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Abstract—A numerical method for flows of heterogeneous two-phase compressible media is considered. The main problem in the construction of such a method is to find the interface between the components with different physical and mechanical properties. An efficient method for solving this problem that gives a good spatial resolution of the interfaces is proposed. This method is based on the use
of the Cahn–Hilliard equation. To describe the flow of the two-phase medium, the single-velocity
five-equation model is used; in this model, the Cahn–Hilliard equation is used as the equation for the
order function. This makes it possible to significantly decrease the domain of the interface numerical
smearing. Numerical results confirm the high accuracy and effectiveness of the proposed method.
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1. INTRODUCTION
An important problem in the simulation of a flow of a multicomponent heterogeneous medium is to
determine the location of the interface between the components with different physical and mechanical
properties. The numerical methods for calculating the flow of a heterogeneous medium with an interface
can be divided into two groups. The first group includes the methods in which the interface is explicitly
tracked in a special way so that the interface is represented by a surface at each point in time [1–5]. The
second group consists of diffuse interface methods [6–11], in which the interface is determined by a narrow spatial domain with a sharp variation of the characteristic function or the order parameter specifying
the spatial distribution of the components.
In each of the two approaches, a number of models for describing the dynamics of the phase interface
have been proposed. In the methods of the first group, the interface is the discontinuity surface of the
characteristic function, and its position is computed at each time step. This is a relatively easy task if the
interface coincides with a line of the computational grid. However, this can lead to strong distortions of
the computational grid cells if the interface undergoes large deformations. Alternative approaches do not
explicitly relate the interface tracking method to the computational grid. Among them are the arbitrary
Lagrangian–Eulerian (ALE) method [1], the level set method [2], and the front-tracking method [3]. The
main drawback of these methods is the violation of conservativeness of the method in a neighborhood of
the interface.
The methods in the second group make it possible to overcome the main drawbacks of the methods
based on the direct computation of the interface. In the literature, they are called the diffuse interface
methods [6–11]. The idea underlying these methods is to consider the medium consisting of different
components as a homogeneous effective medium the properties of which depend on the characteristic
function—the order parameter—that determines the spatial distribution of constituting components. For
example, the volume fraction of a component may be used as such a function. In this case, the interface
between the phases is not explicitly distinguished; rather, it is represented by a zone in which the value of
the volume fraction varies continuously from zero to one.
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Note that, in addition to the models based on the characteristic function [6, 7, 9–11], approaches that
do not use special equations for resolving the interface between the components are considered. They use
equations for the mass concentrations of individual components and balance equations for the total
momentum and energy of the mixture [12, 13].
The interface smearing domain in the diffuse interface methods inevitably increases with time due to
numerical dissipation. Even high-order schemes on fixed grids cannot completely eliminate the numerical
dissipation; the initial jump in the distribution of the volume fraction gets a smooth profile with time. In
this domain, the medium is a mixture of different components, and the interface motion is determined by
the adopted physical model of the mixture. The less this zone, the less is the influence of the mixture
numerical model and the more accurately the interface position is determined. For this reason, in the
development of a diffuse interface method, a tradeoff should be found by allowing the controllable interface smearing; i.e., the numerical smearing should be allowed only within certain limits.
The aim of this paper is to construct a controllable resolution technology for diffuse interface models.
The main idea is to use the Cahn–Hilliard equation [14, 15] for correcting the order function smearing.
The Cahn–Hilliard equation is derived from thermodynamic considerations for the order parameter
that determines the phase transition in the two-phase system. This equation is based on the assumption
that the free energy of the system has the form

χ
2
(1)
∇φ ,
2
where ψ is the free energy density, φ is the order parameter (typically, it is the difference of the phase concentrations), χ is a positive constant related to the linear size of the diffuse interface domain, and f ( φ) is
the coarse-grain component of the free energy corresponding to the phase separation.
The total free energy is given by the formula
ψ ( φ, ∇φ) = f ( φ) +

2

Ψ ( φ) = ψ ( φ, ∇φ)dx,



(2)

Ω

where Ω is the spatial domain occupied by the system.
Formally, the variation Ψ ( φ) with respect to the order parameter φ is

δΨ ( φ) = [ f ' ( φ) − χ Δφ]δφdx = μδφdx,



Ω

2



(3)

Ω

where

δΨ ( φ)
= f ' ( φ) − χ2Δφ
δφ
is the first variation of the system free energy, which has the meaning of chemical potential.
The process of relaxation in the direction of equilibrium is described by the balance equation [14, 15]
μ ( φ) :=

∂φ
(4)
= ∇ ⋅ ( M ( φ) ∇μ ) ,
∂t
where the positive function M ( φ) ≥ 0 is called the mobility of the system. In this paper, we assume that it
is equal to 1.
The coarse-grain component of the free energy f ( φ) is a function with two local minimums, and in
the majority of studies it is approximated by the fourth-degree polynomial
(5)
f ( φ) = 1 (φ2 − 1)2.
4
Approximation (5) does not guarantee the physically feasible range of variation of φ. Solution (4) can
be outside the interval [–1, 1], which corresponds to negative values of the phase densities. For this reason, we use the logarithmic Flory–Huggins approximation [16]

θ0 2
(6)
φ , f0 ( φ) = (1 + φ) ln (1 + φ) + (1 − φ) ln (1 − φ) ,
2
where θ0 is the parameter controlling the phase interface zone; this parameter is related to the thickness
of the interface.
f ( φ) = f 0 ( φ) −
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Thus, we obtain the following equation for the evolution of the order parameter φ, which will be used
in the diffusive interface model for the flows of two-phase media:

∂φ
= Δμ ( φ) ,
∂t
2
μ ( φ) = ln (1 + φ) − ln (1 − φ) − θ0φ − χ Δφ.

(7)

In model (7), the size of the diffusive zone of the interface is controlled by two parameters χ and θ0 .
The dependence of the equilibrium distribution of φ on the parameters χ and θ0 is described below in the
section in which numerical results are discussed.
The paper is organized as follows. In Section 2, the governing equations of the mathematical model
used to describe the flows of the two-phase heterogeneous medium are considered. In Section 3, we discuss the model of resolving the interphase interface based on the solution to the Cahn–Hilliard equation.
Section 4 describes a numerical method for solving the system of governing equations and the equation
for the order function. Section 5 is devoted to the results of numerical verification of the proposed methods. In the last section, we draw brief conclusions.
2. GOVERNING EQUATIONS OF THE MODEL
We consider the flow of a two-phase heterogeneous mixture consisting of two immiscible fluids.
To describe this flow, we use the single-velocity five-equation model [9–11], which can be written as

∂α1ρ1
+ div ( α1ρ1u ) = ρ1R ( α ) ,
∂t
∂α2ρ2
+ div ( α2ρ2u ) = −ρ2 R ( α ) ,
∂t

∂ρu
+ div (ρuu + P I ) = R ( α )(ρ1 − ρ2 ) u,
∂t

(8)

∂ρe
+ div (ρH u ) = R ( α ) [(ρ1 − ρ2 ) k + (ρ1ε1 − ρ2ε2 )] ,
∂t
∂α + u ⋅ grad α = H α + R α ,
( )
( )
∂t
where αi is the volume fraction of the component i, ρ =
the mixture pressure, ρε =
enthalpy, e = ε + u

2



2
i =1



2
i =1

αi ρi is the mixture density, P =

αi ρi εi is the mixture internal energy, ρh =

2 is the mixture specific total energy, k = u

2



2
i =1



2
i =1

αi Pi is

αi ρi hi is the mixture

2 is the specific kinetic energy, H =

e + P/ρ is the mixture specific total enthalpy, α = α1 , H ( α ) = α1α2 (C2 − C1 ) ( α1C2 + α2C1 ) , Ci = ρi ci 2 ,
and сi is the speed of sound in the component i.
The introduction of nonconservative terms with R ( α ) into the right-hand side of the system of equations (8) was proposed in [10]; it is a special numerical regularization aimed at a more accurate resolution
of the interface. Actually, this nonconservative addition works only in a narrow domain in the vicinity of
the interface. As the grid becomes finer, this domain shrinks to the interface surface, and the effect of the
nonconservative addition should disappear. The main purpose of this paper is to derive an expression for
R ( α ) by considering an analogy with the Cahn–Hilliard interface thermodynamics. Note that regularized
fluid dynamics equations are used fairly often (e.g., see [17, 18]).
Let us make some remarks concerning the governing equations. The system of equations (8) is hyperbolic, and it describes the equilibrium (with respect to velocity and pressure) fluid dynamic model of the
two-phase medium. This model can be formally derived from the more general nonequilibrium BaerNunziato model based on the asymptotic analysis with respect to the relaxation parameters describing
how the mechanical equilibrium of the two-phase system with respect to the velocity and pressure is
reached. Theoretically, if the flow of two immiscible fluids is considered (αi = 1, x ∈ Ωi and αi = 0,
x ∉ Ωi ), then H ( α ) = 0. If Eq. (7) is used for the interface capturing computation of the flow of twophase fluid, then H ( α ) ≠ 0 in the diffuse domain of the interface. In [9], the term H ( α ) on the rightCOMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS
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hand side of the equation for the volume fraction was estimated, and it was shown that this term may be
neglected, and the simplified model with H ( α ) = 0 may be used. Below, we use this approximation.
To describe the thermodynamic properties of the phases, we use the generalized Van der Waals equation of state, which has the form

 γ −1 
2
2
Pi (ρi , ρi εi ) =  i
(ρi εi − πi + ai ρi ) − (πi + aiρi ),

1 − bi ρi 

i = 1,2,

(9)

where γ i is the adiabatic coefficient, the coefficient ai takes into account the attraction forces between
molecules (Pa m6/mol2), the correction bi is the total volume of the gas molecules (m3/mol), and πi is a
semi-empirical constant obtained by analyzing experimental data (Pa).
The isobaric closure of the system of equations (8) — P1 = P2 = P — yields the following equation for
the mixture state:
−1

 2
 
P (ρ1, ρ2, ρε, z ) =  zi ξi (ρi ) ρε +
 i =1
 



2

 z (a ρ
i =1

2
i i

i


− πi ) − ξi (ρi )(ai ρi2 + πi )  ,


(10)

where

ξi (ρi ) =

1 − bi ρi
.
γi − 1

The speeds of sound in the phases are found by the formula

( hi − δi ) /ξi ,

ci =

(11)

where

δi (ρi ) = 2ai ρi [ξi (ρi ) − 1] −

(

)

bi
2
Pi + πi + ai ρi .
γi − 1

The speed of sound in the mixture in the model under consideration is determined by the relation
2

c=

 y ξ (ρ ) c
i =1

i i

i

i

2

ξ (ρ1, ρ2, z ).

(12)

Remark. In this paper, we use the isobaric closure for the following reasons. First, in many dynamical
processes, the mechanical relaxation with respect to pressure and velocity is much faster than the temperature relaxation; e.g., in explosive processes or shock waves (also see [11] for estimating the time taken by
relaxation processes). With the isobaric closure, model (8) admits different phase temperatures. In addition, it was noted in [9] that the isothermal closure (when the temperatures of the phases are equal) gives
a less stable model, which manifests itself in nonphysical oscillations in numerical solutions.
3. THE INTERFACE RESOLUTION METHOD
It has already been mentioned above that, in order to improve the accuracy of resolving the interface
between the components, special terms are added to the right-hand side of the system of governing equations (7); this terms are determined by the function R ( α ) . We now give an interpretation of this function
in the framework of the thermodynamic interface theory (the Cahn–Hilliard equation).
In this theory, the order parameter φ determines the distribution of phases; it is defined as

φ = m1 − m2,

(13)

where mi is the volume fraction and mi = αi ρi ρ . It can also be considered as a function of the volume
fraction

φ (α) =

α (ρ1 + ρ2 ) − ρ2
.
α (ρ1 − ρ2 ) + ρ2
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We split the volume fraction equation in model (8) into two parts—convective transfer and numerical
regularization for the more accurate resolution of the interface; i.e.,

∂α + u ⋅ grad α = 0,
∂t

(15)

∂α = R α .
(16)
( )
∂t
The main idea of the proposed technique is to coordinate the numerical regularization (16) with the
Cahn–Hilliard equation (7), which describes the thermodynamically consistent model of the diffuse
interface. By substituting (14) into Eq. (7), we obtain
∂α = r α Δμ φ ,
( ) ( )
∂t

(17)

where

[α (ρ1 − ρ2 ) + ρ2 ] .
ρ
r ( α ) = ∂α =
=
2ρ1ρ2
∂φ 2ρ1ρ2
2

2

(18)

Here we assume that the phase densities ρ1 and ρ2 remain unchanged at the step of numerical regularization.
By comparing Eqs. (16) and (17), we obtain

∂φ
(19)
,
∂t
which closes the governing system of equations (8). Thus, in the proposed model of the flow of the twophase mixture of immiscible fluids, the governing equations consist of the system of equations (8) and
Eq. (7) for the order function, which is used to calculate the regularizing function R ( α ) .
R ( α ) = r ( α ) Δμ ( φ) = r ( α )

4. NUMERICAL METHOD
For the integration of the system of equations (8), we use the principle of splitting by physical processes; more precisely, we decompose the problem into two subproblems—one of them is related to solving the basic hyperbolic part, and the other requires the integration of the regularizing correction:

∂α1ρ1
∂α2ρ2
∂ρu
+ div ( α1ρ1u ) = 0,
+ div ( α2ρ2u ) = 0,
+ div (ρuu + P I ) = 0,
∂t
∂t
∂t
∂ρe
+ div (ρH u ) = 0, ∂α + u ⋅ grad α = 0,
∂t
∂t
∂α1ρ1
∂α2ρ2
∂ρu
= ρ1R ( α ) ,
= −ρ2R ( α ) ,
= R ( α )(ρ1 − ρ2 ) u,
∂t
∂t
∂t
∂ρe
= R ( α ) [(ρ1 − ρ2 ) k + (ρ1ε1 − ρ2ε2 )] , ∂α = R ( α ) .
∂t
∂t
Let us consider these two problems in more detail.

(20a)

(20b)

4.1. Hyperbolic System
The last equation in (20a) is the advection equation for the volume fraction, and it can be written in
the quasi-conservative form

∂α + div uα = α div u .
(21)
( )
( )
∂t
We will use Eq. (21) for the development of the numerical scheme because this allows us to exactly satisfy the important balancing condition at the discrete level; under this condition, the diffusion of the interface between two fluids with the same pressure equals the mixture pressure [6, 9].
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We write the system of equations (20a) in the Cartesian coordinate system (x1, x2, x3) in vector form as

∂ q ∂f ( q ) ∂ g ( q ) ∂h ( q )
+
+
+
= s (q ) ,
1
2
3
∂t
∂x
∂x
∂x

(22)

where q = [ρ1α1 ρ2α2 ρu ρv ρw ρe z ] , s ( q ) = [0 0 0 0 0 0 α div ( u )] , and f, g, and h are flows in
the directions x1, x2, and x3, respectively.
The system of equations (22) is discretized with respect to space on the Cartesian grid using the finite
volume method:
т

т

d qi, j,k
= 1 1 ( fi −1 2, j,k − fi +1 2, j,k ) + 1 2 ( gi, j −1 2,k − gi, j +1 2,k ) + 1 3 ( hi, j,k −1 2 − h i, j,k +1 2 ) + si, j,k .
dt
Δxi
Δx j
Δ xk
The right-hand side of Eq. (22) is approximated as



si, j,k = αi, j,k  1 1 (ui +1 2, j,k − ui −1 2, j,k ) + 1 2 ( vi, j +1 2,k − vi, j −1 2,k ) + 1 3 ( wi, j,k +1 2 − wi, j,k −1 2 ) .
Δx j
Δ xk
Δxi

The numerical flows on the cell boundaries fi ±1 2, j,k , gi ±1 2, j,k , h i ±1 2, j,k and, respectively, the velocities
on the faces ui +1 2, j,k , vi, j +1 2,k and wi, j,k +1 2 are calculated using Godunov’s method [19] with the approximate Riemann problem solver HLLC [20].
The second-order scheme is implemented using the MUSCL scheme. The derivatives of the primitive
variables ( α1ρ1, α2ρ2, P, u, α1 ) are calculated using the limiters MINMOD. The interpolated primitive
variables on the left and on the right of the cell edges are determined by

aiR+1/2 = ai +1 − 1 min mod ( Δai +3/2, Δai +1/2 ) ,
2
L
1
ai +1/2 = ai + min mod ( Δai +1/2, Δai −1/2 ) ,
2
where a = α1ρ1, α2ρ2, P, u, α , aiL+1/2 , and aiR+1/2 are the interpolated values on the left and on the right of
the edge i + 1 2 , respectively, Δai +1/2 = ai +1 − ai , and min mod( x, y) = sign( x) max {0,min [ x , y sign( x)]}.
In the MUSCL scheme, the following initial data are used to solve the local Riemann problem in
Godunov’s method:

ai +1/2,
a= R
ai +1/2,
L

x < 0,
x > 0.

The numerical flux through the edge i + 1 2 is determined by approximately solving the Riemann
problem (using the scheme HLLC).
4.2. The System of Equations of the Phase Interface
The system of ordinary differential equations (20b) for each cell of the grid is solved by the Euler
method. The last equation must be solved together with Eq. (7).
Equation (7) includes the fourth-order derivative with respect to the order parameter φ; therefore, the
use of an explicit scheme can require a too hard restriction on the time step. For this reason, we consider
for this equation the implicit scheme
n +1

φi

n +1

n +1

n +1

− φi μi +1 − 2μi + μi −1
=
,
2
Δt
Δx
n +1
n +1
n +1
φ − 2φi + φi −1
μin+1 − ln(1 + φin+1) + ln(1 − φin+1) + χ2 i +1
+ θ0φin = 0.
2
Δx
n

(23)

This is a system of nonlinear equations for Zin+1 = (φin+1, μin+1). It is solved by Newton’s method. The sysk +1
k
tem of linear equations for the iteration residual δZi = Z(i ) − Z(i ) (where k is the iteration index) is
solved by the conjugate gradient method.
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After computing φin+1 in this way, we can then find R ( α ) by the rule

φin+1 − φin
(24)
.
Δt
An alternative approach is to calculate the function R ( α ) on the basis of the volume fraction from the
discretization of the last equation in (20b):
R(αin ) = r (αin )

R(αin ) =

αin+1 − αin
.
Δt

(25)

Here, αin+1 is determined from Eq. (13) given the value φin+1:

(1 + φin+1)ρ2
.
ρ1(1 − φin+1) + ρ2(1 + φin+1)
The first four equations in (20b) determine the variation of the other parameters at the regularization
stage. As has been mentioned above, the phase densities do not change at this stage; actually, the solution
to system (20b) corrects the values of velocity, pressure, and internal energy in the vicinity of the diffuse
interface. The corresponding equations are integrated using the conventional explicit first-order scheme.
n +1

αi

=

5. NUMERICAL RESULTS
To verify the proposed method, we performed a series of computations in which we checked the dependence of the diffuse interface resolution domain on the parameters of the Cahn–Hilliard model θ0 and χ ,
and also demonstrated the efficiency and accuracy of the method for the computation of two-phase flows
with an interface. We compare these results with those obtained by the computations without the regularizing correction (the standard five-equation model [9]).
5.1. Evolution of the Diffuse Interface in the Cahn–Hilliard Model
First, we consider the model problem of the diffuse interface relaxation according to the Cahn–Hilliard equation. The nonstationary one-dimensional equations (7) are solved with respect to time subject
to the initial distribution

φ = tanh [2.0 ( x − 0.5)] ,

x ∈ [0,1]

on the grid with 100 uniformly distributed cells. On the basis of the solution for the order function, the
evolution of the volume fraction α in time is calculated. The implicit scheme (23) is used. The time step
is Δt = 1.0. It is assumed that the phase densities are identical: ρ1 = ρ2 .
Figure 1a illustrates the computation results with the parameters χ = 2Δx and θ0 = 7.0 for the first five
time steps. It is seen that the numerical values of the volume fraction are within the physically feasible
range between 0 and 1.
Figure 1b illustrates the computation results with the parameter θ0 = 7.0 for the time t = 5.0 for various
values of the parameter χ. This parameter controls the width of the diffuse interface. It is clear that the
less χ, the less is the diffuse interface width. The parameter χ actually determines the number of points Nd
in the diffuse zone— N d ≈ χ Δx .
Figure 1c illustrates the computation results with the parameter χ = 5Δx for the time t = 5.0 for various
values of the parameter θ0. The decrease of this parameter increases the smearing width of the diffuse
interface. However, we see that for θ0 ≥ 5 there is saturation; i.e., the dependence on the parameter
becomes weaker and almost disappears.
On the basis of these results, we have chosen χ = 2Δx and θ0 = 7.0 for the computations of two-phase
flows that will be discussed below. At such parameters, the diffuse interface width should be controlled by
the model in the range of 2–3 cells.
5.2. Shock Tube
In this section, we consider a standard benchmark for two-phase flows—the one-dimensional flow in
a shock tube. The medium consists of two fluids with different equations of state the parameters of which
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Fig. 1. Numerical solutions for the distribution of the volume fraction α: (a) evolution with time, χ = 2Δx, θ0 = 7.0;
(b) dependence on the parameter χ, θ0 = 7.0; (c) dependence on the parameter θ0, χ = 5Δx.

are shown in Table 1. The length of the computation domain is 1 m. At the initial point in time, fluid 1 is
on the left and fluid 2 is on the right of the phase interface, which is at the point x = 0.7 m.
The initial data are
9
−6
[1000 50 0 10 1−10 ], 0 ≤ x ≤ 0.7 m,
ρ2 u P α] = 
5
−6
[1000 50 0 10 10 ], 0.7 < x ≤ 1.0 m,
where α is the volume fraction of fluid 1.
Figure 2 illustrates the numerical results obtained without controlling the correction R ( α ) = 0 on grids
consisting of 100 and 5000 cells and the results with the controlling correction R ( α ) on a grid consisting

[ρ1

Table 1. Parameters of the equations of state
Fluid

γ

a ((Pa m6)/kg)

b (m3/kg)

π (Pa)

1
2

4.400
1.400

0
5

0
10–3

6 × 108
0
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Fine grid (5000 cells)

500
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0

x
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Fig. 2. Numerical solutions of the shock tube problem.

of 100 cells. The result on the grid with 5000 cells was obtained using the second-order MUSCL scheme.
It is seen that the numerical dissipation in the computations with R ( α ) is much lower than in the computations without R ( α ) .
The cost for introducing the regularizing correction in the model is a violation of conservativeness. The
system of governing equations generally does not have the form of conservation laws (it has such a form
only in the limiting case when the width of the diffuse interface contracts to a point). Therefore, a natural
question is how large is the cost of introducing this correction, i.e., how much is the change of the total
mass and energy of the system.
To answer this question and estimate the order of nonconservativeness of the scheme with R ( α ) , we





n

n

introduce the following parameters: the total mass M =
ρ Δx and the total energy E =
ρ e Δx ,
i =1 i
i =1 i i
where i is the cell index. Then, the error due to nonconservativeness can be estimated by the quantity

err (W ) =

Wend − W0
,
W0

W = M , E,
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Table 2. Error depending on the number of grid cells
Number of cells

100

200

400

err(M)
err(E)

1.72e–03
6.08e–04

1.24e–03
3.38e–04

8.40e–04
1.78e–04

where W0 and Wend are the values of the parameter at the beginning and end of the computation, respectively. Table 2 shows how the error depends on the number of cells. It is seen that the error decreases when
the grid becomes finer.
5.3. Interaction of the Shock Wave with a Gas Bubble
In this section, we consider the two-dimensional problem on the interaction of a shock wave with a gas
bubble [9]. Similar benchmark problems were also considered in [21, 22]. The two-phase medium is similar to the medium considered in Section 5.2. Fluid 2 is the gas inside the bubble, and fluid 1 is the fluid
outside the bubble. The computation domain is shown in Fig. 3. The geometric size of the domain is as
follows: x0 = 0.70 m, x1 = 0.95 m, x2 = 1.20 m, y0 = 0.50 m, y1 = 1.00 m, and r0 = 0.20 m.
The initial data are given by

[1.2 1230 −432.69 0 109 10−6 ], x ∈ Ω1,

[ρ1 ρ2 u v P α] = [1.2 1000 0 0 105 1−10−6], x ∈ Ω2,
[1.2 1000 0 0 109 10−6 ], x ∈ Ω ,
3

where α is the volume fraction of fluid 2.
The computation domain was discretized with respect to space by a uniform Cartesian grid consisting
of 120 × 100 cells. The computations on this grid were performed using the standard model without the
controlling correction, i.e., R ( α ) = 0 and using the proposed model with a controllable diffuse interface
zone.
The computation results are presented in Figs. 4 and 5, where the distribution of the volume fraction
and the field of the density gradient (the numerical schlieren), respectively, are shown for two characteristic points in time—t = 100 μs and t = 300 μs, which correspond to the times when the shock wave passes
through the bubble and to the later time when the bubble is fragmented.
It is seen that the main characteristics of the flow occurring when the shock wave diffracts over the
deformable gas bubble are well reproduced in both computations. Under the shock wave, the bubble surface takes the characteristic two-petal shape. A wave pattern consisting of the incident, reflected, and
refracted inside the bubble shock waves is formed. According to the Cahn–Hilliard equation, the intro-
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Fig. 3. Diagram of the problem of a shock wave interaction with a gas bubble.
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Fig. 4. Distribution of the volume fraction of gas in the problem of a shock wave interaction with a gas bubble.
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Fig. 5. The field of the gradient density (numerical schlieren) in the problem of a shock wave interaction with a gas bubble.

duction of the regularizing correction R ( α ) demonstrates the significant improvement in the resolution
of the diffuse interface between the components. The characteristic diffuse interface domain (shown in
yellow in Fig. 4) does not almost increases with time by contrast with the standard case without R ( α ) .
CONCLUSIONS
A numerical method that ensures the high-quality and controllable spatial resolution of the interface
between the phases in the simulation of flows of heterogeneous two-phase compressible media is proposed and implemented. The single-velocity five-equation model with a regularizing correction on the
right-hand side is used as a model of the two-phase medium. It is shown that the regularizing correction
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can be found using the thermodynamic Cahn–Hilliard model of the interface zone. As a result, a numerical model of the diffuse interface zone with two parameters controlling the zone width is obtained. The
dependence of the numerical solutions (the interface zone size) on the controlling parameters is analyzed.
Some benchmark problems are numerically solved, and the results show a considerable improvement in
the resolution of interfaces between the phases due to using the Cahn–Hilliard equation.
ACKNOWLEDGMENTS
We are grateful to the reviewer for useful remarks.
FUNDING
This work was performed within the state assignment of the Scientific Research Institute for System Analysis of
the Russian Academy of Sciences (basic scientific research GP 14), subject no. 0065-2019-0005 (project no. ААААА19-119011590092-6) and was supported by the Russian Foundation for Basic Research (project no. 18-01-00921a).

REFERENCES
1. C. W. Hirt, A. A. Amsden, and J. L. Cook, “An arbitrary Lagrangian–Eulerian computing method for all flow
speeds,” J. Comput. Phys. 14, 227–253 (1974).
2. M. Sussman, P. Smereka, and S. Osher, “A level set approach for computing solutions to incompressible twophase flow,” SIAM J. Sci. Comput. 29, 1781–1824 (2007).
3. J. Glimm, X. L. Li, Y. J. Liu, Z. L. Xu, and N. Zhao, “Conservative front tracking with improved accuracy,”
SIAM J. Numer. Anal. 41, 1926–1947 (2003).
4. H. Terashima and G. Tryggvason, “A front-tracking/ghost-fluid method for fluid interfaces in compressible
flows,” J. Comput. Phys. 228, 4012–4037 (2009).
5. W. Mulder, S. Osher, and J. A. Sethian, “Computing interface motion in compressible gas dynamics,” J. Comput. Phys. 100, 209–228 (1992).
6. R. Abgrall, “How to prevent pressure oscillations in multicomponent flow calculations: A quasi-conservative
approach,” J. Comput. Phys. 125, 150–160 (1996).
7. R. Saurel and R. Abgrall, “A multiphase Godunov method for compressible multi-fluid and multiphase flows,”
J. Comput. Phys. 150, 425–467 (1999).
8. I. Menshov and P. Zakharov, “On the composite Riemann problem for multi-material fluid flows,” Int. J. Numer. Meth. Fluids 76, 109–127 (2014).
9. G. Allaire, S. Clerc, and S. Kokh, “A five-equation model for the simulation of interfaces between compressible
fluids, J. Comput. Phys. 181, 577–616 (2002).
10. A. Tiwari, B. F. Jonathan, and C. Pantano, “A diffuse interface model with immiscibility preservation,” J. Comput. Phys. 252, 290–309 (2013).
11. A. K. Kapila, R. Menikoff, J. B. Bdzil, S. F. Son, and D. S. Stewart, “Two-phase modeling of deflagration-todetonation transition in granular materials: Reduced equations,” Phys. Fluids 13, 3002–3024 (2001).
12. V. A. Balashov and E. B. Savenkov, “A quasi-hydrodynamic system of equations for describing flows of multiphase fluid taking into account surface effects,” Preprint of the Keldysh Institute of Applied Mathematics, Russ.
Acad. Sci., Moscow, 2015, no. 75, p. 37.
13. V. A. Balashov and E. B. Savenkov, “Quasi-hydrodynamic model of multiphase fluid flows taking into account
phase interaction,” J. Appl. Mech. Tech. Phys. 59, 434–444 (2018).
14. J. W. Cahn and J. E. Hilliard, “Free energy of a nonuniform system. I. Interfacial free energy,” J. Chem. Phys.
28, 258–267 (1958).
15. M. E. Gurtin, “Generalized Ginzburg–Landau and Cahn–Hilliard equations based on a microforce balance,”
Phys. Fluids 92, 178–192 (1996).
16. M. I. M. Copetti and C. M. Elliott, “Numerical analysis of the Cahn–Hilliard equation with a logarithmic free
energy,” Numer. Math. 63, 39–65 (1992).
17. B. N. Chetverushkin, “Kinetically consistent schemes in gas dynamics,” Mat. Model. 11 (5), 84–100 (1999).
18. T. G. Elizarova, M. E. Sokolova, and Yu. V. Sheretov, “Quasi-gasdynamic equations and numerical modeling
of the viscous gas flows,” Comput. Math. Math. Phys. 45, 524–534 (2005).
19. S. K. Godunov, “A difference scheme for numerical solution of discontinuous solution of hydrodynamic equations,” Mat. Sb. 47 (89), 271–306 (1959).
20. E. F. Toro, Riemann Solvers and Numerical Methods for Fluid Dynamics, 3rd ed. (Springer, 2009).
21. V. Coralic and T. Colonius, “Finite-volume WENO scheme for viscous compressible multicomponent flows,”
J. Comput. Phys. 274, 95–121 (2014).
22. N. Franchina, M. Savini, and F. Bassi, “Multicomponent gas flow computations by a discontinuous Galerkin
scheme using L2-projection of perfect gas EOS,” J. Comput. Phys. 315, 302–322 (2016).

Translated by A. Klimontovich
COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS

Vol. 60

No. 3

2020

