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Abstract: Terahertz (THz) fundamental “building blocks” equivalent to those used in multi-
functional electronic circuits are very helpful for actual applications in THz data-processing
technology and communication. Here, we theoretically and experimentally demonstrate a THz
temporal differentiator based on an on-chip high-quality (Q) factor resonator. The resonator is
made of low-loss high-resistivity silicon material in a monolithic, integrated platform, which is
carefully designed to operate near the critical coupling region. The experiment demonstrates that
the device can perform the first-order time derivative of the input signal electric field complex
envelope at 214.72GHz. Our investigation provides an effective approach for terahertz pulse
re-shaping and real-time differential computing units.

© 2020 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Terahertz (THz) radiation, with the wavelengths between the infrared and microwave, is typically
referred to as the frequencies from 0.1 THz to 10.0 THz [1,2]. Over the past few decades, with
the rapid development of generation and detection of THz signals, various applications of THz
have been found in non-destructive evaluation, biology and medical sciences, information and
communication, and so on [3–8]. In addition to providing more complex THz systems, THz
equivalents of fundamental devices that form basic building blocks in electronic and photonic
circuits would need to be designed and implemented, such as arbitrary waveform generation,
temporal integration and Hilbert transformer etc. [9–12]. These functions are basic building
blocks of a general-purpose signal processor for signal generation and fast computing, which are
very important for high-speed THz characterization and measurement. Temporal differentiator is
one of these fundamental devices that performs the mathematical operation of differentiation.
Given an arbitrary input signal in the time domain, it can provide the output derivative signal.
Several methods have been proposed to realize the optical differentiator [13–16]. However, to the
best of our knowledge, THz temporal differentiator has not been demonstrated. The main reason
is that the temporal differentiator is extremely sensitive to variations of device parameters which
must be fixed to satisfy very specific conditions. To achieve such high performance THz devices,
the fabrication is challenging.
Recently, there has been a significant surge of progress in enabling high-performance THz

resonators [17–23]. Integrated resonators can be used to realize the differentiator [24–31] and
integrator [32,33], which are more suitable for a densely circuit in the optical domain. In this
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paper, we present a THz temporal differentiator based on a silicon ring resonator and investigate
its performance. The resonator is made of low-loss high-resistivity Si material in a monolithic,
integrated platform, which is carefully designed to operate near the critical coupling region. Our
device performs the first-order time derivative of the input signal electric field complex envelope
at 214.72GHz with a time resolution of 35 µs, corresponding to a processing bandwidth of ∼10
KHz. The differentiation operation can be used directly in signal positive-going or negative-
going slope recognition. This technology could provide a potential cost-effective solution for
ultrafast pulse shaping, waveform generation, advanced coding and pulse characterization in THz
communications.

2. Operation principle

A basic first-order differentiator is a linear filtering device that provides the first-order time
derivative of the input signal electric-field complex envelope. This device can be implemented
using a linear optical filter with a required spectral transfer function [34]. Figure 1 shows the
operating principle of the optical temporal differentiator (OTD), The OTD can be regarded as a
band filter to perform effective filtering calculation on the incoming optical signal.

Fig. 1. A schematic of a first-order (N= 1) optical temporal differentiator.

For the modulated light from a continuous-wave source, the carrier angular frequency is ωc.
s(t) is the input modulating signal. The optical field expression can be written as

Ein(t) = s(t) exp(jωct) (1)

The Fourier transform of the above function can be expressed as

Ein(t) = F{(s(t) exp(jωct))} = S(ω − ωc) (2)

where S(ω) is the Fourier transform of s(t). If we differentiate the complex amplitude of the input
optical signal by the Nth order, then the output signal expression is

Eout(t) =
∂Ns(t)
∂tN

exp(jωct) (3)

where N is differentiation order which is a fraction or integer. The Fourier transform of the output
signal can be written as

Eout(ω) = F
{(
∂Ns(t)
∂tN

exp(jωct)
)}
= (j(ω − ωc)

NS(ω − ωc)) (4)

Combining Eqs. (2) and (4), we see that differentiating the complex amplitude of the output
signal is equivalent to multiplying the spectrum of the input signal by a transfer function
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(j(ω-ωc))N . Therefore, the transfer function of an ideal optical field differentiator is as follows

Hideal(ω) = (j(ω − ωc))
N (5)

According to Eq. (5), the amplitude spectral response is proportional to |ω-ωc |
N (N = 1, 2, 3,. . . ).

The spectral phase response for an even-order differentiator has a linear profile. For an odd-order
differentiator, there is an additional discrete π-phase shift at the differentiator’s central frequency
(ωc). As evidenced by the frequency transfer function H(ω), a differentiator is a notch optical
filter (i.e. a band-stop filter) which provides the Nth derivative of the temporal complex envelope
of the input optical signal.

3. Numerical analysis of terahertz ring resonator (TRR) differentiator

In order to achieve a notch THz filter, we demonstrate a ring resonator device. It consists of a
ring waveguide as a resonant cavity, which is evanescently coupled with a single straight bus
waveguide serving as the input and output port. The transfer function of the resonator can be
expressed as

T =
t − ae−jβL

1 − ate−jβL
(6)

where β=2πneff fc/c is the propagation constant of the resonator waveguide, t is the coupling
coefficient and a is the field attenuation per round trip in the cavity, and L is the total perimeter
of the terahertz ring resonator (TRR). According to Eq. (6), we can deduce that the depth and
the bandwidth of the resonance is changing with the coupling regime, and consequently the
amount of the phase shift could also been changed from less than π, to π and finally to greater
than π. The black solid curves in Figs. 2(a) and 2(b) show the amplitude and phase response for
the terahertz ring resonator 1 (TRR1) operating at the critical coupling region (t= a). A fully
phase shift (π) is achieved and the Lorentz filter shape transmission is shown at the center of
the resonance. The parameters used in simulations are identical to those in the experiment for
comparison, except that a is a little bit different (a= 0.941). To prove the operation of the device,
the blue dotted curves in Figs. 2(a) and 2(b) show the amplitude response and phase response
of the ideal first-order differentiator (IFOD) at the resonant operating frequency. The figure
shows that the Lorentz filter and IFOD have quite similar magnitude response, and both show a
phase jump of π around central frequency (ωc). Hence, the transfer function of a single side
coupled silicon ring resonator operating at the critical coupling region can provide the required
spectral features. The red dash curves in Fig. 2 show the response for the terahertz ring resonator
2 (TRR2). Its parameters are the same as the fitting results in Section 4 (a= 0.933, t= 0.941).
The farther the resonance is from the critical coupling, the more response deviations there will be
between the TRR and IFOD. In practice, deviations from the ideal conditions of ring resonator
should be expected and this should affect the device operation as an optical differentiator, such as
a non-zero resonance dip, non-abrupt phase jump, and inexact π phase shift.

In order to investigate the proper performance of the designed temporal differentiator, we have
numerically simulated the time-domain response of the critical coupling TRR1. The calculations
are based on the operation principle discussed in Section 2. The input square waveform is shown
in Fig. 3 by the red dash curve. The repetition rate of square waveform signal is 100 KHz. The
rising and falling time (defined as the time that the pulse amplitude increases or decreases from
10% to 90%) T0 is set to be 0.12 µs as a test case. The black-solid curve in Fig. 3 shows the
output of the optical differentiator. All signals have been normalized in amplitude in order to
facilitate the comparison between them. It can be seen the differentiation of a square pulse results
in two impulses at the rising and falling edges.
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Fig. 2. (a) Amplitude response of the IFOD (blue-dotted curve), the critical coupling TRR1
(black-solid curve) and the non-critical coupling TRR2 (red-dashed curve) at the resonant
operating frequency. (b) Corresponding phase response.

Fig. 3. Temporal waveforms of the input square wave (red-dashed curve) and the output
differentiation result (black-solid curve).

4. Experimental results and discussion

We fabricated the TRR differentiator on a low-loss high-resistivity silicon wafer using comple-
mentary metal-oxide semiconductor (CMOS) compatible fabrication processes. The device is
fabricated on a double-sided polished silicon wafer with a thickness of 470 µm, which consists
of a ring waveguide and a straight waveguide. The coupled ring structure is designed as a
racetrack ring and the resonant mode is designed to operate near the critical coupling region. The
waveguide mode is coupled into TRR from the adjacent waveguide. The bus and ring waveguides
have the same width (W) of 500 µm. The waveguide height is H= 340 µm with a slab thickness
(h) of 130 µm. The radius of the racetrack rings is r= 3.25mm. The coupling length (L) is 1 cm
given by the straight waveguide in the racetrack ring. The strength of coupling can then be
lithographically controlled by adjusting the distance between the waveguide and the ring. Here,
the gap (g) is chosen as 50 µm to achieve the critical coupling. To define the waveguide patterns,
deep ultra-violet (DUV) photolithography was employed, followed by anisotropic dry etch of
silicon. The etching depth is 340 µm, in accordance with the waveguide height. The fabricated
ring resonator formed by the ridge-type waveguide in our experiment is a fully passive device.

To investigate the characterization of the fabricated THz temporal differentiator, we measured
the transmission and phase spectra of the device for the transverse magnetic (TM) polarization
(electric field perpendicular to the device plane). For this purpose, we used the method described
in [19]. The system employs an Agilent N5227A PNA network analyzer and a pair of WR-5.1
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140-220GHz VNA extenders. Figure 4(a) shows the transmission spectrum of this device in the
frequency band from 206GHz to 216GHz. The results show that the device we used here is a
resonator with a FSR of 1.7984GHz. Figure 4(b) shows the detailed power transmission and
phase spectra around the resonance dip. The resonance dip was centered at 214.72GHz, and
exhibited a transmission extinction ratio of 22 dB, as shown by the black dotted-dashed curve.
The Q factor of resonator is ∼2385. The measured spectral phase response is shown by the blue
sold line. As expected, a relatively abrupt phase shift 0.97 π (close to π) was obtained. The red
dotted line and pink dashed line is the fitted transmission spectrum and phase response with
a= 0.933, and t= 0.941, respectively. Comparing the fitted model and the experiment result,
there is a noticeable difference in the tails of the phase profile, we believe this discrepancy is
caused by the strong Fabry-Perot resonance, which is visible in Fig. 4(a). According to Eq. (6),
we know that in order to further increase the phase shift to π, t and a need to be in closer proximity
to satisfy the critical coupling condition.

Fig. 4. (a) Measured transmission spectrum of the racetrack ring cavity device for TM
mode in the frequency band of 206GHz-216GHz. (b) Measured and fitted spectra of the
resonance at 214.72GHz.

To verify the features experimentally, we measured the fabricated TRR using the experimental
setup shown in Fig. 5. The insets (a) and (b) are the schematic drawing of the TRR and
cross-sectional view of waveguides, respectively. The desired waveform signal is generated by
modulating a continuous wave using the external modulation mode of the radio frequency and
microwave signal generator (RF&MSG) driven by an arbitrary waveform generators (AWG).
The AWG generates a periodic square wave at 1 KHz modulation rate. The frequency of the
continuous wave is tuned to 11.925GHz. After the signal generator extension module (SGX
Module) with the multiplier of 18 times, the frequency of the carrier signal becomes 214.72GHz
(the resonant frequency). The power of output signal is about 0 dBm. The measured rising time
of the signal is ∼35 µs. The modulated electromagnetic wave signal is coupled into the bus
waveguide of our device and the differential signal is coupled into the horn antenna (HA) from
the right port of bus waveguide. Finally, we use a THz lens-coupled direct detector (DD) based
on field-effect transistor to detect the temporal intensity profiles of the signals which are observed
by a sampling oscilloscope (OSC).
Figures 6(a) and 6(c) show the normalized voltage amplitude profiles of the time-domain

waveforms at the device output. The periodic square wave signal shown by the red-dashed line is
acquired by tuning the frequency of the carrier signal from 214.72GHz. When the operating
frequency of carrier signal is tuned to 214.72GHz (while other parameter setting stays the same),
the voltage amplitude of the waveform is shown by the black-solid curve. As predicted, the
experimental result is close to the analytical first-order temporal derivative of the input waveform
shown in Fig. 3. Such design would allow us to get the rising and falling edge of the corresponding
periodic square wave signal directly in the differential result, and meanwhile obtain a regular
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Fig. 5. Schematic of the experimental setup for measurements of THz integrated temporal
differentiator. AWG: arbitrary waveform generators. RF&MSG: radio frequency microwave
source. SGX Module: signal generator extension module. HA: horn antenna. DD: direct
detector. The insets (a) and (b) are the schematic drawing of the TRR and cross-sectional
view of waveguides, respectively.

high frequency pulse signal. The distortions of the differentiation signals could be resulted from
the insufficient notch depth and inexact π phase shift of our device. The energetic efficiency,
which could be measured as the ratio of average pulse powers between off-resonance output
(input waveforms) and on-resonance output (differential waveforms) from the device, is close to

Fig. 6. (a) Experimental differential results of a square wave with a frequency of 1 kHz. (b)
Experimental differential results of Gaussian pulse with pulse width of 100 µs. (c) and (d)
show the detailed signals respectively.
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0.11%. In addition, in order to test the versatility of our device differential function, Gaussian
pulse waveform is used as the input signal. Theoretically, for an input of Gaussian pulses, an
output of odd-symmetry Hermite-Gaussian pulses (OS-HG) is expected. Figures 6(b) and 6(d)
show the experimental results of a Gaussian waveform (red-dashed line) with a pulse width
of 100 µs and its first-order derivative (black-solid line). The repetition frequency is set to 2
KHz. The energetic efficiency is close to 0.59%. We can see that the differential effect of the
Gaussian waveform is well obtained. Hence, above experimental results clearly demonstrate the
THz differentiation functionality using this compact silicon device.

From Fig. 4, the 3 dB bandwidth of the TRR is around 90MHz. According to the definition of
device operation bandwidth (DOB) [34], the proposed THz temporal differentiator is expected to
differentiate an input pulse with a bandwidth of tens of MHz, which is large enough for signal
processing in our experiments. The bandwidth (BW) of the input square wave in the experiment
is 10 kHz, which is related with the rising edge time: BW= 0.35/Trise time [35]. The bandwidth
of the square wave after the frequency-multiplier is limited due to the limited bandwidth of
SGX Module used in our experimental setup, which might be enhanced in the future work with
improved experimental setup.

5. Conclusion

In summary, we proposed a THz temporal differentiator based on a silicon dielectric resonator.
The performance of the differentiator is experimentally demonstrated with the periodic square
wave signals and Gaussian pulses by a THz temporal measurement setup. This demonstration
will pave towards the further exploration of THz signal processing function devices.
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