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We consider propagation of light in planar optical metamaterial, which basic element is composed of two silver
stripes, and it possesses strong dispersion in optical range. Our method of numerical modeling allows us to take
into consideration the nonlinearity of the material and the eﬀects of light self-action without considerable
increase of the calculation time. It is shown that plasmonic resonances originating in such a structure result in
multiple enhancement of local ﬁeld and high sensitivity of the transmission coeﬃcient to the intensity of
incident monochromatic wave.

1. Introduction
The interest to optical metamaterials demonstrating the electromagnetically induced transparency (EIT) is due to the possible
application of these structures for group velocity control [1], formation
of “slow light” [2], construction of highly sensitive detectors [3,4], new
devices in THz range [5–7]. “Classic” media for EIT are alkali metal
vapors and some other gaseous media [8]. The resonance width
achieved in them could be many orders less than in plasmonic
metamaterials. However, metamaterials are easier to use, compact
and remain relatively stable under laser radiation, which make them
more preferable for some applications. High degree of ﬁeld localization
and high sensitivity of plasmonic excitations to optical properties of the
material and to the geometry of the metamaterial basic element
stimulate the investigation of its nonlinear optical properties [9] and
development of new numerical modeling algorithms and methods. The
latter allows to reduce the amount of expensive experimental work and
optimize the structure of metamaterial and its basic component in
order to obtain a sample with required optical properties. It is
speciﬁcally important for the visible range in optics, because the
amount of the experimental works for this range is small comparing
to the infrared, THz and microwave ranges.
There are mainly two diﬃculties in numerical modeling of light
propagation in metamaterial, when the material of the basic element or
the surrounding medium possesses nonlinearity. First, one should
speciﬁcally elaborate the problem of the relation between the experimental results and the results of numerical modeling, while the latter
includes the solution of complicated system of nonlinear equations.
Second, taking the nonlinearity into account usually makes the
⁎

numerical modeling very resource-consuming procedure, while the
eﬀect of it is not always worthwhile.
In the frequency domain, the most widely-used numerical technique for solving the heterogeneous medium problem of Maxwell's
equations is the ﬁnite element method [10]. The reason for its
popularity is the ability it gives to solve the Maxwell's equations with
high accuracy for arbitrary geometry of a sample [11,12].
The complexity of the solution of Maxwell's equations for plasmonic
metamaterials originates due to the drastic diﬀerence between the
characteristic scales of the electric ﬁeld variation in dielectric and in
metal. One requires the numerical methods with the ability to adjust
locally for the peculiarities of the solution in a places, where the
characteristics of a medium experience abrupt changes. In such a
problems the most prospective methods are the ﬁnite element methods
with high-order approximation [11]. They allow to use calculation
resources eﬃciently by changing locally characteristic size of the mesh
cells and the order of the approximation [12,13]. In the given work we
use the advantages of such methods in description of light self-action
caused by the cubic nonlinearity of the metal in planar metamaterial
with a basic element consisting of two silver stripes.
2. Formulation of the problem. Numerical simulation
As in [14], we consider a metamaterial which basic element consists
of two silver stripes with thickness D=20 nm, lengths l1 = 150 nm ,
l2 = 135 nm , transversal size w=65 nm, and spacing d=70 nm (see
Fig. 1). Silver stripes are considered to be in a vacuum. A period of
metamaterial in x and y directions is the same, L=520 nm, z-axis is
perpendicular to the Fig. 1 plane. Complex dielectric permittivity of the
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χˆ (3) (ω; −ω, ω, ω). All of its non-zero components in isotropic medium
(3)
(3)
can be expressed through χ1 = χxxyy
and χ2 = χxyxy
, which speciﬁc values
can be found in [15,16].
When plane monochromatic wave propagates in a metal with
nonlinear optical response, the following equation for the electric ﬁeld
vector E = {Ex , E y, Ez} directly follows from the system of Maxwell's
equations:
rot rot E −

ω2 ∼
ω2
(ε + 6πχ2 |E|2 ) E − 2 (3πχ1 |E|2 ) E* = 0
c2
c

(1)

We consider linearly polarized (along x-axis) monochromatic
radiation with amplitude Einc normally (along z-axis) incident on a
metamaterial. On a surface of a metal the tangential components of the
electric and magnetic ﬁeld strength vectors are continuous, and normal
components have a jump. Finite-element approximation of Maxwell's
equations retaining the above mentioned properties after numerical
discretization was built in [17] for the ﬁrst time, and it allowed one to
eliminate the divergence of the numerical solution, which often
originated when using more coarse approximations [18].
For numerical discretization (1) by ﬁnite-element method we used
the hierarchic shape functions, which allow us to change locally the
approximation order on the unstructured hexahedral mesh [11,12],
which does not have hanging nodes. Along with the local mesh
reﬁnement this method provides very eﬃcient use of calculation time.
Fig. 2 shows the typical example of such a mesh covering the
computation domain conﬁned between plane boundaries Γ1,2 perpendicular to the z-direction. The speciﬁc scale of electric ﬁeld variation in
metal is much less than the wavelength λ = 2π с/ ω , and in order to
make the solution more precise, the mesh becomes ﬁner close to the
metal elements (see Fig. 2), and the approximation order becomes
higher in a places, where the solution is smooth. The position of the Γ1
boundary is chosen in such a way, that the wave reﬂected from the
metallic elements having the wave vector anticollinear to z-direction
could be treated as a ﬂat one at this border. In our calculations we used
so called scattering boundary conditions at Γ1,2 and periodic boundary
conditions at the other boundaries. The main goal of our study was to
obtain a dependence of transmission coeﬃcient T on the wavelength of
the incident radiation λ, the former being equal to the ratio of the
powers of transmitted and incident wave. Also we acquired electric ﬁeld
distributions in the metamaterial elements and analyzed them.

Fig. 1. The scheme of the basic element of the metamaterial.

Fig. 2. The computation domain covered by the unstructured hexahedral mesh, which
does not have hanging nodes and consists of 2288 cells. Γ1,2 are the plane boundaries of
the area perpendicular to the z-direction.

3. The discussion of results

metal is taken as ε∼ = 1 − ωp2 /[ω (ω − iγ )], where ⍵p=1.366·1016 rad·s-1
is a plasmonic frequency, γ=3.07·1013 s-1 is a damping constant, and ⍵
is a frequency of the propagating electromagnetic wave. Unlike in [14],
we take into consideration the nonlinear optical properties of the
material of the stripes described by the local cubic susceptibility tensor

The EIT-eﬀect observed in “classic” media (e.g., alkali metal vapors)
can be described with a model of three-level Λ–system. In such a
system the transition between two lower energy levels is forbidden, and
the transition frequencies to the third, higher energy level, are close to
each other. Higher energy level provides the coherent interaction
between two frequency resonances close to each other, and their

Fig. 3. The dependence of the transmission coeﬃcient T on the wavelength λ of the incident radiation (a) and the distributions of the x-component of the electric ﬁeld vector in a plane
y=0 at (b) λ=670 nm; (c) λ=690 nm; (d) λ=712.5 nm.

178

Optics Communications 385 (2017) 177–180

N.N. Potravkin et al.

Fig. 4. Distributions of the local ﬁeld factor |E|/|Einc| in a plane z=0 in case of incidence of linearly polarized wave at λ=670 nm (a); λ=690 nm (b); λ=712.5 nm (c). Small red arrows show
the projections of the electric ﬁeld normalized vector on the y=0 plane. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this
article.)

Fig. 5. The dependencies of the transmission coeﬃcient T on the wavelength λ of the incident radiation. In (a) curves 1–3 correspond to the values. Re{(χ1 + 2χ2 )|Einc|2 } = 0 ; 0.0003;
−0.0003 accordingly, and Im{χ1 + 2χ2 } = 0 . In (b) curves 1–3 correspond to Im{(χ1 + 2χ2 )|Einc|2 } = 0 ; −0.0003; −0.00015 accordingly, and Re{χ1 + 2χ2 } = 0 .

Fig. 6. Dependencies of the transmission coeﬃcient T on Re{(χ1 + 2χ2 )|Einc|2 }. (Im{χ1 + 2χ2 } = 0 , solid lines) and Im{(χ1 + 2χ2 )|Einc|2 } (Re{χ1 + 2χ2 } = 0 , dashed lines) for λ=670 nm
(a); λ=680 nm (b); λ=690 nm (c).
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the light interaction with the metamaterial there takes place an eﬀect
similar to the EIT. This eﬀect can be directly described basing on the
linear properties of the material (metal) of the stripes. For our
numerical modeling of light-matter interaction we developed and used
an algorithm based on the ﬁnite-element method with ability to change
locally the size of the mesh cell and the approximation order, thus
allowing to obtain more accurate solution of the problem and to include
into consideration the nonlinear optical response with low resource
expense. Using this technique we found that the electric ﬁeld is highly
localized, and it is necessary to account for the eﬀect of light self-action,
which, in its turn, leads to the dependence of the transmission
coeﬃcient on the intensity of the incident wave. This dependence is
especially strong near the resonant frequencies of the metamaterial.
The obtained results are interesting for controlling light with light,
particularly, in applications when the controlling beam changes the
optical properties of the structure, thus, changing the transmission
coeﬃcient for the signal beam.

destructive interference yields the narrow transmission peak between
them [8].
So the EIT takes place if the metallic stripes of the metamaterial
acting as resonators, have close resonance frequencies, i.e., are slightly
diﬀerent in size. Our calculations made for the stripes demonstrated in
Fig. 1 have shown that there is a maximum of T(λ) dependence between
the minima each corresponding to the resonance of each stripe, and
this maximum appears due to the interaction of the stripes. This eﬀect
takes place even in the simplest case, when the incident plane wave is
monochromatic and linearly polarized. Under such conditions the
transmitted wave retains linear polarization. For this case the distributions of the x-component of the electric ﬁeld corresponding to the
resonant frequencies (extrema in Fig. 3a) in a plane y=0 are shown in
Fig. 3b, c, d for χ1,2=0. It was found that the plasmonic waves are
extremely sensitive to the optical properties of the metal, and the
electric ﬁeld is highly localized in such a structure. Fig. 4a, b, c show the
distributions of the local ﬁeld factor|E|/|Einc| in a cross-section of metalic
stripes for the same parameters and at the same frequencies as Fig. 3b,
c, d. Here Fig. 4a demonstrates resonant response of the ﬁrst stripe
alone at λ=670 nm, Fig. 4b shows the response of both stripes close to
their resonances at λ=690 nm, and Fig. 4c shows the resonant response
of the second stripe alone at λ=712.5 nm. In Fig. 4b it can be seen that
the directions of the electric ﬁeld vectors in the middle areas of the
stripes are opposite. This behaviour is analogous to those of a “classic”
EIT-system, where two resonances with close frequencies demonstrate
destructive interference.
In comparison with the results of [14], in our work the electric ﬁeld
distributions in Fig. 4 were acquired in details and have high image
quality, including all the issues concerning the localization eﬀects. This
is especially important for the analysis of the nonlinear response of a
sample. High degree of the localization of the electromagnetic ﬁeld
makes it necessary to take into account the self-action of light even for
the moderate values of |Einc|2 .
The experimental data on the values of the components of tensor
χˆ (3) (ω; −ω, ω, ω) for metals is inconsistent [16,19]. Particularly, it is
due to the necessity to carry out complex polarization measurements in
order to acquire complete set of data. For linear polarization of the
incident monochromatic light the scenario of its further propagation in
a nonlinear medium is determined by the real and imaginary parts of
(χ1 + 2χ2 )|Einc|2 .
the
dimensionless
parameter
Real
part
Re{χˆ (3) (ω; −ω, ω, ω)} is responsible for the self-action of light in
metal, and, as a consequence, it causes a shift of the resonances of
the stripes and the one of the transmission resonance of the structure.
Imaginary part Im{χˆ (3) (ω; −ω, ω, ω)} causes nonlinear absorption, and
it decreases the amplitude of the resonances in the transmission
spectrum of the metamaterial. It can be seen in Fig. 5, where the
inﬂuence of Re{(χ1 + 2χ2 )|Einc|2 } (a) and Im{(χ1 + 2χ2 )|Einc|2 } (b) is
shown.
Fig. 6 shows the dependencies of T on Re{(χ1 + 2χ2 )|Einc|2 } and
Im{(χ1 + 2χ2 )|Einc|2 } for λ=670 nm (a); λ=680 nm (b); λ=690 nm (c). In
some cases (dashed line in Fig. 6a and solid line in Fig. 6b) T is
practically proportional to the intensity of the incident wave. This
feature of the dependence could be useful for the control of the EIT
eﬀect by change of the intensity.

Acknowledgements
We acknowledge ﬁnancial support from the Russian Foundation for
Basic Research (Grant No. 16-02-00154) and grant of the President of
the Russian Federation for state support of leading scientiﬁc schools
(Grant No. NSh-9695.2016.2).
References
[1] V. Kravtsov, J.M. Atkin, M.B. Raschke, Group delay and dispersion in adiabatic
plasmonic nanofocusing, Opt. Lett. 38 (2013) 1322–1324.
[2] L. Zhu, F.Y. Meng, J.H. Fu, Q. Wu, J. Hua, Multi-band slow light metamaterial,
Opt. Express 20 (2012) 4494–4502.
[3] N. Liu, T. Weiss, M. Mesch, L. Langguth, U. Eigenthaler, M. Hirscher,
C. Sönnichsen, H. Giessen, Planar metamaterial analogue of electromagnetically
induced transparency for plasmonic sensing, Nano Lett. 10 (2010) 1103–1107.
[4] Z.G. Dong, H. Liu, J.X. Cao, T. Li, S.M. Wang, S.N. Zhu, X. Zhang, Enhanced
sensing performance by the plasmonic analog of electromagnetically induced
transparency in active metamaterials, Appl. Phys. Lett. 97 (2010) 114101.
[5] R. Yahiaoui, K. Takano, F. Miyamaru, M. Hangyo, P. Mounaix, Terahertz metamolecules deposited on thin ﬂexible polymer: design, fabrication and experimental
characterization, J. Opt. 16 (2014) 094014.
[6] R. Yahiaoui, S. Tan, L. Cong, R. Singh, F. Yan, W. Zhang, Multispectral terahertz
sensing with highly ﬂexible ultrathin metamaterial absorber, J. Appl. Phys. 118
(2015) 083103.
[7] R. Yahiaoui, A.C. Strikwerda, P.U. Jepsen, Terahertz plasmonic structure with
enhanced sensing capabilities, IEEE Sens. J. (2016) 2484–2488.
[8] M. Fleischhauer, A. Imamoglu, J.P. Marangos, Electromagnetically induced
transparency: optics in coherent media, Rev. Mod. Phys. 77 (2005) 633–673.
[9] M. Kauranen, A.V. Zayats, Nonlinear plasmonics, Nat. Photonics 6 (2012)
737–748.
[10] P. Monk, Finite Element Methods for Maxwell's Equations, Clarendon Press,
Oxford, 2003.
[11] P. Šolin, K. Segeth, I. Doležel, Higher-Order Finite Element Methods, Chapman &
Hall/CRC, Boca Raton, 2004.
[12] P. Monk, On the p-extension and hp-extension of Nґedґelec curl-conforming
elements, J. Comput. Appl. Math. 53 (1994) 117–137.
[13] L. Demkowicz, L. Vardapetyan, Modeling of electromagnetic absorption/scattering
problems using hp-adaptive ﬁnite elements, Comput. Methods Appl. Mech. Eng.
152 (1998) 103–124.
[14] X. Jin, J. Park, H. Zheng, S. Lee, Y. Lee, J. Rhee, K. Kim, H.S. Cheong, W. Jang,
Highly-dispersive transparency at optical frequencies in planar metamaterials
based on two-bright-mode coupling, Opt. Express 19 (2011) 21652–21657.
[15] R.W. Boyd, Nonlinear Optics, 3rd ed., Academic Press, Amsterdam, 2008.
[16] J. Renger, R. Quidant, L. Novotny, Enhanced nonlinear response from metal
surfaces, Opt. Express 19 (2011) 1777–1785.
[17] J. Nedelec, Mixed ﬁnite elements in R3, Numer. Math. 93 (1980) 315–341.
[18] M. Costabel, M. Dauge, Singularities of electromagnetic ﬁelds in polyhedral
domains, Arch. Ration. Mech. Anal. 151 (2000) 221–276.
[19] R.W. Boyd, Z. Shi, I. De Leon, The third-order nonlinear optical susceptibility of
gold, Opt. Commun. 326 (2014) 74–79.

4. Conclusions
Using numerical modeling we have studied optical properties of a
metamaterial, which basic element consists of two metalic stripes
having slightly diﬀerent resonant frequencies in visible range. During
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