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Pseudospherical Euler-Poisson equation

The integrable Kowalevski case in a non-Euclidean space is a
pseudospherical Euler-Poisson equation [2]

ṁ = (gm)× ∂H
∂m

+ (gγ)× ∂H
∂γ

, γ̇ = (gγ)× ∂H
∂m

;

m = (m1,m2,m3) is an angular momentum;

γ = (γ1, γ2, γ3) is unit vector of the axis of symmetry;

g = diag(1,1,−k2) is a diagonal matrix;

k2 is a non-Euclidean parameter.

Hamiltonian

H =
1
2

(m2
1 + m2

2 − 2k2m2
3)− b1γ1
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Poisson structure

Πr =


0 k2m3 m2 0 k2γ3 γ2

−k2m3 0 −m1 −k2γ3 0 −γ1

−m2 m1 0 −γ2 γ1 0
0 k2γ3 γ2 0 0 0

−k2γ3 0 −γ1 0 0 0
−γ2 γ1 0 0 0 0

 .

Casimir functions

C = γ2
1 + γ2

2 − k2γ2
3;

L = m1γ1 + m2γ2 − k2m3γ3.

Additional integral

An additional integral F coincides with Kowalevski classic integral [1]

F =

(
m2

1 −m2
2

2
+ b1γ1

)2

+ (m1m2 + b1γ2)2 .
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Variables of Kowalevski

With Kowalevski [1] we introduce variables

x1 = m1 + i m2, x2 = m1 − i m2

and polynomials

Ri = k2[−1
4

x4
i + hx2

i + 2`b1xi + cb2
1 − f],

R = −1
2

[R1 + R2 +
1
4

k2(x2
1 − x2

2)2].

Here c, `,h, f are constants of Casimir functions C,L, Hamiltonian H
and additional integral F.
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The variables of separation

The variables of separation define by formulas

s1 =
R−
√

R1R2

(x1 − x2)2
, s2 =

R +
√

R1R2

(x1 − x2)2
.

The basic equation

S(x1,x2, s) ≡ (x1 − x2)2s2 − 2Rs− G = 0,

here

G = R1R2−R2

(x1−x2)2 = −1
4 k4(cb2

1 − f + 2`b1x1 + h2)(x1 + x2)2−

−1
4 k4(4h`b1 − 2x2

1`b1)(x1 + x2)− k4`2b2
1.

The variables of separation are commute: {s1, s2} = 0 !!!
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The useful expressions

(
∂S
∂s

)2

= 4R1R2,

(
∂S
∂x1

)2

= 8ϕ(s)R2,

(
∂S
∂x2

)2

= 8ϕ(s)R1.

Here

ϕ(s) – the resolvent of Euler for the polynomial R(x)

ϕ(s) = s3 + hk2s2 + 1
8 k4(2cb2

1 + 2h2 − 2f)s + 1
8 k6`2b2

1,

R(x) = x4 − 4hx2 − 8`b1x− 4cb2
1 + 4f.

Then 
ẋ1√
R1
− ẋ2√

R2
=

ṡ1√
2ϕ(s1)

,

ẋ1√
R1

+
ẋ2√
R2

=
ṡ2√

2ϕ(s2)
.
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The Identity

(
ẋ1√
R1
∓ ẋ2√

R2

)2

=

(
1∓ ẋ1ẋ2√

R1R2

)2

− (R1 − ẋ2
1)(R2 − ẋ2

2)

R1R2
≡ f1,2.

Then

The basic relations

ẋ2
1,2 − R1,2 − 1

2 k2(x1 − x2)2ξ1,2 = 0,

ẋ1ẋ2 − R− 1
2 k2h(x1 − x2)2 = 0,

ξ1,2 = 1
2(m2

1 −m2
2) + b1γ1 ± i[m1m2 + b1γ2],

F ≡ ξ1 · ξ2 = f,

R = 1
2(s1 + s2)(x1 − x2)2,

√
R1R2 = 1

2(s2 − s1)(x1 − x2)2
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The Substitution (
ẋ1√
R1
∓ ẋ2√

R2

)2

=
P(s1,2)

(s2 − s1)2
,

P(s) = (2s + k2h)2 − k4f.

The system of separation equations for integrable Kowalevski case in a
non-Euclidean space  (s1 − s2)2ṡ2

1 = 2ϕ(s1)P(s1),

(s1 − s2)2ṡ2
2 = 2ϕ(s2)P(s2).

Here ϕ(s) and P(s) are the polynomials

ϕ(s) = s3 + k2hs2 +
1
8

k4(2cb2
1 + 2h2 − 2f)s +

1
8

k6`2b2
1,

P(s) = (2s + k2h)2 − k4f.

Thus integration reduce to the hyperelliptic quadrature.
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The plan of the further research

The discriminant set and the bifurcation diagram;

Parametrization of integral manifolds: Algebraic solution and real
separation of variables;

Phase topology of the integrable Kowalevski case in a
non-Euclidean space.
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Thank you very much
for your attention!
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