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In the paper, we consider a completely integrable Hamiltonian system with three degrees
of freedom found by V.V. Sokolov and A.V. Tsiganov. This system is known as the general-
ized two-field gyrostat. For the case of only gyroscopic forces present, we find new invari-
ant four-dimensional submanifolds such that the induced dynamical systems are almost
everywhere Hamiltonian with two degrees of freedom.
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1. Introduction

Motion of the generalized two-field gyrostat is described by the following system of differential equations:

Ṁ = M ×
∂H
∂M

+ α ×
∂H
∂α

+ β ×
∂H
∂β

,

α̇ = α ×
∂H
∂M

, β̇ = β ×
∂H
∂M

,

(1)

with the Hamiltonian function [1]

Hε1,ε2 = M2
1 + M2

2 + 2M2
3 + 2λM3 − 2ε2(α1 + β2) + 2ε1(M2α3 − M3α2 + M3β1 − M1β3). (2)

Here M, α, β stand for the total kinetic momentum and the intensities of the two forces considered in the moving frame
formed by the principal inertia axes of the body. The gyrostatic momentum is directed along the dynamic symmetry axis
and its axial component is denoted by λ. The parameters ε1, ε2 are called the deformation parameters since their zero values
define important partial cases and the connections of the problem with some previously known integrable cases.
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Treating R9
= {(M, α, β)} as the Lie coalgebra e(3, 2)∗ we obtain the Lie–Poisson bracket

{Mi,Mj} = εijkMk, {Mi, αj} = εijkαk, {Mi, βj} = εijkβk,

{αi, αj} = 0, {αi, βj} = 0, {βi, βj} = 0,

εijk =
1
2
(i − j)(j − k)(k − i), 1 6 i, j, k 6 3.

(3)

With respect to this bracket, system (1) can be represented in the Hamiltonian form

ẋ = {Hε1,ε2 , x}

for any coordinate function x on R9.
Note that the Casimir functions of the bracket (3) are α2, α · β, and β2. Therefore we define the phase space P of system

(1) as a common level of these functions

α2
= a2, β2

= b2, α · β = c, (0 < b < a, |c| < ab). (4)

In [1], for system (1) with the Hamiltonian function (2), V.V. Sokolov and A.V. Tsiganov gave a Lax representation with a
spectral parameter and thereby proved Liouville complete integrability of this system. This Lax representation generalizes
the L–A pair for the Kowalevski gyrostat in a double field found by A.G. Reyman and M.A. Semenov-Tian-Shansky [2].

In this paper,wewrite out the general integrals in involution for theHamiltonian function (2), obtain the explicit equation
of the algebraic curve associatedwith the Lax pair of Sokolov and Tsiganov and showhow to use this curve to construct some
special surfaces generating so-called critical subsystems in the considered integrable system. After that, we mostly restrict
ourselves to the Hamiltonian function without linear potential, i.e., to the case ε2 = 0. For the critical subsystems arising in
this case we obtain the description of the invariant submanifolds in terms of invariant relations and reveal some important
features of the critical subsystems, such as degeneration of the induced symplectic structure and the types of critical points
with respect to the initial system.

2. The notion of a critical subsystem

The problem of motion of the generalized two-field gyrostat restricted the phase space (4) is an integrable Hamiltonian
system with three degrees of freedom.

In the study of global analytical and topological features of systems with three degrees of freedom, critical subsystems
are of special interest. They form the critical sets of integral mappings, define the stratification of the phase space and the
bifurcations of the integral manifolds. The notion of a critical subsystem was formed in the works by M.P. Kharlamov [3,4].
In this section, we follow the general approach described in [5]. The idea of a critical subsystem is as follows.

Let K and G be two integrals in involution of a Liouville integrable Hamiltonian system with three degrees of freedom
on P (dimP = 6) with a Hamiltonian function H . In what follows, having a general first integral denoted by an uppercase
letter we denote by the corresponding lowercase letter its particular value (the integral constant). We define

F : P → R3

by F (x) = {g = G(x), k = K(x), h = H(x)}. The mapping F is called themomentum mapping. By C we denote the set of all
critical points of F , i.e., the set of points x such that rank dF (x) < 3. The set of critical values Σ = F (C) ⊂ R3 is called the
bifurcation diagram. Normally, Σ is a stratified 2-manifold.

Let

L(h, k, g) = 0 (5)

be the equation of a two-dimensional surface ΠL that contains one of the smooth two-dimensional leaves of Σ . We call
such surfaces the bifurcation surfaces. Thus, the closure of the 2-skeleton of the bifurcation diagram is a subset of the union
of the bifurcation surfaces. Introduce the function

ΦL = L ◦ F : P → R. (6)

Then the corresponding critical subsystem ML is defined as the closure of the set of critical points of rank 2 on the zero level
of the integral ΦL. Obviously, ML is an invariant subset in P , consisting of critical points of the mapping F . The critical
subsystem ML can be described by the following system of equations:

ΦL = 0, dΦL = 0.

Almost everywhere on ML this system has rank 2, thus, locally ML is defined by two equations.
Recall a well-known fact from symplectic geometry [6].

Lemma 1. Suppose a submanifold M of a symplectic manifold P is defined by the system of independent equations

f1 = 0, f2 = 0. (7)
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Then the 2-form on M induced by the symplectic structure of P degenerates exactly on the set

{f1, f2} = 0.

Since critical subsystems are usually described by the systems of the form (7), the induced symplectic structure may degen-
erate on a set of codimension 1. In this case the subsystem is said to be almost Hamiltonian.

Denote by XH the considered Hamiltonian vector field onP . We suppose that the integrable system XH is non-degenerate
in the Arnold sense. The following lemma [7] gives a useful tool to verify whether the common level of two functions (7)
consists of critical points of the momentum mapping F .

Lemma 2. Consider a system of equations (7) in some domainW open inP . Let F be themomentummapping of the Hamiltonian
vector field XH on P . Suppose that M ⊂ W is defined by system (7). We also suppose that

(i) f1, f2 are smooth functions that are independent on M;
(ii) XH f1 = 0, XH f2 = 0 on M;
(iii) almost everywhere on M the Poisson bracket {f1, f2} ≠ 0.

Then M consists of critical points of the mapping F .

Inwhat follows,we find new critical subsystems of the generalized two-field gyrostat (invariant almost everywhere four-
dimensional submanifolds with the induced dynamical systems being almost everywhere Hamiltonian systems with two
degrees of freedom). As an application, we obtain the type (elliptic or hyperbolic) of the points of these critical subsystems
considered as critical points of the initial system on the whole phase space P .

3. How to find the equations of the bifurcation surfaces?

In this section we show that the equations of surfaces of the type (5) (implicit or parametric) could be obtained as the
equations for the discriminant sets of some polynomials corresponding to singularities of the algebraic curve E(z, ζ ) asso-
ciated with the Lax representation.

For the Hamiltonian function (2), we represent the additional integrals Kε1,ε2 and Gε1,ε2 as integrals that depend on two
deformation parameters ε1, ε2:

Kε1,ε2 = Z2
1 + Z2

2 − λ[(M3 + λ)(M2
1 + M2

2 ) + 2ε2(α3M1 + β3M2)]

+ λε2
1(α

2
+ β2)M3 + 2λε1[α2M2

1 − β1M2
2 − (α1 − β2)M1M2] − 2λε2

1ωγ ,

Gε1,ε2 = ω2
α + ω2

β + 2(M3 + λ)ωγ − 2ε2(α2β2 + β2α1) + 2ε1[β2(M2α3 − M3α2) − α2(M1β3 − M3β1)]

+ 2(α · β)[ε2(α2 + β1) + ε1(α3M1 − α1M3 + β2M3 − β3M2)].

Here we use the following notation:

Z1 =
1
2
(M2

1 − M2
2 ) + ε2(α1 − β2) + ε1[M3(α2 + β1) − M2α3 − M1β3] +

1
2
ε2
1(β

2
− α2),

Z2 = M1M2 + ε2(α2 + β1) − ε1[M3(α1 − β2) + β3M2 − α3M1] − ε2
1(α · β),

ωα = α1M1 + α2M2 + α3M3, ωβ = β1M1 + β2M2 + β3M3,

ωγ = M1(α2β3 − β2α3) + M2(α3β1 − α1β3) + M3(α1β2 − α2β1).

In the special case ε1 = 0, ε2 = 1, we get the integrals for the problem of the Kowalevski gyrostat motion in two
homogeneous fields [2,8].

Let for brevity H = Hε1,ε2 , K = Kε1,ε2 , and G = Gε1,ε2 . For the Lax pair of Sokolov and Tsiganov [1], the spectral curve
E(z, ζ ) has the equation

E(z, ζ ) : d4ζ 4
+ d2ζ 2

+ d0 = 0, (8)

where

d4 = −z4 − ε2
1(α

2
+ β2)z2 − ε4

1[α
2β2

− (α · β)2],

d2 = 2z6 + [ε2
1(α

2
+ β2) − h − λ2

]z4 + [ε2
2(α

2
+ β2) − ε2

1g]z
2
+ 2ε2

1ε
2
2[α

2β2
− (α · β)2],

d0 = −z8 + hz6 + fε1,ε2z
4
+ ε2

2gz
2
− ε4

2[α
2β2

− (α · β)2].

The most complicated coefficient fε1,ε2 at z4 in d0 is expressed in terms of the integral constants h, k, and g as follows:

fε1,ε2 = ε2
1g + k − ε4

1(α · β)2 −
1
4
[h2

+ 2ε2
1(α

2
+ β2)h + ε4

1(α
2
− β2)2] − ε2

2(α
2
+ β2).

The curve (8) can be considered as zero level of the mapping E : C × C → C. Denote by Σ ⊂ R3(g, k, h) the set of such
values of the integral constants for which zero is a critical value of the mapping E .
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The experience of studying Hamiltonian systems [3,9] shows that
Σ ⊂ Σ

and the bifurcation set Σ is cut out of Σ by the requirement that the initial variables are real. In turn, the set Σ at finite
points of C × C is defined by the system

E(z, ζ ) = 0,
∂

∂z
E(z, ζ ) = 0,

∂

∂ζ
E(z, ζ ) = 0. (9)

For the algebraic curve (8) system (9) leads to two different possibilities, either

d0 = 0 and
∂

∂z
d0 = 0, (10)

or

D = 0 and
∂

∂z
D = 0, (11)

where D = d22 − 4d4d0. Obviously, these systems define in R3(g, k, h) the surfaces of multiple roots (the discriminant
surfaces) of the polynomials d0 = d0(z) and D = D(z).

From (10) putting t = z2, we can represent the first discriminant surface in the parametric form

g(t) =
ht2 − 2t3

ε2
2

+
2ε2

2(a
2b2 − c2)
t

,

k(t) = 3t2 − 2ht +
ε2
1(2t

3
− ht2)

ε2
2

+
ε2
2(c

2
− a2b2)(2ε2

1t + ε2
2)

t2

+
1
4
{h2

+ 2ε2
1(a

2
+ b2)h + ε4

1[(a
2
− b2)2 + 4c2] + 4ε2

2(a
2
+ b2)}. (12)

Eliminating t and putting ε2 = 0, we see that in this particular case the parametric surface (12) splits into three surfaces

ε2
1g + k − ε4

1c
2
−

1
4
[h2

+ 2ε2
1(a

2
+ b2)h + ε4

1(a
2
− b2)2] = 0, (13)

4k − ε2
1{2h(a

2
+ b2) − 4g + ε2

1[4c
2
+ (a2 − b2)2]} = 0, (14)

and
4(c2 − a2b2)k + [abh + g + ε2

1ab(a + b)2][abh − g + ε2
1ab(a − b)2] − 4ε4

1c
4

− {h2
+ 2ε2

1[h(a
2
+ b2) − 2g] + ε4

1[(a
2
− b2)2 − 4a2b2]}c2 = 0. (15)

Consider the second system (11) in the domain z ∈ C \ 0 and introduce s as a root of the equation
s2 − 2{ε2

1[ε
2
1(a

2
+ b2) + h + λ2

] + 2ε2
2}s + 4λ2ε6

1(a
2
+ b2) + 8λ2ε4

1z
2

= 0.
Then we get the parametric equations for h, k, g

g(s) = −
ε4
1λ

2
[(a2 − b2)2 + 4c2]

s
−

{ε2
1[ε

2
1(a

2
+ b2) + h + λ2

] + 2ε2
2}

8ε8
1λ

2
s2

+
1
16

s3

λ2ε8
1

+
1
2
{ε2

1[(a
2
− b2)2 + 4c2] + (a2 + b2)(h + λ2)},

k(s) =
ε8
1λ

4
[(a2 − b2)2 + 4c2]

s2
+

{ε2
1[ε

2
1(a

2
+ b2) + h + λ2

] + 2ε2
2}

2ε4
1

s −
3
16

s2

ε4
1

−
1
2
λ2


2ε2

1(a
2
+ b2) + h +

λ2

2


.

(16)

If we eliminate s from (16) and take the value of the gyrostatic momentum λ = 0 keeping arbitrary values of the defor-
mation parameters ε1 and ε2, then, similar to the previous case, the parametric surface (16) splits into three surfaces

k = 0, (17)

{ε2
1[ε

2
1(a

2
+ b2) + h] + 2ε2

2}
2
− 4ε4

1k = 0, (18)
and

{ε2
1[(a

2
− b2)2 + 4c2] + (a2 + b2)h − 2g}2 − 4[(a2 − b2)2 + 4c2]k = 0.

In what follows we study the critical subsystems generated by the surfaces ΠL1 and ΠL2 defined by Eqs. (13) and (14),
respectively.

4. New invariant relations

From now on we consider the integrals H = Hε1,0, K = Kε1,0, and G = Gε1,0 for which the deformation parameter ε2
vanishes.
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Consider the functions

L1(h, k, g) = ε2
1g + k − ε4

1c
2
−

1
4
[h2

+ 2ε2
1(a

2
+ b2)h + ε4

1(a
2
− b2)2]

and
L2(h, k, g) = 4k − ε2

1{2h(a
2
+ b2) − 4g + ε2

1[4c
2
+ (a2 − b2)2]}.

These functions specify Eqs. (13) and (14) of two-dimensional surfaces ΠL1 and ΠL2 of the type (5). The choice of functions
Li(h, k, g) is motivated above by singularities of the algebraic curve.

As in (6), we determine the corresponding integrals ΦL1 and ΦL2 by the formulas

ΦL1 = ε2
1G + K − ε4

1(α · β)2 −
1
4
[H2

+ 2ε2
1(α

2
+ β2)H + ε4

1(α
2
− β2)2],

and
ΦL2 = 4K − ε2

1{2H(α2
+ β2) − 4G + ε2

1[4(α · β)2 + (α2
− β2)2]}.

Proposition 1. On P , the integral ΦL1 can be represented as the product of two polynomials in the phase variables

ΦL1 = F1 · F2,

where

F1 = M3 + λ + ε1(β1 − α2), (19)

F2 = M3
3 + [ε1(β1 − α2) + λ]M2

3 + [M2
1 + M2

2 + 2ε1(α3M2 − β3M1)]M3

+ [(M2
2 − M2

1 )(α2 + β1) + 2M1M2(α1 − β2)]ε1 + λ(M2
1 + M2

2 ). (20)

Remark 1. For the Kirchhoff equations on the coalgebra e(3)∗ and the Poincare equations on the coalgebra so(4)∗, the ad-
ditional integral is also represented as a product of two polynomials [10–12].

Theorem 1. The zero level of each of the functions (19), (20) is an invariant five-dimensional manifold in P .
Proof. The derivatives of the functions (19), (20) in virtue of (1) have the form

Ḟ1 = 2ε1(α1 + β2)F1, Ḟ2 = −2ε1(α1 + β2)F2. (21)

It is easy to check that zero is a regular value for both functions. Then (21) yields that each of the equations Fk = 0 (k = 1, 2)
specifies an invariant five-dimensional manifold in P .

Since invariant five-dimensional submanifolds {Fk = 0} considered separately does not belong completely to the critical
set of the momentum mapping F , we will consider their intersection given by the system of equations

F1 = 0, F2 = 0. (22)
This system specifies an invariant four-dimensional submanifold ML1 in P and it is a critical subsystem of the zero level of
the integral ΦL1 since

ΦL1 = 0, dΦL1 = F1dF2 + F2dF1 = 0.
According to the general notation, the manifold (22) is denoted by ML1 .

Theorem 2. The function

F0 = 2ε1{−(β2 + α1)M2
3 − (α1 + β2)[ε1(β1 − α2) + λ]M3 − α1M2

1 − β2M2
2

− (α2 + β1)M1M2 + [ε1(2α1β3 − β1α3 − α2α3) + λα3]M1 − [ε1(2β2α3 − β1β3 − α2β3) − λβ3]M2}

is a first integral of the critical subsystem ML1 .

The proof is by straightforward calculation: Ḟ0 = {H, F0} = 0.
Note that

{F1, F2} = F0.
According to Lemma 1, this implies that the zero level of the integral F0 is the set of points of co-dimension 1 of degeneration
of the 2-form induced on ML1 by the symplectic structure of P . For this set we have

F0 = 0, F1 = 0, F2 = 0. (23)
It easily follows from (23) that the corresponding values of the first integrals are

g = 0, k = ε4
1c

2
+

1
4
[h2

+ 2ε2
1(a

2
+ b2)h + ε4

1(a
2
− b2)2]. (24)

Obviously, the points (24) form the tangency line of the surfaces (13) and (15).
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Thus, the following theorem holds.

Theorem 3. The phase space of the critical subsystem ML1 specified by relations (22) is almost everywhere a four-dimensional
submanifold in P . Moreover, the induced dynamical system is almost everywhere Hamiltonian with two degrees of freedom. The
Hamiltonian function H and the function F0 can be taken as independent integrals for this system.

Let us emphasize that by virtue of Lemma 2, the set ML1 given by relations (22) consists of critical points of the momen-
tum mapping F .

Recall that ε2 = 0. Then we can verify directly that the system of equations

ΦL2 = 0, dΦL2 = 0

is equivalent to

M1 = 0, M2 = 0. (25)

So the invariant set ML2 in P is given by the system (25). The fact that this system is a system of invariant relations can be
easily checked by a simple calculation:

Ṁ1 = {H,M1} = −2ε1β2M1 + [2M3 + 2λ + 2ε1(β1 − α2) + 2ε1α2]M2,

Ṁ2 = {H,M2} = [−2M3 − 2λ − 2ε1(β1 − α2) + 2ε1β1]M1 − 2ε1α1M2,

{M1,M2} = M3.

Therefore (25) implies

Ṁ1 = Ṁ2 = 0.

Obviously, the functions M1,M2 are independent on P . Thus, using Lemma 2, we can conclude that the set ML2 specified
by the system of equations (25) is a smooth four-dimensional invariant submanifold in P and consists of critical points of
the momentum mapping F . The 2-form induced on ML2 by the symplectic structure of P degenerates on the set M3 = 0
of codimension 1. Thus, the following theorem holds.

Theorem 4. The phase space of the critical subsystem ML2 specified by relation (25) is a four-dimensional submanifold in P .
The induced dynamical system on it is almost everywhere Hamiltonian with two degrees of freedom.

5. Applications

Herewe show how the systems of invariant relations (22) and (25) can be used to determine the type of a critical point x0
of range 2 in the integrable systemwith three degrees of freedom in the sense of definition [13]. Here we follow the scheme
suggested in [5,14]. In particular, the type of a critical point of an integrable system gives the complete information about
the stability of a trajectory passing through this point.

Consider the first integral ΦL such that it is regular in the neighborhood of a point x0 ∈ ML except for x0 itself, dΦL(x0)
= 0. In this case the point x0 appears to be fixed for the Hamiltonian field sgradΦL, and we can find a linearization of this
field at the point x0. This linearization is the symplectic operator AΦL in the six-dimensional space that is tangent to the
phase space at the point x0. This operator has four zero eigenvalues and the remaining factor of the characteristic polyno-
mial has the form µ2

− CΦL . If CΦL < 0, we get the point of ‘‘center’’ type (the corresponding two-dimensional torus is
elliptic and is a stable manifold in the phase space, it is a limit of concentric family of three-dimensional regular tori). If
CF > 0, we get the ‘‘saddle’’ type point (the corresponding two-dimensional torus is hyperbolic and there are trajectories
that are asymptotic to this torus and lie on the three-dimensional separatrix surfaces).

In our problem, the situation is more complicated due to the fact that the phase space is specified in R9 by three implicit
Eqs. (4) and it is rather difficult to calculate the restrictions of the operators to the tangent surfaces. However, the functions
in the left-hand sides of Eqs. (4) are the Casimir functions for the natural extension to R9 of the Poisson bracket for the
symplectic structure of the space P . Consequently, when calculating the symplectic operator of the form AΦL , they will
add three zero roots to the characteristic polynomial which has the ninth degree. Thus, we know in advance that under the
condition sgradΦL = 0 the required coefficient CΦL is a coefficient at µ7 in the characteristic polynomial ZΦL(µ) of the
operator AΦL in R9. Calculating the characteristic polynomial according to the method suggested in [5,14] we obtain

ZΦL(µ) = −µ7(µ2
− CΦL),

where

CΦL =
1
2
trace(A2

ΦL
).

Note that the operator AΦL is well defined even for degenerate Poisson bracket, so it is calculated in the space R9 in the
bracket (3).
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Theorem 5. At the points of the critical subsystem ML1 the coefficient of the characteristic polynomial CΦL1
is specified by the

formula

CΦL1
= f 20 ,

where f0 is the constant of the additional integral F0.

Thus, any two-dimensional torus {(M, α, β) ∈ ML : H = h, F0 = f0} has the hyperbolic type except for the zero value
of the additional integral F0 when the corresponding critical points of rank 2 become degenerate.

Theorem 6. At the points of the critical subsystem ML2 the coefficient of the characteristic polynomial CΦL2
is specified by the

following expression:

CΦL2
= 16h{h[ε2

1(a
2
+ b2) − λ2

] − 2ε2
1g}.

The coefficient CΦL2
vanishes in the preimage of the tangency line of the surfaces (14) and (16) with ε2 = 0 in the equation

of the surface (16). Denote

h∗ =
2ε2

1g
ε2
1(a2 + b2) − λ2

.

Then, the points of the critical subsystem ML2 have the elliptic type for h ∈ (0, h∗) and the hyperbolic type h ∉ [0, h∗]. For
the boundary values h = 0 and h = h∗ the points on the corresponding two-dimensional critical tori are degenerate as the
rank 2 critical points of the initial system.

6. Conclusion

In the paper, for the problem of the generalized two-field gyrostat motion under gyroscopic forces without linear poten-
tialwehave foundnewcritical subsystemsML1 andML2 which are almost everywhere smooth four-dimensionalmanifolds.
These subsystems are described in two ways. First, they are defined as the sets of critical points of the integral mapping ly-
ing on the zero level of some naturally arising general first integral. Second, the phase spaces of the critical subsystems are
described by the pair of invariant relations in (22) and (25). For each critical subsystem, the obtained integral and the system
of invariant relations provide a way to explicitly calculate the type of the corresponding critical points with respect to the
initial integrable system with three degrees of freedom.

If the deformation parameters ε1 and ε2 are different from zero, but the gyrostaticmomentum λ vanishes, the bifurcation
surfaces specified by (17) and (18) also give rise to almost everywhere invariant four-dimensional submanifolds. In [15] the
explicit equations of these four-dimensional submanifolds are suggested. The problemof determining the invariant relations
corresponding to the parametric surface (16) forwhich the deformationparameters ε1, ε2 and theparameter of the gyrostatic
momentum λ are different from zero still remains unsolved, so the types of the critical points in this case are not completely
established.
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