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Strong invariance principle for dependent
random fields*

Alexander Bulinski! and Alexey Shashkin!

Moscow State University

Abstract: A strong invariance principle is established for random fields which
satisfy dependence conditions more general than positive or negative associ-
ation. We use the approach of Csorgd and Révész applied recently by Balan
to associated random fields. The key step in our proof combines new moment
and maximal inequalities, established by the authors for partial sums of mul-
tiindexed random variables, with the estimate of the convergence rate in the
CLT for random fields under consideration.

1. Introduction and main results

Strong invariance principles are limit theorems concerning strong approximation
for partial sums process of some random sequence or field by a (multiparameter)
Wiener process. The first result of such type was obtained by Strassen [21] with
the help of Skorokhod’s embedding technique. Another powerful method, intro-
duced by Csorgd and Révész [10], is based on quantile transforms. It was used by
Kémlos, Major and Tusnady [15, 16] to achieve an unimprovable rate of convergence
in the strong invariance principle for independent identically distributed random
sequences. Berkes and Morrow [2] extended that method to mixing random fields.

In this paper, we study random fields with dependence condition proposed by
Bulinski and Suquet [7] (in the case of a random sequence it was given by Doukhan
and Louhichi [11]). Namely, let X = {X}, j € Z¢} be a real-valued random field on a
probability space (2, F,P) with EX]2 < oo for any j € Z%. We say that X is weakly
dependent, or (BL,0)—dependent, if there exists a sequence 6 = (6,.),.cy of positive
numbers, 0, — 0 as r — oo, such that for any pair of disjoint finite sets I,.J C Z¢
and any pair of bounded Lipschitz functions f : R/l — R and ¢ : RI’I — R one has

|cov(f(Xi,i € 1), 9(X;,5 € )| < Lip(f)Lip(g) (T[] A[T])0;- (1.1)

Here and below |V stands for the cardinality of a finite set V, r = dist(I,J) =
min{|[i — j|| : ¢ € I,j € J} with the norm ||z|| = max;=1.. 42|, 2= (21,...,24) €
74, and, for F : R" — R,

F(x)—F
x#y |x1*y1|+"'+|xn*yn|

Note that one can apply (1.1) to unbounded Lipschitz functions f and g whenever
Ef?(X;,i € I) < oo and Eg*(X;,j € J) < o0.
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The interest in studying model (1.1) is motivated by the following fact. There
are a number of important stochastic models in mathematical statistics, reliability
theory and statistical physics involving families of positively and negatively asso-
ciated random variables (see [13, 14, 18] for the exact definitions and examples,
for further references see, e.g., [7]). As shown by Bulinski and Shabanovich [8], a
positively or negatively associated random field with finite second moments satisfies
(1.1), provided that the Cox-Grimmett coefficient

~

0, = sup Z lcov(X,, X;)|, r €N,
LY e |fu—jl|2r

is finite and @\T — 0 when r — oo. In this case one can take 6 = (@)TGN. There are
also examples of (1.1) which are not induced by association, see [11, 20].

A strong invariance principle for associated random sequences whose Cox-Grim-
mett coefficient decreases exponentially was proved by Yu [22]. Recently Balan [1]
extended this result to associated random fields. The principal goal of this paper is
to extend the strong invariance principle to (BL,#)—dependent random fields. The
new maximal inequality needed is given in Theorem 1.1.

For any finite V C Z4, we let S(V) = >_jev Xj. The sum over empty set is zero,
as usual. We call a block a set V = (a,b] := ((a1,b1] x -+ x (ag,ba]) N Z% when
a,b € Z%a; < by,...,aq < bg. Given a block V, set M(V) = maxycy |S(W)|
where the supremum is over all the blocks W contained in V.

Assume that

D,, := sup E|X,|? < oo for some p > 2. (1.2)
jezd

We will use condition (1.1) specialized to a sequence 6 with a power or exponen-
tial rate of decreasing. Namely, either

0, < cor—>, r €N, for some ¢cog > 1 and A > 0, (1.3)

. 0, < coe ™", r € N, for some ¢y > 1 and A > 0. (1.4)
Introduce a function
(z —1)(z—2)7", 2 < <4,
@) = { (3 - Va)(Va+1)/2, t<w<i, (L5)
(z— 1)/ (x—2)2 =3 —a%+6x—11)3x —12)7, x> 3
where ty & 2.1413 is the maximal root of the equation
2422 Tt —4=0.
Note that ¢(z) — 1 as @ — oo.
Now let us formulate the first of the main results of this paper.

Theorem 1.1. Let X be a centered (BL,0)—dependent random field satisfying
(1.2) and (1.3) with A > diy(p) for ¥ (p) defined in (1.5). Then there exist 6 > 0
and C > 1 depending only on d,p, Dy, co and X such that for any block U C Z% one
has

EIS(U)|>H < C|U /2, EM(U)2+0 < AC|U[+/? (16)
where A = 54(1 — 20/(4+20))=d(2+9)
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Remark 1. Moment and maximal inequalities for associated random fields were
obtained in [4] and [6]. In the paper [19] similar inequalities were proved for weakly
dependent random fields X = {X;,j € 7%} under a stronger moment condition
SUp;eza E|X;[**® < 00,8 > 0. An inequality for a (BL,0)—dependent field X
having only finite second moments when A > 3d in (1.3) was also established there,
permitting to prove a weak invariance principle in the strictly stationary case. That
result does not comprise ours.

Remark 2. The condition on the rate of decrease of 8,. determined by the function
¥ in (1.5) is implied by a simple condition A > d(p — 1)/(p — 2) because ¥(p) <
(p—1)/(p—2) for all p > 2.
Now suppose that
o= cov(Xo, X;) # 0. (1.7)
jezd

Note that (1.1) entails the convergence of series in (1.7) for a field X with EX? <
00, j € Z%. As is generally known, for a wide-sense stationary field X one has

var(Sy) ~ o%[N] as N — oo (1.8)

where N € N¢, [N] = N;... Ny, Sy = S((0,N]) and N — oo means that N; —
0, ..., Ng — 0.
Following [2], for any 7 > 0, we introduce the set

G, = (j]{jeNd:jsz (HjSI)T}. (1.9)

s'#s

Theorem 1.2. Suppose that X is a wide-sense stationary (BL,0)—dependent cen-
tered random field satisfying (1.2), (1.4) and (1.7). Then one can redefine X,
without changing its distribution, on a new probability space together with a d—para-
meter Wiener process W = {W;,t € [0,00)?}, so that for some e > 0 the following
relation holds

Sy — oWy = O(IN]V?7%) a.s. (1.10)

as N - 00, N € G, and 7 > 0.

Remark 3. The value ¢ in (1.10) depends on a field X. More precisely, ¢ is deter-
mined by 7, the covariance function of X and parameters d,p, Dy, co, A. Note that
G =@ for 7 > 1/(d—1),d > 1. One can easily obtain an analogue of Theorem
1.2 for wide-sense stationary weakly dependent stochastic process (i.e. for d = 1).

2. Proof of Theorem 1.1

We fix some § € (0,1], § < p—2. The exact value of § will be specified later. Choose
As >0 (e.g., As = 5) to ensure that

(+ 9?1 +2+y)° <27 + 9> + As(1+2)°y* + 2% (1 +y)°)

for any z,y > 0.

Let h(n) = min{k € Zy : 2¥ > n}, n € N. For any block V C Z? having edges
with lengths Iy, ...,1lq, we set h(V) = h(l1) + -+ + h(lq).

We will show that for some C' > 2(D,, v 1) and all blocks U C Z¢

ES*(U)(1 + |S(U)])’ < ClU]*+3/2. (2.1)
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This is proved by induction on h(U). For h(U) = 0 (i.e. when |U| = 1) inequality
(2.1) is obviously true. Suppose now that (2.1) is verified for all U such that h(U) <
ho. Consider a block U having h(U) = hg + 1.

Let L be any of the longest edges of U. Denote its length by [(U). Draw a
hyperplane orthogonal to L dividing it into two intervals of lengths [I(U)/2] and
({U)—I(U)/2], here [-] stands for integer part of a number. This hyperplane divides
U into two blocks Uy and Us with h(Uy), h(Us) < hyg.

Lemma 2.1. There exists a value 1o = 79(8) < 1 such that, for any block U C 74
with U] > 1, one has

|U1‘1+5/2 + |U2|1+5/2 < 7_0‘[]|1+6/2.
Proof. Straightforward. O
Observe that for the considered field X condition (1.3) implies the bound
ES*(U) < (D2 + ¢o)|U]| (2.2)

for any block U C Z4.
Set Qr = S(Uk), k =1, 2. By induction hypothesis and Lemma 2.1,

ES*(U)(1+|S(U)])° = E(Q1+ Q2)*(1+|Q1 + Q2))° < C(IUL[*/% 4 |U|'+0/2)
+ AsE((1+[@1))°Q3 + (1 +1Q2))°Q3)
< Cro|lUM2 4 ASE ((1+[Q1])°Q3 + (1 +|Q2])°Q3) (23)

Our goal is to obtain upper bounds for E(1+ |Q1])°Q3 and E(1 + |Q2])°Q?. We
proceed with the first estimate only, the second one being similar. To this end, let
us take positive ¢ < (1 —79)/(4A45) and introduce a block V letting

V = {j € Uy : dist({j},U1) < U]/}

Note that the induction hypothesis applies to V| since V' C Us. Using the Holder
inequality and (2.2), one shows that

A

E(1+1@1))°Q5 < 2E(1+Q1|°)S*(V)

+2E(1+Q1))°S* (U2 \ V)

2(Dy + co)|[V| + 2(E|Qq[*T0)Y G+ (E|S (V) [7+9)2/(2+0)
+2E(1+ [Qu])°S*(U2\ V)

2(Ds + co)|U| + 2C¢|U|*F0/2

+2E(1 4 |Q1])°S* (U \ V). (2.4)

IN

IN

Fix any indices i, j € U3\ V and assume first that ¢ # j. Then dist({j}, {i}UU;) =
m > 0. For any y > 0, we define the function G, by

Gy(t) = (|t| ANy)sign(t), t € R, (2.5)

and for some y, z > 1 introduce the random variables

1/6

Qf = Gy(Q1), Q1 = (1 +1Q1])° — 1 +1Q11)°) ",

X! =G.(X)), X' =X, - X/

7
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To simplify the notation we do not write Q{’y, Q{{y, XZ{Z and X{i Obviously

[E(L+1@1)°X:X;] < [E(1+ Q1D X[ X;]

+ B+ Qi) 1X]X5] + Bl IX] X5]. (2:6)

Note that ®(v,w) = (1 + |G,(v)])°G.(w) is a bounded Lipschitz function with
Lip(®) < 2y° + 2. Since X is a weakly dependent centered field, we can write

[E(L+1Q1)° X X;| = leov((1+1Q1)° X, X)) < (29° + 2)0m. (2.7

Let ¢ be a positive number such that 1/¢ 4+ 6/(2+9) + 1/p = 1, that is ¢ =
p(2+0)/(2p — 2 — 6) < p. By the Holder and Lyapunov inequalities,

E(1+1Qi)°1X] X,

IN

(E|X{I|q)1/qul,/p (1 + (E|Q1|2+6)6/(2+6)>

IN

D 1/q
200/ |9/ (—P ) Dy/?, (2.8)

zP—4a
the last estimate being due to the induction hypothesis.
For r € (6,2 + ) to be specified later,
EIQLIP1X! X, < 2EIQI 11X, < =(Jeov(1Q1 7, 1X;1)| + EIX EIQL )

< 269°710,, + 2290 D, O/ PHI | |T/2, (2.9)

The last inequality follows from the induction hypothesis and the fact that the
function v — ((1 + |v])? — (1 +»)>)I{|v| > y} is a Lipschitz one.
Now from (1.3) and (2.6)—(2.9), denoting T' = 2¢y(1 V D,,), we conclude that

EQ+HQU XX, | < TO™ 40 (yf 42ym =4 |U]P/21 /0 25~ 0 ). (2.10)

Let 3,v be positive parameters. Introduce y = |U|Y/?m?*, 2 = m?*. Then in
view of (2.10) we obtain

3
|E(1 + |Q1|)6X1Xg| < Tcr/(2+6) <|U|6/2 Zm—)\uk 4 m—)\u4>
k=1

where
v =1-460, 1/27(51),1/3(7’5)/6’7, vg=1-—17.

Our next claim is the following elementary statement.

Lemma 2.2. For each d € N, any block U C Z%, every v > 0 and arbitrary i € U
one has

Z Hi_j”_ySc(d7y)f(‘U|7d7V) (2'11)
JeU,j#i
where ¢(d,v) > 0 and
|U|-v/4, 0<v<dvégN,

f(Ul,d,v) =< A+ |UD|U|*4, 0<v<d veEN,
1, v>d.
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Proof. The case d = 1 is trivial. For d > 2, consider U = (a, b] N Z?. Without loss
of generality we can assume that [y < --- <l; where Iy =b; —as, s =1,...,d. It
is easily seen that

d—1 lst1
> =gl =stay ) J[ b > w7
jeU.j#i s=01<m<s  k=l,+1

where [y = 0 and a product over an empty set is equal to 1. Using the well-known
estimates for sums Zzzzn k" by means of corresponding integrals and the estimates

1-v/d
(IL w)r = (11 i)
1<m<s 1<m<d
for I =1 and I = l541 we come to (2.11). The Lemma is complete. O

Now pick r close enough to 24§ and 3,~ in such a way that A\vy > d, k= 1,2, 3.
One can verify that this is possible if

(2+6)(2p — 4 6)

A>M(d)=d 2.12
> 1( ) 4(]7 _9_ 5) ( )
Moreover, to have simultaneously Avy > (1 —d/2)d it suffices to require
2446 )
A>XNd) =dlm————=+1-2). 2.13
> Xo(d) (2(;%2*5)4r 2) (2.13)

The condition imposed on A in Theorem 1.1 enables us to satisfy (2.12) and (2.13)
taking 0 small enough when p < 4, respectively § = p — /p — 2 when 4 < p < t2
and

5:§(p—2— (p—2)2—3)

otherwise.
For arbitrary i € Us \ V, set

Uo={j €U\ V:|j—i| UM}, Ua={j € U2\ V: |5 —i] <<|UM}.
By Lemma 2.2, for any i € Uy \ V, we have
Y EaHl@ x| < Y B0+ i) XX,
J#4,j€U2\V jeUs
+| 3 B+l x|

J€U2,j#i

4
<T@l (4<_m +3 e(d, Ayk)), (2.14)
k=1

here vgp = maxy—1 . 4Vg.
Now we treat the case of i = j € Us \ V. Obviously, one has dp/(p — 2) < 2 + 0.
Therefore, by Holder’s inequality and induction hypothesis we infer that

(r—2)/
el (14 (El@o2) ")

TCY H+0)|y|9/2, (2.15)

E(1+]Q1))°X7

IN

IN
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From (2.14) and (2.15) one deduces that

E(L+ QIS0 \V) < | 3 EQ+IQ° X[+ Y0 B+ Q) x?
i7j§gg\v ieUz\V
i#£j

é
Ul max |30 EQ QXX
J#1,jEU2\V

+ T05/(2+§) |U|1+5/2
MCT/CHO)|y|t+o/2 (2.16)

where M = T(1+4¢™ 0 + S0, e(d, Awy)).
Employing (2.3), (2.4) and (2.16) we conclude that

IN

IN

ES(U)(1+|S(U)))° < (CTO 4 4A5(Dy + co)AC AsC + 4CT/ <2+5>A5M) U|+r2,

The first assertion of the Theorem is now easily verified on account of (2.1) if C
is so large that

(1 -1 —44s¢)C > 4A5MCT/(2+6) +4A5(Ds + cp).

The second assertion follows from the first one and the Moricz theorem [17]. O

3. Proof of Theorem 1.2

The proof adapts the approach of [1] and [2]. However, as the random field under
consideration possesses a dependence property more general than association, we
have to involve other results on normal approximation and partial sums behaviour.
We also give simplified proofs of some steps.
Let a > g > 1 be integers specified later. Introduce
l

ng=0,n =Y (i*+i’),leN. (3.1)
i=1
For ke Nt put k—1= (k1 —1,...,kg — 1) and Ng = (ng,,...,nx,). Set
d
Bi = (Ng—1,Ni), Hi = [ [ (e, -1, ne, 1 + k27, I = Bi\ H, (3.2)
s=1 :

up = S(Hg), 02 = var(ug), vy = SI), 7',3 = var(vg).

We can redefine the random field {ux} on another probability space together with
a random field {wg,k € N9} of independent random variables such that wy ~
N(0,72) and the fields {uy} and {wy} are independent.

Further on we will denote by C any positive factor which could depend only
on d, cy, A, p, Dp, T and the covariance function of the field X except when specially
mentioned. Occasionally when C'is a positive random variable, we write C'(w).! Now
we pass to a number of lemmas. In their formulations, the requirements “(1.3) holds”
or “(1.4) holds” mean that the field X is (BL,#)—dependent with the decrease of
0 as mentioned.

Due to weak stationarity and (1.7), we have o2 > 0 for any k € N?. There
exists ko € N such that 72 > 0 for all k € N? with mins—;,__qks > ko. This is an
immediate consequence of the following statement.

LA point w, in general, belongs to an extension of the initial probability space.
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Lemma 3.1. Let X be a random field such that Dy < oo and (1.4) holds. Then,
for any finite union V of disjoint blocks V;, one has

0% ﬁvar(S(V)) — O((V)"112), as (V) — oo, (3.3)

where [(V') is the minimal edge of all the blocks Vj,.
Proof. We have

2] = var(SOV)| = | 3 con(X;, Xe)| = 21 + Sal,
JEV,kEV

where X; is the sum over k ¢ V and all j’s such that dist({j},{Z¢\ V}) >
I(V)Y2, and ¥, is taken over k& ¢ V and the rest 5 € V. By weak dependence
51| < C|V]exp{=Al(V)¥/2}. Furthermore, [S5| < 2¢C|V|I(V)~Y/? with C =
> keza |cov(Xo, Xi)| < oo and the Lemma is true. O

>

In what follows, we will consider only k “large enough”, that is having ming k4
ko. For such k and x € R let
U + Wi
& = —=—=5, Fu(@) =P(& < ). (34)
Vo, + T
Then & has a density fi(x).
Analogously to [1] we introduce the random variables

ne = O (Fu(&r)), e = \/o7 + 72 (& — k), k € N,

where ®(z) = (2m)~ /2 [* e=t/24t.

Let p = 7/8, L be the set of all indices i corresponding to the (“good”) blocks
B; C G,, and H be the set of points in N? which belong to some good block.
For each point N = (Ni,...,Ny) € H,let NV, ... N@ be the points defined as
follows:

NS =Ny, s #sand N® ;= min  n,.
neH
Ngr :NS/,S’#S

We consider also the sets
Ry, = (M, Ni] where My, = (NM)y, . (ND),), Ly = {i : Bi € R}

Clearly,

S(Re) = Y et > IBi] ( UIJ;L\T —o>m

1€l 1€ Ly
+ > oVIBilni = > wi+ Y i (3.5)
i€Ly 1€ELy 1€ELy

If V= (a,b]NZ< is a block in Z% for some a,b € Z%, and V = (a,b] C R, then
set W(V) := W(V). Here W(V) is defined as usual (i.e. the signed sum of W (t;)
where t;, [ = 1,...,2% are the vertices of V).



136 A. Bulinski and A. Shashkin

Lemma 3.2. If (1.2), (1.3) and (1.7) are satisfied, then for any k € L

Sup |[Fi(z) — @(z)] < Clk]™*

where p > 0 does not depend on k.

Proof. If X is a weakly dependent random field and we replace some of the variables
X; with independent from X and mutually independent random variables Y}, then
the random field X' = {X},j € N9} obtained is again weakly dependent with the
same sequence 6 = (6,.),en (cf. [12]). Moreover, note that if X} = Yj ~ N (0,77 /|Ix])
for j € Iy and X} = X for other j € Z* then for some C > 0,

@W( Z Xj) = +T’“ >C (3.6)

for any By C G,, k € N This is true since the middle expression in (3.6) is always
positive and in view of (1.8) and (3.3) has positive limit as k — oo, kK € L. Now
the desired result follows from Theorem 4 of [9] by standard Bernstein’s technique,

analogously to Theorem 5 of that paper. O
Lemma 3.3. Under conditions (1.2), (1.3) and (1.7) for any K € (0,+/2au) one
has

(B (Fi(2)) — ] < Clp] 72

if |z| < K+/In[k]. Here C may also depend on K.
Proof. Follows the main lines of that given in [10] (Lemmas 2 and 3). O
Lemma 3.4. If (1.2), (1.4) and (1.7) hold, then

Eej < C[k]*
foreo = apd/(2+25) where & > 0 is the same as in Theorem 1.1 and p is the same
as in Lemma 3.2.
Proof. In view of (2.2) our task is to show that E(nx — &)? < C[k]~¢°. To this end

we take K from Lemma 3.3 and write

E(me — &)° = E(me — &) I{|&] < K/In[k]} + E(mr — &)°I{|&| > K+/In[k]}
ORI 4 (Ely, — ek|2+5>2/<2+‘” (16| > 1 /Ifk]))*/ 4+
C[k] aM+K2/2+C |77k| > K+/In 6/(2+6)

+ CIP(|&k] > K+/In[k]) — P(|ne| > K\/ln E])|%/(2+9)

C([k] ap+ K> /2 [k] K26/2(2+5)+[k] a/ui/(2+6))

ININ

IN

by Lemmas 3.2 and 3.3 and Theorem 1.1. The optimization in K yields the result.
O

Lemma 3.5. If (1.2), (1.4), (1.7) hold and oo — 8 < g0 /4, then

sup [ fi(z) — f(2)] < C

z€R

where f(z) = (277)_1/26_'"52/2, frx appeared after (3.4) and e¢ is the same as in
Lemma 3.4.
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Proof. Let ¢y (t) = Eexp{ités}, prp(t) = Eexpfituy/\/oi + 17}, o(t) = e_tz/z,
where t € R, > = —1. Note that

wi(t) = Pi(t) exp { =it /2(o} + 1) } -

By Lemma 3.4, for any t € R

|en(t) = @(t)] < Elexp{itée} — explitm}] < [HE|& —ne| < CJt|[K] /2.

Therefore for any 7 > 0 and any = € R, denoting v, = 77 /(07 + 77), one has

) = £@)] < 5 [ Tontt) = ol
1

IN

1 2
o [ le® = eldt+ o= [ (Bl + () at
21 Jjy<r 27 iz

CT2[I<;]_5°/2+C/ e—f2/2dt+c/ e T2t
T T

1 T?y,
2(1.]—€0/2 _ k
C(T (%] +1+Tykexp{ 5 })

The lemma follows if we take T = [k]a_ﬂ. O

IN

IN

Remark 4. Clearly the condition o — 8 < g¢/4 is equivalent to
(a/B)(1 — pd/8(1+6)) < 1. (3.7)

Note that in Lemmas 3.4, 3.5 and Lemma 3.6 below one can replace condition (1.4)
on A with that used in Theorem 1.1.
Two lemmas which follow can be proven analogously to Lemmas 3.6 and 3.9 in

[1].
Lemma 3.6. Suppose that (1.2), (1.4), (1.7) hold and « is so large that €9 > 2.
Then there exists €1 > 0 such that

Z le;] < C(w)[Ng]Y?7% as.

i€ Ly
Lemma 3.7. Assume that Dy < co. If (1.3) holds and a— 3 > 6/p then, for some
€9 > 0,
> (il 4 fwil) < C@)INGJ'/>7 aus.
i€ Ly

Lemma 3.8. Suppose that Dy < oco. If (1.4), (1.7) hold and 8 > 6/p then, for
some €3 > 0,

o2 4+ 72
> VIBi] (" - z|;il Z ) 7| < C(w)INK]Y?7% aus. (3.8)

i€l

Proof. With the help of an inequality

2 2
o7+ T;

| Bi

1
071’02 1B |var(ui + w;)| < C[i]=PP/4

’0-7

ensuing from Lemma 3.1, we come to (3.8) applying arguments analogous to those
proving Lemma 3.8 in [1]. O
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Lemma 3.9. Suppose that X = {X,,j € 7%} is a weakly dependent random field
and Y = {Y;,j € Z%} is a field consisting of independent random variables and
independent of X. Let I,J C Z% be disjoint finite sets and f : Rl - R, ¢: RVl —
R be bounded Lipschitz functions. Then

|lcov(f (X1 + Y1), 9(Xy +Y))| < Lip(f) Lip(g) (1| A 1T ])6r (3.9)

for r =dist(1,J), that is, such addition of Y does not alter the property (1.1).

Proof. By a smoothing procedure we can reduce the general case to that of the
random vector (Y7,Y;) with a density q(t*,t?) = q;(t')qs (%), here t' € Rl #2 €
R, Evidently (3.9) is true for a field Y consisting of some constants. Thus by
independence hypothesis, the Fubini theorem and (1.1) we have

lcov(f( X1+ Y7),9(Xs+Y)))]
= ’// cov(f( X1+ yr), 9( Xy +ys))a(yr,vs)dyrdyy

< Lip(Lin() (11 A 1706, [ [ atur,vs)durdys
= Lip(f)Lip(g)([I| A|J])6r
where the double integral is taken over RII x RIVI. O

Lemma 3.10 (Lemma 4.3 in [1]). There exists a bijection v : Zy — L with the
following properties:

l<m=3s"=s"(I,m) € {1,...,d} such that Y(1)s= < Pp(m)g=,
Img € Z4 such that m < [(m)]"° ¥m > mo,

for any vo > (1 +1/p)(1 —1/4d).
Set Yo = Ny(m), m € Zy.

Lemma 3.11. If (1.2), (1.4), (1.7) and (3.7) hold, then for every m € N,m > 1,
and all t = (t1,...,tm) € R™ one has

m m—1
‘Eexp{iZtlYl} — Eexp{i Z tlYl}Eexp{ithm}
=1 =1
< CmA7Y, 2 = -1, (3.10)

where

)], N~ 2 . . 1, A>1,
A= E = H M H =
m 07 " tl » T dist ( P(m)s UlIl w(l)) » 1/37 A S 1

(3.11)
and the cubes Hy, were defined in (3.2).

Proof. Let M > 0 be a number to be specified later and Gjs(t) be the function
defined in (2.5). We set Yj ar = Gar(ny(5)), J € Zy. Note that

|exp{itY; m} — exp{itY;}| < 2I{]Y;| > M}, t e R.
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Therefore, we have

’cov (exp{i Tf tlYl}, eXP{*ithm}) ’
=1

m—1
< ‘cov (exp{i Z tlY27M}anp{_ithm71VI}>‘

=1

+4ip{m| > M}. (3.12)
=1

Every summand in (3.12) except for the first one is not greater than Ce=™ 2 To
estimate the first summand in the right hand side of (3.12), we notice that, for any
k € N, the random variable Mk, m is a Lipschitz function of . Indeed, Lip(Fy) < C
by Lemma 3.5 and 7 ar = har(Fi(€r)) where

ha(z) = (|27 (z)| A M) sign(@~(2)), z € R.

Clearly Lip(hy) < vV2meM ’/2, By Lemma 3.9, one can estimate the covariance in
the same way as if the normal variables wy, k € N? were constants, and with the
help of (3.6) we obtain

m—1

‘cov(exp{i Z tlYl,M},exp{—ithm’M}N < CGTeM2 W(m)]a it? (3.13)
1=1

=1

Thus, from (3.12)—(3.13) we see that

m—1 m
‘cov (exp{i Z tlYl}, exp{—ithm}) ‘ < C(me_M2/2 1M [t)(m)]*0, Z tlz)
1=1 =1
The result follows now by optimization in M. ]

Lemma 3.12. Suppose that (1.2), (1.4), (1.7), (3.7) hold and 8 > 27vo/p where
Yo appears in the formulation of Lemma 3.10. Then we can redefine the random
field X, without changing its distribution, on a new probability space together with
a d—parameter Wiener process W = {W;,t € [0,00)%}, such that for some g4 > 0

> oVIBi]

i€Ly

W(Bi)

w 1/2=ea g g, .
B < C(w)[Ng] (3.14)

ni —

Proof. Arguing as in the proof of Lemma 4.4 of [1], we see that by Berkes-Philipp
strong approximation result ([3]) it is enough to establish the following fact. There
exist sequences s, > 0 and 2, > 10*m? (m € N, m > 1) such that

(1) for any m € Nym > 1, and all t = (¢1,...,t,) € R™ with Y, 7 < 22, one
has

m m—1
’Eexp{iZtlYl} — Eexp{i Z tlYl}Eexp{ithm}‘ < A,
=1 =1

(2) ez + exp{—32},{2/16}7711/2271,1/4 12 mA/A O(m=2),m — oo.
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We take z,, = 10*m9, ¢ > 8. Then it suffices to prove that one can take s, =
O(exp{—Am®}),m — oo, for some A >0, R > 1.

The distance r between H,, and any of the blocks Hy, ..., H,,_1 is by construc-
tion not less than ming—; ___4(¢(m)s — 1)?. But since ¢(m) € L, by Lemma 3.10
for m > mg we have

,,,,,

r>C _Hllin dw(m)f > C[ih(m)]PP/2 > CmPP/?, (3.15)

From Lemma 3.10 one can also easily see that for large enough m

[h(m)] < C" min ¢(m)§/" < Cm?/r. (3.16)

s=1

EEREE)

Obviously, A; := Cm?4t22/P exp{—CAmPP/?¥0} < 1 for all m large enough. There-
fore, for such m, by Lemma 3.11, (1.4), (3.15) and (3.16), one has

m m—1
’Eexp{iZtlYl} - Eexp{i Z tlYl}Eexp{ithm}’ < CmAY < C’mA}/3
1=1 1=1

where A and « are defined in (3.11). Thus one can take A = 1, R € (1, p83/2v0).
The lemma is proved. O

Now we estimate the terms S((0,Ng] \ Rg), oW ((0,Ng] \ Rx), Sxv — S((0,Ng]),
oWn — oW ((0,Ng]) when N € G, and Ny < N < Ng41. Here the relation a < b
(a < b) for a,b € Z% is defined in the usual way. All the terms involving the Wiener
process can be considered as sums of independent identically distributed normal
random variables, therefore forming a weakly dependent field, we will proceed only
with the partial sums generated by X. Obviously one can write

d
[S((0, N\ Ri)| < 7 27*My(Ny), (0, N]\ (0, Ny] = U1

s=1

where M (N) = max, <y |Snl, I,g‘]) = [Lscs (., Ns]x]14gz;(0,n1,] and the union
is taken over all non-empty subsets J of {1,...,d}. Furthermore,

(J) (J) _ (J)
Nk<I]r\}%>’ilk+l ISy — S((0,Ng])| < ;Mk where M,"’ =sup |S(I,")],

here the supremum is taken over all IV such that ngy, < Ny < ng, 41, s € J.

Lemma 3.13. Suppose that conditions of Theorem 1.1 are satisfied. Then there
exists § > 0 such that for any x > 0 and any block V,

P(M(V) 2 z/[V]) < Ca™?7°.

Proof. Follows from the second assertion of Theorem 1.1 and the Markov inequality.
O

Lemma 3.14. Let conditions of Theorem 1.1 hold. If (1.7) is true then there exists
Y1 > 0 such that for any block V = (m,m + n] with n € G, and m € Z<

P(M(V) = [V |V))*™*) < Clv|™™,

where C' does not depend on m and n.
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Proof. The proof is the same as that for the second inequality of Lemma 7 in [2]; the
needed Berry-Esseen type estimate for P(S(V) > z+/|V]), x > 0, can be obtained
from the results mentioned in the proof of Lemma 3.2. U

The next two lemmas are proved analogously to Lemmas 6 and 9 established in
[2] for mixing random fields.

Lemma 3.15. Assume that conditions of Theorem 1.1 are satisfied and o >
8/(37) — 1. Then
max My(Ny) < C(w)[Ng]Y* %5 a.s.

for some €5 > 0 and every Ny € G-.

Lemma 3.16. Suppose that conditions of Theorem 1.1 hold and (1.7) is true. Let
1 be the constant given by Lemma 3.14. If o > 2/, then one has

max M,g‘]) < C(w)[Ng]/?7%6 qa.s.

for some eg > 0 and every N € G,,.

Now, if we take g, a, 8 to satisfy conditions

1 1 Q o 6
w> (1) (-3) 5 (- afem) <2025

6 2 8
0<—ﬂ>—76>ﬂ,a>——17ory1>27
p p 37
then Theorem 1.2 follows from (3.5), Lemmas 3.6, 3.7, 3.8, 3.12, 3.15 and 3.16 with

€ = min;—1,. ¢ &;. The proof of Theorem 1.2 is completed. I

4. The law of the iterated logarithm

In order to provide applications of Theorem 1.2, we state now the law of the iterated
logarithm for weakly dependent random fields. This is the first result of such type
for the fields with dependence condition (1.1); it generalizes the laws of the iterated
logarithm known for positively and negatively associated random variables, see,
e.g., [5].

For > 0, set Logz = log(z V e).

Theorem 4.1. Suppose that X is a random field satisfying all the conditions of
Theorem 1.2. Then, for any T € (0,1/(d — 1)), one has, almost surely,

SN o s SN
=1 and liminf = -1,
\/2do?[N|LogLog[N] \/2do?[N]|LogLog[N]

lim sup

as N — o0, N € G,.

Proof. We have limsup Wy /+/2do?[N]LogLog[N] < 1, due to the LIL for d—para-
meter Wiener process [23]. The fact that this upper limit is not less than 1 as
N — oo, N € G, can be proved in the same way as the lower bound in classical

law of the iterated logarithm for the Wiener process. Thus, Theorem follows from
Theorem 1.2. O
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Final remarks

It should be noted that initially the authors placed on top of the first page the
following dedication:

To Professor M. S. Keane on the occasion of his anniversary.

To unify the style of the volume such inscriptions were omitted. We hope that Mike
Keane will read this paper to discover that phrase, as well as our congratulations
and best wishes.
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