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BupoOHrya JtiHisS MiIIpHEMCTBA 3 TOTOKOBIM METOIOM OpraHi3amii BUPOOHHITBA € CKJIAQJHOIO JTUHAMIYHOIO PO3IIOIUICHOO
cucteMoro. Posnoxin 3arotoBok i HamiB(aOpHKaTiB y3M0BXK TEXHOJIOTIYHOTO MapIIPyTy ICTOTHO BIUIMBA€E HA IPOITYCKHY
3aTHICTH BUPOOHMYOI JiHii. [ onucy po3MoiIieHNx BUPOOHMYMX CHCTEM BBeAeHMI HOBHH Kitac Monened (PDE-monens).
Mogeni IbOTO KJ1acy BUKOPHUCTOBYIOTH JM(epeHIliaibHi PiBHAHHS B IPHBATHUX ITOXITHHX, TO3BOJISIFOTH BU3HAYUTH MOBEIHKH
MOTOKOBUX TapaMeTPiB Y3[0BX BHPOOHUYOT JiHIT B JOBUIGHHI MOMEHT 4Yacy. Y mJaHili poOOTi JOCITIIKYEThCS MOJIEIh
MOTOKOBOI JIiHIii, CHHXpOHI3aWis TEXHOJOTIYHMUX OIepaliii Ha sAKiid IOCATaeThCSI 3a JONOMOTOK 3MiHHM KoedilieHTa
3aBAHTAKECHHS TEXHOJOTIYHOro obnangHaHHsA. J[Is ONMCY DPO3MOAINCHOI JMHAMIYHOI CHCTEMH BHKOPHMCTaHa MOJENb, SKa
MICTUTh PIBHSHHS B NPUBATHUX MOXigHUX. [lepenbayaeTses, o0 OAHO3MIHHUNA PEKUM poOOTH BUPOOHHYOTO MiAPHEMCTBA €
OCHOBHHUM pPEXHUMOM Horo QyHKmioHyBaHHs. s 3a0e3neueHHs Oe3mepepBHOrO OHE 3MIHHOTO PEKUMY POOOTH BUPOOHHUIOT
JiHIT TEXHOJIOTIYHI omepamnil CHHXPOHI3YIOThCS IPOTATOM KaleHHapHOro IHs. [l moOynoBHM ONTHMaibHOI IPOrpaMu
YIIPaBIIiHHS BBEICHUN KPUTEPiil IKOCTI, SIKMH BPaxoBY€e BUTPATH BUPOOHMYOTO MiIPHEMCTBA, SKi IOTPiOHI U CHHXpOHI3amii
TEXHOJIOTIYHMX omepauniii. [Ipm mbOMy BpaxoBYyeThCs, IO BapTiCTh OJHiI€] TOOWHU (YHKI[IOHYBaHHS TEXHOJIOTIYHOTO
obJlaiHaHHsl 3aleXUTh BiJX BUAY TeXHOJIOTiYHOI omepamii. SIk oudepeHIianbHUX 3BSI3KIB IPH IOCTAHOBILI 3aBIAaHHS
YIpaBIiHHA BUKOPUCTAHO OJHE MOMEHTHOE DIBHSHHS, SIKE BU3HAYAE€ B3a€MO3B'A30K JIHIHHOI MIUIBHOCTI 3aTOTOBOK B3JIOBXK
TEXHOJIOTTYHOTO MapUIPYTy 1 TeMITy 0OpOOKH 3arOTOBOK Ha TEXHOJIOTIYHOI omeparii B TOBUIbHAN MOMEHT 4acy.

Knrwwuosi cnosa: supobnuua ninis, PDE-mo0ens supobruymea, 6anancosi pisHaHHs, He3aeepulene supoOHUYmao.

IIpowsBojacTBeHHAss IHHUS TNPEINPHUATHA C ITOTOYHBIM  METOJOM OpraHU3allUHM IIPOU3BOACTBA SBIACTCS CIOXKHOM
TUHAMHYECKOH pacIpelieIeHHOW cucTeMoil. PacmpeneneHue 3aroToBoK u 1oiy(haOpHKAaTOB BIOJb TEXHOJIOTHYECKOTO
MapuIpyTa OKa3bIBaeT CYIIECTBEHHOE BIHSHHE HA MPOITYCKHYIO CIIOCOOHOCTH NMPOM3BOJACTBEHHON NWHMHU. [ omumcaHus
pacIipeqeTICHHBIX TPOM3BOACTBEHHBIX CHCTEM BBeAE€H HOBBIM kiacc Mmoxenedl (PDE-momens). Mozgenm 3Toro kimacca
UCTIONB3YIOT T (depeHanbHble YpaBHEHHsS B YaCTHBIX IIPOM3BOJHBIX, MO3BOJSIIOT ONPENCINTh HMOBEJCHHS IMOTOKOBBIX
HapaMeTpoB BIOJIb MPOU3BOJICTBEHHOI JIMHUU B IPON3BOJIBLHBI MOMEHT BpeMeHH. B HacTosIeli paboTte uccnenyercs MoJeib
MOTOYHOI JIMHUM, CHUHXPOHHU3AIMs TEXHOJOTMYECKUX OIepaluii Ha KOTOPOH JOCTUraeTcsl IOCPEACTBOM H3MEHEHUS
K02 duIeHTa 3arpy3Kd TEXHOJOTHYecKoro obopynoBanus. s omucaHus paclpeleleHHOW JUHAMHYECKOH CHCTeMBI
UCIIONB30BaHa MOJENb, COAEpIKaIasl ypaBHEHUS B YaCTHBIX NPOU3BOAHBIX. IIpenmonaraercsi, 9TO OJHOCMEHHBIH DPEXUM
paboTBl  TPOM3BOACTBEHHOTO TMPEINPHUATHS SBISIETCS OCHOBHBIM PEXHMOM ero (yHkiuonnmpoBanus. st obecnedeHHs
HETIPEPBIBHOTO OJHOCMEHHOTO PEXHMa pabOTHI IIPOU3BOICTBEHHOHN JIMHUU TEXHOJIIOTHIECKHE OTEPAMN CHHXPOHU3UPYIOTCS
B T€UEHHE KaJICHAAPHOTO IHA. I MOCTPOEHHS ONTHMATIBbHOHN IPOTPaMMBbI YIIPaBICHUS BBEICH KPUTEPHH KauecTBa, KOTOPHIH
YUUTBIBAECT 3aTPaThl IPOU3BOACTBEHHOIO MPEANPUATHUS, KOTOpble TpeOYrTcd [UIi CHUHXPOHU3ALMM TEXHOJIOTMYECKUX
onepauui. [Ipy 3TOM YYUTBIBAeTCs, YTO CTOMMOCTH OJHOTO Haca (YHKIHMOHMPOBAHHS TEXHOJOTHYECKOTO 00OpYHIOBAHHS
3aBUCUT OT BHJa TEXHOJIOTMYECKO onepanuu. B kauectBe nuddepeHpansHpIx cBsi3edl IpH MOCTAHOBKE 33/1a4d YIPaBICHUS
UCIIOB30BaHO OJHOMOMEHTHOE YpaBHEHHE, KOTOPOE OINpEENseT B3aUMOCBSA3b JHMHEHHOW INIOTHOCTH 3aroTOBOK BJOJb
TEXHOJIOTHIECKOTO MapIIpyTa M Temma oO0pabOTKH 3aroTOBOK Ha TEXHOJOTHYECKOH OIepalyy B NPOW3BOIBHBI MOMEHT
BPEMEHH.

Kniouegwie cnosa: nomounas aunusa, PDE-modens npouzsoocmea, ypasuenus banauca, Hesagepuiennoe npou3eo0cmeo.

The production line of an enterprise with a flow method of organizing production is considered as a dynamic distributed
system. The technological route for manufacturing products for many modern enterprises contains several hundreds of
technological operations, in the inter-operating reserve of each of which there are thousands of products awaiting processing.
Technological routes of different parts of the same type of products intersect. This leads to the fact that the distribution of
objects of labor along the technological route has a significant impact on the throughput capacity of the production line. To
describe such systems, a new class of production line models (PDE-model) has been introduced. Models of this class use
partial differential equations to describe the behaviour of production line flow parameters. In this article, a PDE-model of the
production line is built, the flow parameters of which depend on the load factor of the process equipment for each operation.
For the description of a distributed dynamic system, the PDE model of the production line was used. At the same time, the
single-shift mode of operation of a production enterprise is considered as a basic mode of operation.

Keywords: production line, PDE-model of production, balance equations, work in progress.

1 Introduction

On the production line of the enterprise is required to process a batch of products [1]. For the
process identified:

a) the sequence of operations and their technological parameters;
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b) the equipment necessary to perform the operation, the parameters of its work and the layout
scheme;

c) the properties of the object of labor and the laws of the transfer of resources to objects of labor as
a result of the impact of equipment.

It is assumed that the production technology during the production cycle does not change, that is, the
parameters characterizing the operation remain unchanged. The duration of the shift is given, is eight
hours. Reducing the duration of the production cycle is possible by changing the mode of loading
equipment. The amount of equipment loading in the processing of a batch of products will be
characterized by the shift factor of the equipment during the day Ksg,,. We believe that the cost of one
hour of equipment operation is different for each operation and depends on the time of day. The flow
parameters of the model of the controlled production process in the two-step description are inter-
operating reserve characterized by density [],(t,S), and by the flow of objects of labor [7}(t,S) on

the technological route [2-5]. To describe the behavior of flow parameters in space and time, we use the
one-dimensional coordinate space (t,S) [6, 7]. The coordinate S determines the place of the object of

labor in the technological route. The introduced one-dimensional coordinate space (t,S) allows us to

construct compact models for controlling the parameters of a production line. We divide the coordinate
axis 0S into segments AS, €[Sy_1,Sm[. Coordinates S,_; and S, characterizes the beginning and

end of the m-th operation, m=1..M . At the same time, we assume that, Sp =0, Sy, =Sqy, Where Sy

is the cost of production.

Let the function z,(t,S,,) determine the cost of the excess costs of the resources required for the use
of additional equipment within one hour of the m-th operation. The dependence of the function
zc(t,Sm) on time implies that during the production cycle, the cost of the excess costs of resources

required to perform the operation on additional equipment may vary over time. Under the use of
additional equipment we understand the use of backup equipment, the required time or the main
equipment in additional time (shift factor K., <3) [8].

One of the approaches to synchronize the processing performance of objects of labor in different
operations of the production line is to use the main equipment in additional time between the main
technological shifts (control of the shift of technological equipment for a given technological
operation). If the time used by the equipment during single-shift operation is selected as the time axis of
the state space, then the state of the backlog during the period between the end of the shift and the
beginning of another shift in the case of using the main equipment during the second and third shift will
change abruptly by the number of processed products during the second and third shift.

Let us introduce the distribution density of the cost of the above-standard costs of technological
resources required to perform work on additional equipment within an hour for the technological route
in the interval [0;Sg ]:

Sm Sg M Sy M
[@,(t,5)IS=2,(t,Sp)., [o,(tS)S = [w,(t,S)S=Yz(tSy).
Sm—l 0 mzlsm—l m=1

We introduce a function W(t,S) that characterizes the work of additional equipment (main
equipment in the second or third shift, shift factor Kg,, >1).
t
Define  [Ws(t,S)dt as the number of additional equipment (located in the vicinity S of the
4
technological route coordinates) hours for a period of time At= (t2 —tl). As a result of the inclusion of
additional equipment that ensures the processing of objects of labor in the second and third shift at a
rate equal to the rate of operation of the main equipment [Z]n//(tv S), the overall rate of movement of
objects of labor at the point of the technological route with the coordinate S increases by
[x, (t.5)-Ws(t,S). During At =(t, —t,) the work of the additional equipment, an additional flow of

objects of labor with the total number of units
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tf[zh.// (t,S)-Wsl(t, S )dt

will pass through the point of the technological route with the coordinate S .
The excess costs Cgp, (Tq) required to ensure the operation of additional equipment located on the

segment AS, € [Sm_1,Sm[ and used to perform the m-th operation for the duration of the production
cycle Ty, we define the integral:
Tg Sy

Con(Ta) = [ [Ws(t,S)- @, (t,S)dSdt
00

Relevance and practical significance

The scientific novelty consists in the development of a method for designing control systems for the
parameters of the production line of enterprises with a continuous method of organizing production
based on the PDE model of the control object.

In this case, the control object, the production line is represented by a dynamic system with
distributed parameters along the technological route. The optimal control of the parameters of the
production line is sought in the form of superpositions of delta functions.

The proposed method of designing a system for controlling the flow parameters of a production line
can be used as the basis for designing highly efficient production flow control systems for enterprises
manufacturing semiconductor products in the automotive industry.

Production Line Model
Line parameters for continuous production flow with a sufficiently large number of operations
satisfy the balance equation system:

Uhte3) DALS) o [hs)=ll, ) )

The normative tempo [;(]lw(t,s) of processing items of labor for a production line is set at each

point of the technological route and for each point in time. The parameters of the model of the
controlled production process in the two-step description are the inter-operational reserves, which
characterize [;(]O(t, S) the density of distribution of objects of labor along the technological route, and

their rate of movement [y} (t,S) [1].

We control the value of the flow parameters [¢]y(t,S), [x}(t.S) by regulating the place of

activation of the auxiliary equipment in the technological route and the duration of its activation
(change in the coefficient of the loading of the process equipment K¢, >1).

Control function U(t,S)=W;(t,S) determines the duration of the inclusion of additional equipment
in the specified place of the technological route with the coordinate S at the time t=tq, where tg is
the end time of the g-th shift (q=21,2,3...).The planning interval for the line in question is equal to the

interval of three shifts (daily planning interval) with one-shift operation of the main equipment. As an
additional, the main equipment is used, which processes Kgg, >1 the objects of labor in the second and

third shift with the pace [}, (t.S).
The behavior of the parameters [¢](t,S), [¢}(t,S) of the production line is limited by the initial
conditions of the distribution of objects of labor along the technological route and the purpose of

management:
[2(0.8) =[xko(S), (e, 8)=[rkor, (5),

as well as the boundary conditions determining the receipt from the warehouse of raw materials,
materials for the first operation and the output of finished products from the last operation:

(2l (t.0)=[x]s ). [xh(t.0)=[xks ).
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In the absence of the inclusion of additional equipment parameters [7}y(t,S), [¢h(t.S), [}, (t.S)

in the moment t, the end of the g-th shift and the start of the (q+1)-th shift are continuous functions of
time t with the continuous derivatives of the n-th order:

[/l 8)-[zhla..S) @”[z];t(;q-,s)z a“[z]aot(;w,s)
[Z]l(tq_,S)z [Z]l(thr,S), 8”[;(]1(tq_,8) _ a" [Z]l(tq+,s),

atn

ot
At )t lebes) Mlibotes)

The notation t_ and tq., means that the functions [¢]y(t.S), [x}(t.S), [x],, (t.S) are considered

in the infinitely small neighborhood to the left and to the right of t;. We believe that the regulatory
parameters characterizing the operation during the production cycle Ty remain unchanged in time:

bles)=1b08)- RO Les)-oh, 65)-Leks) @

Condition

olrkq(S)

0S

<0
S=Sp
corresponds to increase in the density of inter-operating reserve for a technological m-th operation
during the cycle time T4 for the case when there is no inclusion of additional equipment in the second

and third shifts. In this case, the rate of processing of parts at the technological operation will be
considered constant over time. The average daily rate can be changed depending on the shift value of

the process equipment. The time value corresponds to the time t; of completion of works in the g-th
shift under the single-mode operation mode of the main equipment (duration of the work shift, hours):
Aty =tg —tq-1)=8.

The number of inter-operating reserve at the moment of time corresponding to the completion of
work in the q-th shift is equal to their number at the beginning of the work of the (q+1)-th shift (2). The
increase in the density of inter-operating reserves with time will lead to overflow of the capacity of the
inter-operating bunker located in the point of the technological route defined by the coordinate S, and
ultimately, to the overflow of bunkers on the section [0,S,] of the technological route with the
subsequent stopping of the production line.

The conditions for the occurrence of the drive overflow process and the study of the evolution of
its development for the technological route section [0,S,,] are described in detail in [4, 6, 9-12].

To ensure the smooth operation of the production line, it is necessary to synchronize the rate of
processing of objects of labor in individual operations within the time interval between the beginning of

the t; -th and the beginning of the tq 1 -th work shift.
We supplement equations (1) with the control function U 5(t,S):

alb(ts) , Alrke() olLka(8)-U5(t.5)) @3)
ot 25 oS ’

Us(t,S)=Ws(t,S)=W(t,S)-dlt-ty), t4=8-q  Wlt;,S)<8,
determining the duration of the inclusion of equipment in the position S at the time between the end of
the q-th and the beginning of (q+1)-the th shift (q=1,2,3...). The control of the flow parameters carried
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out as a result of the use of additional equipment at the moment of time t, between the end of the g-th

shift and the beginning of the (q+1)-th shift is determined through the Dirac delta function 5(t —tq) [13,
14]. The equation for changing the density of inter-operating reserve (3) can be integrated over time:

[2ble:s)=1b05)- VHEL 2 (1 sy 9), @
g=1

oS
where the replenishment time points of the production line are 0<t <t <......<ty <tgy <.....<t <z (hour)
with the duration of the work the additional equipment W(t;,S), W (t,,S),...,W(t,S) (hour).
Replenishment time moments t; and the duration of additional equipment operation W(tq,8)§8

(h) depend on the choice of control. The total number of objects of labor in the inter-operational reserve
of the technological operation, bounded by the coordinates of the technological route Sy,_; and S, , is

the quantity:

Sf“<u10<r,s>—u]o<o,s>ws:—(mlq@m)—mq(sm1>)f—i(mlq<sm>-w<tq,sm>—mlq<sm1>~vv(tq,sm1>)
g=1

Sm—l
where

Sm
[([xlo(z.8)~ ], (0,5))ds - changing backlog m-th operation for time  ;

Sm-

[ hig(Sm—1)r - the number of objects of labor, which arrived at the m-th operation with (m—1)-th
during the time = (h);

[ }iq(Sm )z - the number of objects of labor, which took from m-th operation to (m-+1)-th in time ¢
(0); [xhg(Sm-1)-W(tq, Sm_1)- the number of objects of labor, which arrived at the m -th operation with

the (m—1)-th as a result of the work of additional equipment during the time W(tq,Sm_l) between the
beginning of the q-th and the beginning of the (q+1)-th shift;
[ hq(Sm W (tq, Sm)- the number of objects of labor, which went with the m-th operation on the
(m—l)—th as a result of the work of additional equipment during the time W(tq,Sm) between the
beginning of the g -th and the beginning of the (q+1)-th shift.

The rupture of the function [}, (t, S) corresponding to the value [, (Sm W (tq, S ). is determined

by the work of the additional equipment with the capacity [;g]lq (Sm) included between tq and tq,; the
shift for processing the subject of labor for a time W(tq , Sm).

Statement of the task of optimal control of the production line
In a fairly general form, the task of building an optimal program for controlling flow parameters

[xb(S), [xL(t.S), when additional equipment is turned on using additional equipment, can be
formulated as follows: determine the state of parameters [¢],(t,S)e Gg, [¢](t.S)e G, for each route

point S e[0,Sy4] during the period of time te[0,T4] while managing Ug(t,S)e Gy the additional
equipment operation time

Us(t,S)=Ws(t,S)=W(tS)slt-tq), t;=8-q,

delivering a minimum of functionality
Ty Sq
Cep= | [Us(t.S) o, (t, S)dSdt — min, (5)
00
with differential connections
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L), Alrkg(s) _ allzho(5)Us(t5))
ot 0S oS
with restrictions along the trajectory on the phase variables [Z]O(t,S) determined by the storage

capacity
0<[xh(t.s), [xb(t.5)<[xke(s).

with constraints along the trajectory on the control [7]
t;+0.5At,

0<U,(t,S), 0<  [Us(t,S)t<Ug(S)=8, Aty —0, (6)
tq—0.5At,
initial conditions

[)o(0.8)=Lx)o(S).

final state (control goal)
L2k (Ta.8)=[xkr, (5)
and boundary conditions

rh0)=[rh©).  [rh(t.Sa)=[rhq(Sa).

where t; =8¢ is the end time of the g -th shift; 5(t —tq)- delta function. Control is carried out in the
time interval between shifts

Aty Aty
te|ty _T’tq +T ,0<ty <t <..<1g.<Ty

Control Ug(t, S) should be understood as a certain impulse, which is an idealization of a sufficiently
large in the magnitude of ordinary control during a shift concentrated in a neighbourhood of a point t,

[13]. The value of the function U5(t,S) at the time point t specifies the number of hours of operation
of the additional equipment at the location of the technological route with a coordinate S .
Condition (6) for different parts of the route is recorded under the assumption that the duration of the
work of additional equipment cannot exceed the duration of the technological shift equal to eight hours.
The tempo of processing of objects of labor along the technological route is a given function
[xkq =lxhq(S) from the coordinate S. The tempo of movement of objects of labor

Lrh(6.0) =[x} (0),

coming in the form of raw materials and materials to the production line, and the tempo
[xh(t,Sq)=[xlq(Sq) finished parts leaving the last operation, do not depend on time, consistent with

the plan of supplying the production with raw materials and the plan of shipments of finished products.
Functional (5) defines the criterion for the quality of control of flow parameters during the production
cycle Ty, reflects the above-standard costs for all technological operations associated with the use of
additional equipment. It is assumed that the cost of an hour of operation of additional equipment is set
different for each operation and depends on the time, determined by the function. In determining the
optimal control program, we assume that the intervals between shifts are adjacent to each other a, (t,S)
. We assume that the main equipment works continuously during the work shift. To ensure the
continuity of the flow of items of labor on the technological route

[tk (8)=[xk(t.5)>0,

the operation of the additional equipment must be controlled in such a way that during the shift in the

interval t e] tq,tq+1[ the main equipment functions continuously. Strict equality

[k () =[xh(tS), [xb(t.s)=0,
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corresponding to filling the bunker with labor objects and emptying it, is allowed only in the time

interval
At At
q q
t €|:tq —T,tq+l—7:| .

Integrating the balance equations in the specified time interval, we get:

At
p—
At At xk o 2
q q q
[Z]O[tqﬂ _T’SJ = [Z]O[tq _T’SJ_a—s' ~35 [[rhq(s)-Uslt,S)at,
tq _Tq
what allows to write down condition of inadmissibility of overflow of the inter-operational bunker
At
tg+—0
Aty ) alrhg(s) a2
o)1= s | 0 217 [rhyfs)usteshrzo
Atg
t—
and the condition of inadmissibility so the inter-operational bunker was empty
Atq
At olrkas) . o
q q
fa~ 2

The function Lz]o(tq,S) determines the distribution of objects of labor according to the
technological route at the moment of time t =t , corresponding to the beginning of the q -th shift.

Control U 5(’[,8) with restrictions on phase variables and with restrictions on control, ensures the

achievement of the control target with the minimum value of the integral (5) and with given differential
constraints, is the optimal program for the flow parameters of the production line. In the absence of
control, the equation of relations is (1). Changing the number of objects of labor in the area of the
production line within the operation is only possible due to the receipt of objects of labor from the
previous operation and their care for the subsequent as a result of technological processing. Term

olla(5) U5 t5))
oS
labor in the considered element of the volume of phase space. The initial conditions and the goal of

management determine the distribution of objects of labor along the route at the initial and final point in
time.

containing control U (t,S), plays the role of a source or sink [1] of objects of

Conclusion
Achievement of the production system with the initial distribution of objects of labor [Z]oo(s) along

the technological route in a precise line over the duration of the production cycle T4 of the final state
[;(]OTd (S) can be implemented in a variety of ways, each of which is called a control program. In the

technical problems of managing the state of the production line, the question arises of finding the most
optimal program for the use of resources (optimal control). The mathematical reflection of this fact is
that the control of the parameters of the production line should be chosen from the condition of
minimum integral (5).

This paper shows that along with traditional models for controlling the parameters of production
flow lines, an important role is played by control models associated with the use of partial differential
equations (PDE models). A PDE-model for controlling the parameters of a production line has been
considered, taking into account restrictions on the volume of inter-operating bunkers along the
technological route.

The developed model allows you to determine the schedule of switching on and off the process
equipment. A method for controlling the synchronization of technological operations of an industrial
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production line is considered. The quality criterion of the production system is written, which allows
building optimal control over the parameters of a production line operating in multi-shift mode. It is
shown that partial differential equations that act as differential constraints for phase variables are
replaced by a system of equations for the coefficients of decomposition of production line parameters,
which allowed us to obtain the control function in the form of time dependence and position
(coordinates) in the technological route.
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