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Negative stiffness of a layer with topologically interlocked elements
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Abstract

Unusual mechanical response of a structure with topologically interlocked elements is discussed. Under point loading, it behaves

pseudo-plastically, with a negative stiffness in part of the unloading curve. This effect is inherent in the structure and is attributed to

changing contact conditions due to rotation of the elements.
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1. Introduction

It has been found recently [1] that identical elements

having the shape of one of the five platonic bodies

(tetrahedron, cube, octahedron, dodecahedron and ico-

sahedron) allow topological interlocking. That is to say,

such elements can be assembled in a layer that maintains
its integrity despite the absence of any binder phase or

connectors between elements. This is ensured by the

specific arrangement of the elements in which removal of

any element from the structure is prevented by its

neighbors. Possible practical applications of topological

interlocking were discussed earlier [1–3]. The case of

cube shaped elements is illustrated in Fig. 1. The absence

of physical connection between the interlocked elements
prevents crack propagation between them and thus gives

rise to enhanced fracture toughness [2,3]. This type of

interlocking also determines the resistance of the as-

sembly to point loading (indentation) and its depen-

dence upon the magnitude of the lateral pressure exerted

by peripheral constraint.

As the elements in the interlocking structures are not

connected to each other mechanically, they retain the
degrees of freedom associated with the movement of a
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solid body: three translational and three rotational ones.

When the elements are assembled in an interlocking

structure, their degrees of freedom become interdepen-

dent, owing to their non-round shape and to interlock-

ing. One can expect that this interdependence may lead

to unusual mechanical properties, in particular when a

load is applied. In this paper we report an anomaly in
the behavior of assemblies of interlocked cubes found in

unloading following a point loading test.
2. Topological interlocking of cube shaped elements

Cube shaped elements can be arranged in a mono-

layer assembly to produce an interlocked structure [1].

This is done by arranging their hexagonal sections to

form a honeycomb pattern covering the plane. (The

regular hexagon section of a cube is the one that passes

through its center and the centers of its edges.) A frag-

ment of such an assembly is shown in Fig. 1. Inter-

locking is ensured by kinematical interaction between
the neighbors. For instance, a reference block, denoted

R in Fig. 1, is prevented from being displaced down-

wards by neighbors 1, 3 and 5, while neighbors 2, 4 and

6 prevent its upward displacement. Of course, condi-

tions are different for elements located at the periphery

of the assembly, but they are the only ones that need to

be constrained, which is then sufficient to hold the entire
lsevier Ltd. All rights reserved.
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Fig. 2. Point load (indentation test). The point load is transmitted by a

ball situated in a pit formed by the indenter and a group of three

neighboring cubes. The lateral constraint is provided by the inner

frame. The calibrated lateral load is provided by the outer frame

through bolts marked X and Y connected in series with loading cells.

Fig. 4. Loading–unloading response of a layer of interlocked PVC

cubes (lateral force: 1.5 kN).
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Fig. 3. Loading–unloading response of a layer of interlocked alumi-

num cubes: (a) lateral force 1.5 kN; (b) lateral force 2.5 kN. The

vertical strokes spaced at 1 mm correspond to pauses in the loading/

unloading (arrests of the cross-head of the testing machine).
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Fig. 1. Interlocking of cube shaped elements in a layer. The neigh-

boring blocks numbered 1, 3 and 5 block downward displacements of a

reference element (R), while elements 2, 4 and 6 block its upward

displacements.
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structure together. In particular, in the point load (in-

dentation) test shown in Fig. 2 this is accomplished by a

special steel frame that provides controllable lateral

loading. The point load (indentation) tests were con-
ducted on assemblies of aluminum cubes (Young’s

modulus, E ¼ 70 GPa) and PVC cubes (Young’s mod-

ulus, E ¼ 3 GPa) in displacement-controlled regime

under different lateral loads (total force in each direction

equals 1, 1.5, 2, 2.5 and 4 kN). In all cases, the same

element size (12.25 mm edge size) was used. The point

loading was conducted through a steel ball 12.7 mm in

diameter situated beneath the indenter in a �pit’ formed
by a group of three neighboring cubes.
3. Results of point load tests

Some results of point load testing are shown in Figs. 3

and 4. The point load was applied using a 100 kN In-

stron loading frame (tests presented in Figs. 3(a) and 4)
and a 4600 kN MTS loading frame (test presented in

Fig. 3(b)). The loading was cyclic, with increasing

maximum deflection. The indenter (cross-head) dis-

placement rate was 1 mm/min. It is seen that the loading

response is highly non-linear. (Note, in particular, the

large residual deflections observed.) The unloading re-

sponse at cycles with large maximum deflections is most

remarkable: it shows an increase in the loading force
with decreasing deflection near the end of the unloading

curve. This anomalous unloading response, characterized

by a negative effective stiffness of the structure, was
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observed under different lateral loads, for elements made

from two entirely different materials (aluminum and

PVC) and with two different loading machines.
Vertex-to-face contact 
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Fig. 6. The face-to-face contact in the initial arrangement of the cube

shaped elements in the assembly is transformed to a vertex-to-face

contact due to rotation of the elements under loading. In unloading,

the elements rotate back gradually reverting the character of contact

back to the face-to-face one.
4. Proposed mechanism of stiffness increase in unloading

Visual examination of the assemblies during and after

loading revealed considerable rotations of the elements,

both in-plane and out-of-plane, cf. Fig. 5. These rota-

tions, caused by the elements being squeezed out of the

structure under loading, lead to an alteration of the

contact conditions of the elements. In particular, due to

loading, a face-to-face contact between the cubes even-
tually gives way to a vertex-to-face contact, Fig. 6. The

corresponding drastic reduction in the contact area re-

sults in a considerable decrease in the effective bending

stiffness of the layer. This manifests itself first in a

pseudo-plastic behavior and, eventually, when suffi-

ciently large deflections are reached, in post-peak soft-

ening. Conversely, in unloading upon such large

deflections, the character of contact changes from ver-
tex-to-face type back to the face-to-face type. This is

accompanied with an increase of the contact area, re-

sulting in increased bending stiffness, Fig. 6. If the in-

crease of the bending stiffness is strong enough to

outstrip the force reduction caused by the decrease in

deflection, the anomalous unloading response with the

negative effective stiffness is observed.

The change of contact involves local indentations (cf.
insert on Fig. 5), the cube vertices acting as indenters

leading to local plastic flow, which is time dependent.

This is, indeed, supported by Fig. 3(b) where the vertical

strokes spaced at 1 mm correspond to pauses in the

loading/unloading when the cross-head of the testing

machine was arrested. The load drops after pre-loading

are a signature of stress relaxation due to local plastic

flow. Interestingly, vertical strokes associated with in-
Fig. 5. The assembly after unloading. The residual rotations of the

elements are clearly seen. The insert shows an indentation mark on a

cube face due to vertex-to-face contact between the cubes.
termittent arrests of the cross-head during unloading

point to stress increments rather than relaxation. This

can be seen as an additional indication that a negative

stiffness in unloading can be attributed to changing
contact conditions.

The proposed mechanism qualitatively explains the

occurrence of global negative stiffness exhibited by an

interlocked structure. It should be noted that it is dif-

ferent from other known mechanisms of anomalous

stiffness behavior, such as the one based on local negative

stiffness of structural elements of a composite suggested

in [4,5]. It would be interesting to see how a combination
of the interlocking principle and local negative stiffness

of the �building blocks’ can influence the mechanical (and

acoustical) properties of assembled structures.
5. Conclusion

Anomalous (negative) stiffness was observed in the
unloading parts of point load tests of interlocking as-

semblies of cube shaped elements. As the cubes were

made from different materials and the assemblies were

tested in different loading apparatuses and under various

lateral loads, this phenomenon is seen as an intrinsic

property of the structure of interlocked cube shaped el-

ements. It is believed to be associated with the rotational

degrees of freedom and the variation of the character of
the contact between the cubes under unloading.
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