumed that this ball expands due to both the elec-
trostatic repulsion and diffusion of produced electron
avalanches. A more detailed review of the theoretical
and numerical studies of the sprite evolution can be
found in (Raizer et al., 2010; Evtushenko and Mareev,
2011; Surkov and Hayakawa, 2012; Pasko et al., 2013).

We note that the basic equations that describe the
mesospheric electromagnetic field and the charged
particle dynamics, including the processes of ioniza-
tion and electron attachment and detachment from
neutral air molecules as well as other reactions, are
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SEMIANALYTICAL MODELS OF SPRITE FORMATION

Fig. 1. Model of a plasma inhomogeneity located at alti-
tude 4. Downward arrow marks quasi-static field E (7) of
thundercloud charges, and p (t) is the plasma ball electric
dipole moment.

complex. Mathematical analysis of these equations is
often troublesome since there are many important
parameters which approximately exponentially depend
on altitude. Despite the considerable advances in
studying this problem, numerical sprite simulation
predominates over analytical studies.

This work is mainly aimed at developing simple
models for the initial phase of sprite formation and at
estimating analytically the expansion velocity and
acceleration of the boundary of the region where
streamers sprite development are generated.

2. THE SIMPLEST MODEL
OF SPRITE INITIATION

Numerous measurements indicated that sprites are
mostly generated by intense lightning discharges with
a charge moment higher than 500 C km, which trans-
fers positive charge to the ground (Boccippio et al.,
1995). After such a lightning discharge, an uncompen-
sated negative electric charge appears in a thunder-
cloud for a short time, which in turn results in the for-
mation of a transient electric field in the atmosphere.
Following (Qin et al., 2011), we assume that a sprite
starts developing from a spherical conducting plasma
inhomogeneity located above a thundercloud at alti-
tudes of 60—80 km. If electric field of the cloud
charges is higher than the conventional breakdown
threshold, E,, at these altitudes, this will result in addi-
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tional plasma production within an inhomogeneity, as
a result of which the radius (R) of this inhomogeneity
will start increasing.

The onset of a primary streamer growth within an
inhomogeneity can be initiated by an individual elec-
tron avalanche, which starts at any local plasma den-
sity fluctuation or, for example, at a claw on the
plasma inhomogeneity surface, where polarization
charges accumulate that results in a local electric field
enhancement up to a value which is larger than E, by
several times. A close analogy exists with point-to-
plane corona discharges as observed during laboratory
tests (Raizer, 2009). Note that a formed streamer can
propagate into the regions where the electric field is
lower than the conventional breakdown threshold.

The considered model is schematically shown in
Fig. 1. Here E,is the strength of the electric field of
thundercloud negative charges and charges induced in a
conducting ground. Since the altitude (4#) where the
inhomogeneity center is located is much larger than the
inhomogeneity radius (R), we can consider that field £,
in the vicinity of an inhomogeneity is almost homoge-
neous. We will consider this field as a given slowly varying
function of time E, = E (¢). We first consider the sim-
plest model of inhomogeneity, in which the plasma
conductivity (o) is considered constant. In the next
section, we will generalize this model by incorporating
the dependence of the plasma conductivity on the
rates of ionization and electron attachment to neu-
trals, which are in turn the functions of an external
electric field. Ambient air conductivity 6, in the vicin-
ity of a ball is also considered constant. The assump-
tion that the inhomogeneity spherical shape is
unchanged decreases the application field of this
model; on the other hand, such an approach will make
it possible to give an anlytical estimate of the plasma
inhomogeneity expansion rate and to compare this
value with the actual sprite formation rate.

A quasi-stationary electric field (E) of cloud and
plasma ball charges satisfies the Maxwell equation
V XE = 0 and can therefore be expressed in terms of
potential ¢ in a usual fashion; i.e., E = —V . Taking
also into account the continuity equation V- j=0,
where j=0E + g,0E/dt is the total current density

and g, is the electric constant, we arrive at the Laplace

equation for potential: Vz(p = 0. This equation is valid
not only for a plasma ball but also for the environment.
The sense of this equation is that the electric charge
density is zero in this approximation everywhere
except the inhomogeneity surface, where the disconti-
nuity in the medium conductivity occurs.

‘We place the origin of the spherical coordinate sys-
tem at the ball center, having directed the z axis verti-

cally upward, i.e., opposite to the direction of field E,.
The boundary conditions for the Laplace equation are
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the continuity of the potential and current density
normal component on the ball surface at » = R:

oE,,
¢, =¢,, OFL), +¢g, 82‘1 =0,k,, +¢

(1)

In the » > R region, we search the solution of the
Laplace equation in the form @, = @, + @, where @,

is the thundercloud charge potential, and @, describes
disturbances caused by electric charges induced on the
ball surface. Taking into account that a disturbed field
belongs to the dipole type, we obtain (Landau and Lif-
shits, 1982):

kpcosB

2=, )
P

where 0 is the polar angle shown in Fig. 1;

0, = Eyjrcos0 —

k = (4%80)71; €, is the electric constant; p = p(r) is
the ball effective dipole moment.

In the r < R region, we find the solution in the
form of homogeneous field E, (¢) with potential

¢, = E;rcos®. A3)
Substituting relationships (2) and (3) for potentials
¢, and @, in boundary conditions (1), we obtain

k
%4_5:%4_&4_2_]2 @+£ ,
T dr T, R\dr T,

where 7 =¢,/c and T, =¢,/c, are the relaxation
times related to the ball and ambient air conductivities. If
the E, (¢)function is specified, we can find unknown
functions E, (t) and p(7) from Egs. (4) and (5). Note
that these equations are reduced to the electrostatic
problem at constant £, and 6, = 0, the solution to
which is known (Landau and Lifshits, 1982).

The conventional breakdown threshold depends on
altitude: E, = Exexp(—z//), where / = 8-10 km, and
E '« is the breakdown threshold value at an air pressure
at sea level (z = 0) (see, e.g., (Surkov and Hayakawa,
2012)). If the electric field in the vicinity of a ball is on
average larger than the threshold value £, the air ion-
ization and the electron avalanche formation result in
the appearance of free electrons and ions, thereby
increasing the plasma ball dimension. Therefore, we
assume that the electric field at the ball bottom is
greater than or equal to the threshold value at this alti-

tude; i.e., £ = nE,, where n > 1 is a certain constant.
From this it follows that

(&)

E,+ 2RL3P = nE*exp(y). (6)

For higher altitudes, condition £ > nE,, will be
satisfied since the electric field of thundercloud
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charges and charges induced in a conducting ground
decreases with altitude as 7, i.e., slower than field E..
Solving Egs. (4)—(6) for R(¢), we obtain:

@[(2 + ?)nE* exp (#) - 2Eo}

dt )
T dr \1, T) 3 i

Considering the increasing field Ey(r), we noted
that Egs. (6) and (7) are both valid beginning with the
moment ¢ = ¢, when the field E, reaches the threshold
value nFE,; that is, under requirement that Ey(z,) =
nE.(h) =nkE, exp(—h/ [). To simplify the problem, we
neglect the initial dimension of a plasma inhomogene-
ity, assuming that R (#«) = 0 at that instant and, conse-
quently, p(#«) = 0. For convenience, we also introduce
the following dimensionless variables and functions:

1 — 1«

_R(7) _ Ey(1)
ve s OET T =y
where f(0) =1, and u(0) = 0.

Since the inhomogeneity dimension is assumed to
be small; i.e., R </, then ¥ < 1 and, consequently,
exp(u) = 1+ u. In addition, during a short period after
t = t«x, function f can be approximated as follows:
f =1+ f(0)t, where a dot above symbol f denotes a

derivative with respect to 7. In such a case, Eq. (7) is
simplified to the form:

(®)

du _ us 9)

dt 3u-27(0)T
where s = 2(6/6, —1)/3 + £ (0). The general solution
of Eq. (9) has the form:

L0 u_g{zf(o)ﬂ}s _c, (10)

where C is an arbitrary constant. In particular, the
solution passing through point (0,0), has the form:
u = %f(0) +(2/9)(o/0, —1)}. Returning to the dimen-

sional variables, we obtain dependence R = V' At, where
At =t —tx, and

yopo LIDE®) 2(s |
T, | nE.(h) 9\o,
Here a dot above symbol £, denotes the time deriv-
ative taken at # = #«.

1)

The quasi-static electric field () of cloud charges
and their electric images in the ground can be
described by the effective electric dipole field with
moment D (¢), which depends on the charge distribu-
tion in a cloud. We use the following approximation as
an example:
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D= Dmiexp(—i), (12)

r r

where D,, is the dipole moment maximal value and ¢,
is the charge relaxation characteristic time. Taking

into account that £ is proportional to dipole moment
D(t), we find that E, (t=) = nE, (h) x (tz' =1,'). To
estimate the ball expansion rate (V), we use the following

parameter values: / = 8 km, 7, =10 ms, and ¢« = 2 ms.
The atmospheric air conductivity at an altitude of
70 km varies from 10 S m~! (nighttime conditions)

to 5107 S m™! (daytime conditions) depending on
solar activity (see, e.g., (Surkov and Hayakawa, 2014)).
The plasma conductivity (o) at mesospheric altitudes
mostly depends on the electron density since the elec-
tron mobility is much greater than the ion mobility.
Numerical simulation of the sprite evolution (Pasco
et al., 2013) indicated that electrons are nonuniformly
distributed in sprite space. In this case their density is
maximal near streamer heads. In the scope of the
model alluded to above, conductivity ¢ can be consid-
ered only as a quantity averaged over the plasma ball

volume. Substituting the o, = 10° S m' and
6 = (3 -30) 0, values and the above parameters in (12),

we roughly estimate that ¥ = (7 —61)x 10° m/s.

This estimate is close in an order of magnitude to
the observed velocity of streamers that form a sprite
under nighttime conditions. However, the constancy
of velocity Vin formula (11) means that this simplified
model cannot be applied to individual streamers even
qualitatively, since the experimental streamer velocity
is variable (Li and Cummer, 2009). In the next sec-
tion, we extend this model by incorporating the pro-
cesses of ionization and electron attachment to air
molecules.

3. EFFECTS OF IONIZATION AND ELECTRON
ATTACHMENT TO MOLECULES

Plasma conductivity variations at mesospheric alti-
tudes are described by the following approximate
equation (Luque and Ebert, 2009):

%—(tj =u(V-j)+(v,=v,)o+eus,,
where L is the electron mobility; j, is the density of the
electric current resulted from plasma conductivity and
electron diffusion; v; and v, are the rates of impact
ionization and electron dissociative attachment,
respectively; and §,, is a nonlocal photoionization
source. The ion current and conductivity are ignored
in this approximation, since it is assumed that the ion
mobility can be neglected as compared to the electron
mobility. The reaction rate difference v, — v, can be
approximated as follows:

(13)
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E; E
V, =V, = u*E{oc,o exp(—f’) — Oy exp(—f")}. (14)

Here [« = 3.8 x10°m? V! s~! is the electron mobility
at an air pressure at sea level; o,y = 4.3 X 10°’m™" and

O, =~ 2X 10° m™! are the empirical constants. Critical
fields £, and E,, responsible for the ionization and elec-
tron attachment rates, exponentially depend on altitude;
ie., E;, = Eyexp(-z/l), and E, = E, exp(-z/l),
where E,, = 2x10" Vm™, and E,, = 3x10° V m™!
(Luque and Ebert, 2009). Note that the conventional
air breakdown thresold ( £, ) satisfies conditionv; = v,,.

Following (Hu et al., 2007; Hiraki and Fukunishi,
2006), we leave only one term in the right-hand side of
Eq. (13): (v; —v,) 0, assuming that this term is much
greater than the remaining terms. In this approxima-
tion the plasma conductivity within a ball is homoge-
neous and Eq. (13) will describe the time dependence
of the average plasma conductivity. In the scope of a
given model, this agrees with the fact that the electric
field within a ball (£,) is assumed to be homogeneous
and dependent only on time.

Introducing a new dimensionless function w(t) =
o (1) / O, — 1, substituting dimensionless functions
w(T), u(t) and variable T in Egs. (7) and (13), we
arrive at the following equation set:

% (2 + u)exp(u) - 2/]

= u[(1+w)f+Z—fT—(l+%)eXp(U)},

dw E;
— =U«E\Ty| o;pexp| ——
at Mse £, o[ 0 p( E]

1

— Ol exp (-%Ha ),

where functions E; and E, are taken atz = 4, and f (T)
is the specified dimensionless function that describes
the evolution of a quasi-stationary field of cloud
charges and their electric images in a conducting
ground. Recall that this field is larger than the air-
breakdown threshold (nE,) at altitude z = A, begin-
ning from instant T = 0, when f(0) = 1. The following
analysis will indicate that the plasma ball conductivity
strongly increases with time; therefore, the difference in
the initial conductivities of a ball and ambient air is not
so substantial. We will subsequently neglect this differ-
ence as well as the initial ball radius. Thus, the initial
problem conditions are as follows: #(0) = w(0) = 0.
We will first find the approximate solution of Egs. (15)
and (16) for the initial ball development stage. The ball
electric field is initially close to nE,(h), and the
expression in square brackets in Eq. (16) can therefore

(15)

(16)
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be expanded into a series in terms of small parameter
E, — nE,_(h). Transforming relationships (4) and (6),
we find that E, = nE, % (h){3f (1) —exp(u)}/2. After
these simplifications, Eq. (16) is reduced to the form:

dw Z{A B acexplaew). (1)
dt 2 |

We used here the following abbreviations:
A=pxnE, (h)TO (S[ _Sa)’ (18)
B = wenE, (W), [si (1 n ﬂ) _s, (1 + ﬂﬂ (19)

nEx nEx

where
E.
Sia = Qigq0 CXP (__zo,aoj. (20)
’ ’ nkx

As before, we first assume that variable T and func-
tions # and w are much less than unity. In this case we
find the solutions of the equations in the form of the
series

21

k k
u=chT, w=2bkr.
k=1 k=1

Expanding exp(«) into a series as powers of u and
substituting series (21) in Egs. (15) and (17), we arrive at

the recurrent relationships for unknown coefficients ¢,
and b,. Finding these coefficients, we finally obtain:

u=fre(F -7+ AT

2
+(ﬂ+w 22)
15 6
+ 4[2A+2f—3f—.+/‘—1Dr3 +.o
30 S

(B +4°)

w=AT+— 1
(23)

B(~- A ) A3}r3
+9=|f—-=+3fA)|+=—r—+...,
{2f 6 f 33
where the derivatives of fare taken at T = 0.

We first consider a simple case when n = 1. In such
a case, 5; =s,, A=0, and the expression for B is
reduced to the form B = GT,E, (h),where

G = [0t (m%j(%
Olyo/\ Qo

Eio/(Eio=Ean)
j (24)

Using Ex =32 kVcem™!, # = 70 km, and the above
parameters, we find that E,(4)=0.51 kV m~! and

G=1.6x10°mV-'s,
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Having taken the time derivative of expression (22),
we find the plasma ball expansion rate. In dimensional
variables we obtain:

y=tE |1 [E__Eo |p
E.(h) E, E.(h)
+G§;(}1)At2+..},

0

(25)

6=0, (1 L GEA + %Af + ) (26)
where dots above symbol E, mean time derivatives
taken at instant ¢ = #«. Using a dipole moment approx-
imation in form (12), we obtain

Eo =E, (h)(l_lj’ Eo =
x I,

High-speed imaging indicates (Stanley et al., 1999;

McHarg et al., 2002; Cummer et al., 2006) that the sprite

development characteristic time is 1—3 ms. For example,

substituting Ar = 2 ms and the above parameters in rela-

tionships (25) and (26), we obtain the following rough

estimates: V' =1.5%x10’ m/s%, V = 1.5%10" m/s, and
G = 5.66,,. Note that the last term in relationship (25) is
much less than the remaining terms if Az > 0.5 ms. In
this case relationship (25) is simplified to the form:

IGE, (tx)
5T,
Comparing expressions (11) and (25), we can note
that the nonlinear dependence of the expansion rate
on time (25) is obtained in a more detailed model as
compared to the simplest model considered in Section 2.
In addition, since solutions (22) and (23) contain fac-
tor B, which depends on the parameters of the impact
ionization and electron dissociative attachment; this
results in a numerical estimate of the expansion rate (25)
that is higher than that in the simplest model.
The plasma electron density can be estimated as
n, = of(ew), where u = pxexp(h/l) is the electron
mobility at altitude /4. Substituting the above parameters

14 At (28)

binto these relationships, we obtain n#, =1.5X 10° m=3.
The results of the numerical simulation (Pasko et al.,
2013) indicate that the electron density in a sprite
streamer head can be approximately two orders of
magnitude as high as the density obtained by us. We
will discuss this discrepancy later.

The analytical estimates obtained above can be
applied during the initial stage of the plasma inhomo-
geneity development. To trace the inhomogeneity fur-
ther evolution, we next perform the numerical integra-
tion of Egs. (15) and (16). As before, we assume that
the breakdown threshold E| (¢) is higher than the air

breakdown field strength at altitude z = A, beginning
from instant 7 = t«. The T-dependence of electric
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Fig. 2. Dimensionless radius # and expansion rate v, a
change in the conductivity (w), the plasma ball electric
moment (P), and the cloud charge electric field (f)
depending on dimensionless time T. For convenience, the
v and P plots are multiplied by 2 and 10, respectively.

dipole moment (12) of cloud charges and charges
induced in the ground is given by:

f(r)= (1 + TTo)exp(—T—TO).
Ix t,

Note that Eq. (15) has a singularity at initial inte-
gration point (t,u, w) = (0,0,0), since both sides of this
equation vanish at this point. Therefore, we first use
analytical solution (22), (23), which specifies the inte-
gral curve passing through the singular point, and then
perform a numerical integration of these differential
equations. Figure 2 illustrates the calculations of
plasma ball dimensionless radius u = R/ [/, expansion
rate v = du/dt, and conductivity w = /0, —1, as
well as the ball dimensionless dipole moment P (1) =
kp(r)/[fEc (h)] and function f (1), which is propor-
tional to cloud charge dipole moment D(T) versus

dimensionless time T = (7 — #x)/T, . For convenience,
we multiplied the v and P plots by 2 and 10, respec-
tively. In the calculations we used the parameter values
indicated above.

(29)

The plots indicate that the expansion rate (v) and
plasma conductivity (w) reach maximal values in the inter-
val T =0.4-0.5. In dimensional variables the maximal

velocity and conductivity values are J =1.3 X 10’ m/s
and 6 =7.4x10" S m~L. These values subsequently
decrease and are accompanied by almost synchronous
damping oscillations with period T ~ 1.

GEOMAGNETISM AND AERONOMY Vol. 56 No. 6

729

These oscillations are not shown in Fig. 2, since
they have not physical meaning at first glance and
cannot be implemented in practice. Nevertheless, we
will discuss later the cause and possible physical sense
of a nonmonotonic behavior of v and w originating in
this model.

4. MODEL GENERALIZATION
FOR THE FIELD EXCEEDING THE AIR
ELECTRIC BREAKDOWN THRESHOLD

As was mentioned above, parameter G, which acts
as a conductivity averaged over the inhomogeneity
volume, should be smaller than the plasma conductiv-
ity at a streamer head. The spherical geometry of the
problem and the assumption that » = 1, which means
that £ = E_ at the plasma ball bottom, are important
factors affecting the ¢ value in the scope of this model.
We now extend the model applicability region, assum-
ing that the electric field at the ball bottomis n E_, i.e.,
is larger than the air breakdown threshold at a given
altitude by constant factor n >1. We first find an
approximate solution of Egs. (15) and (17) at Tt <« 1 in
the form of power series (21). In a first approximation,
we obtain

2
w = A1, u:fr+(f'—f2+§)%. (30)

The term of the second order of smallness is kept in
the expression for u, because parameter A is large as
compared to f . Therefore, the approximate formula
for the dimensional expansion rate has the form

.. .5
ve|—fo L A\,
nE.(h) n'El(h) 3T

Consequently, the expansion rate and a change in the
plasma conductivity AG = 6w increase approximately
linearly in the course of time at least during the initial
development stage. The V value in relationship (31) is
affected by two factors: the rate of a change in quasi-
stationary field E, and its derivative as well as the ion-
ization and electron attachment rates that are

described by term A / (3T 02) . If the first two terms in the

right-hand side of expression (31) prevail, rate V

mainly depends on time derivatives of ;. In this case
these two terms act as an external ionizer by analogy
with a nonself-sustained gas discharge. However, the

(31

numerical estimates indicate that term A/ (3T 02) in

expression (31) is maximal. Therefore, the ionization
and electron attachment parameters are important
factors affecting the development of a plasma inho-
mogeneity.

Taking » =1.2 and substituting the parameters
used above in relationship (31), we find that the rate is

V ~3.5%10’ m/s at At =2 ms. This value is larger
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Fig. 3. The same dependences that are presented in Fig. 2
but for n =1.2. For convenience, the w and v plots are
multiplied by 0.1 and 0.5, respectively.

than the previous V value for the same instant. Figure 3
illustrates results of the numerical integration of
Egs. (15) and (16) at the same parameters. A compar-
ison of Figs. 2 and 3 indicates that an insignificant
increase in factor z results in a considerable increase in
the expansion rate and plasma ball conductivity. We
can analyze the dependence of V on the growth rate of
the cloud electric field by varying parameter ¢+« in rela-
tionship (27). Figure 4 shows the time variations in the
plasma ball expansion rate at 7+ = 2,5,9 ms.

The numerical simulation (Pasko et al., 2013) of
the sprite development indicated that the electron

- :
|

0 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45
t— 1+, mS

Fig. 4. Plasma ball expansion rate depending on time at
te =2, 5,and 9 ms.
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density at a streamer head can be higher than 10> m—3
at an altitude of 70 km at » = 1.5. To demonstrate that
the electric field is larger than the air breakdown thresh-
old, n-dependences of dimensionless peak velocity

Vmax = (du/dt) and plasma conductivity w,,,, are
shown in Fig. 5. An analysis of these dependences indi-
cates that an approximately linear relation exists between
these parameters: w,,,, = 8(v .« —1). An increase in
the plasma conductivity to ~1006, at n = 1.4 results in

an increase in the plasma density to n, = 3 x1 0" m3,
which is close to the average electron density calcu-
lated for streamers using the numerical simulation
(Pasko et al., 2013). Nevertheless, in the scope of this
model, it is impossible to take into account an actual
streamer head curvature and to estimate the local elec-
tron density at tops of sprite streamers. Moreover, the
application field of the spherically symmetric model is
restricted by the values of # below 1.2—1.3 because the

velocity V., = Vinael /Ty shown in Fig. 5atn > 1.2—1.3

max max

is too high to be in agreement with the observations.

5. DISCUSSION

The performed calculations indicated that the rate
of the plasma inhomogeneity boundary expansion (V)
coincides with the sprite streamer velocity in an order
of magnitude. It is interesting to note that the model,
which takes into account the impact ionization and
dissociative attachment of electrons to air molecules,
results in nonlinear dependence V (), which generally
agrees with the observations of streamers moving
downward from a sprite initiation point (Li and Cum-
mer, 2009). On the calculated and experimental plots,
the velocity first increases, reaching its maximal value

0
.00 1.05 110 1.15 1.20 125 1.30 1.35 1.40

n

Fig. 5. Dimensionless maximal expansion rate and con-
ductivity as functions of n.
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(about 107 m/s) at ¢ = 0.2-0.3 ms, and subsequently
starts decreasing. In some experiments it was found
that the velocity of sprite-initiating streamers demon-
strates insignificant damping oscillations with a period of
0.2-0.4 ms as they propagate downward (see, e.g., Fig. 1
in (Li and Cummer, 2009)). Note that the numerical
solution of Egs. (15) and (16) exhibits the similar oscilla-
tions in the inhomogeneity expansion rate in the region
of dimensionless time T ~ 1.

Taking this similarity into account, we discuss
the possible cause of such a phenomenon, even
though the our model does not describe individual
streamers and, generally speaking, can be applied at
small T values.

Outside a plasma ball near its bottom and top
points, z =hF R, the electric field strength is

E,=E, + 2kp/R3 , 1.e., is larger than the external
electric field £,. Within a ball, the field is constant and

isE, =E,— kp/R3, i.e., is smaller than E,, owing to
the screening effect of charges induced on the ball sur-
face. According to the following equation: 86/ ot =

(v; —v,)o and relationship (14), both the difference
in the rates of ionization and electron attachment and
the plasma conductivity within a ball, depend on the

internal field £,. An analysis of Egs. (15) and (16)
indicates that £, is first greater than the critical break-
down field E. (k) at a given altitude (4); i.e., the air
ionization within a plasma ball predominates since

v; >Vv,. The dipole moment p of induced charges
increases in this case, which can result in a decrease in

E, to values smaller than E, (h), whereas E, > E, (h)

outside a ball as before. This means that v; <v,; i.e.,
the electron attachment to molecules prevails during
some periods and will be accompanied by a decrease in
the conductivity and ball expansion rate. In an
increasing external electric field (E,), these two oppo-
site tendencies can alternate and cause sign reversal
86/ dt. The observations of the streamer head lumi-
nescence variations, which can be resulted from the
weak oscillations in the plasma conductivity and the
Lenz—Joule heating rate in the streamer heads might
serve as indirect evidence in support of and against this
hypothetical possibility.

6. CONCLUSIONS

The foregoing study indicated that an increasing
thundercloud charge field during the continuing cur-
rent stage at the end of a lightning discharge can initi-
ate an increase in the plasma inhomogeneity at meso-
spheric altitudes if the cloud field strength is higher
than the air breakdown threshold (E,) at these alti-
tudes. An analysis of the semianalytical plasma inho-
mogeneity model, in which the impact ionization and
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electron dissociative attachment to air molecules were
taken into account, indicated that the inhomogeneity
boundary expansion rate and the inhomogeneity con-
ductivity increase nonlinearly in the course of time.

The maximal rates of expansion V,,,, ~ 10’ m/s and

acceleration ~ 10'° m s~2are close to the experimen-
tally observed values for sprite-initiating streamers.
The plasma inhomogeneity conductivity calculated in
the model is lower than the conductivity that was pre-
dicted by other researchers using the numerical simu-
lation. However, if we assume that the electric field at
the inhomogeneity bottom is larger than E, and is
equal to nE., where the constant factoris n =1.1-1.4,
then the maximal plasma conductivity (G) increases
by one to two orders of magnitude and becomes close
to the average ¢ value in streamers. Thus, all condi-
tions for the origination of streamers are created
within an inhomogeneity.

Our analytical estimates indicate that the inhomo-
geneity boundary expansion rate depends on the first
and second time derivatives of the cloud charge elec-
tric field and on the parameters responsible for the
rates of ionization and electron attachment to neutrals
at mesospheric altitudes. In this case the latter factor,
i.e., the ionization and electron attachment effect,
makes apparently the maximal contribution, not only
to the expansion rate but also to the plasma inhomo-
geneity conductivity. Therefore, the sprite initiation
considered in this study can be interpreted as a certain
form of the ionization instability of the mesospheric
plasma inhomogeneity in an increasing quasi-static
thundercloud charge field.
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