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ABSTRACT

This paper proposes and studies a mathematical model of the motion of a viscous fluid caused by the oscillation of
a plane porous surface. The motion of liquid inside and outside of a porous medium is considered in a fixed coordinate
system. The porous medium performs harmonic translational-oscillatory motion parallel to an impenetrable flat surface,
which limits the porous medium from below and moves with its velocity. Exact analytical solutions of the nonstationary
Brinkman equation describing the motion of a liquid in a porous medium and the Navier-Stokes equation describing the
motion of a liquid outside of a porous medium are found. A numerical analysis of the proposed mathematical model is
carried out. The profiles of filtration rates in a porous medium and free liquid are constructed for different values of the
model parameters. It is shown that, in special cases, the previously obtained solutions of problems of the motion of a
viscous fluid caused by the vibration of a solid impermeable flat surface follow from the results obtained.

Keywords: translational-oscillatory motion, viscous fluid, porous medium, Brinkman equation, Navier-Stokes equation.

1. INTRODUCTION

The study of the fluid motion through porous
media has great theoretical and practical significance in
connection with various applications in the modeling of
certain technological processes, as well as in the study of
natural phenomena. Of great practical and scientific interest
is the construction and investigation of mathematical
models of the flow of a viscous fluid inside and outside of
the porous surfaces of planar, spherical and cylindrical
configurations since for them special analytic solutions to
the corresponding boundary value problems can be found
under special assumptions.

The work [5] proposes solutions to problems of the
motion of solid bodies in a viscous fluid. In [9] a
mathematical model of the motion of a pulsating solid body
in a viscous oscillating fluid is constructed. Analysis of fluid
flows between a porous medium and a liquid layer was
carried out in [1]. The problems of flow past an
impenetrable sphere and a cylinder in a porous medium,
using the Brinkman model, are solved in [6]. In this paper,
attention is drawn to the fact that in the Brinkman filtration
model, as a boundary condition on the contact surface of a
porous medium and an impenetrable solid body, in general,
instead of the fluid adherence condition, it is necessary to
take the condition for its slippage. The flow of a viscous
incompressible fluid in a long cylindrical pore, the inner
surface of which is covered by a permeable porous layer,
was considered in [4]. In the paper [10], the fluid motion
caused by the rotational-vibrational motion of the porous
sphere is determined using the non-stationary Brinkman
equation. In [11], a mathematical model of the viscous fluid
motion caused by the translational-vibrational motion of a
plane layer of a porous medium in a moving coordinate
system in which the surface element is at rest is constructed
and investigated.

This paper is devoted to the study of the viscous
fluid motion caused by the oscillation of a plane porous
surface immersed in this liquid in a fixed coordinate system.
Theoretical research results can expand the scope of the

hydrodynamic methods of solving applied problems in
various fields of science and technology, and also used to
calculate parameters for technical devices that use viscous
liquids in contact with a porous medium.

2. RESEARCH METHODS

To construct and study the considered
mathematical model, the methods of mathematical
physics, vector analysis, as well as numerical methods, are
applied. To describe the motion of a liquid in a porous
medium, the non-stationary Brinkman equation is used,
and for the description of the motion of a free liquid
outside a porous medium - the Navier-Stokes equation.
When determining the boundary conditions, the possible
sliding of the liquid with respect to an impermeable
surface, which limits the porous medium, is taken into
account. On the interface between the porous medium and
the free fluid, the condition for the continuity of the fluid
velocity is taken, and the jump in the tangential stresses in
the liquid is assumed to be proportional to the relative
velocity of the liquid at the interface (in a particular case
these stresses can be continuous).

3. MATHEMATICAL MODEL CONSTRUCTION

A plane porous surface performs a harmonic
translational-oscillatory motion with a frequency ® in a
direction parallel to the impermeable plane, which limits
the porous surface from below and moves with the speed
of this surface.

It is assumed that the porous medium is
homogeneous, isotropic, non-deformable, has a high
permeability and a sufficiently high porosity. Such
properties can, for example, belong to fibrous, as well as
strongly foamed materials, in which the permeability
coefficient K reaches values of 10-4 cm2. In a porous
medium, fluid vibrations may occur at which the velocity of
the porous medium and the velocity of the fluid will differ.

To construct a mathematical model for the
motion of a viscous fluid caused by the oscillation of a
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plane surface of a porous medium, a fixed Cartesian
coordinate system is chosen so that the interface between
the porous medium and the free liquid coincides with the
plane; the porous medium is determined by the inequality:

-H < x <0 (region 1), and the free liquid is
determined by the inequality: 0<x < H , (region 2). The

plane x =H , coincides with the free surface of the liquid.
From below, a flat porous medium is bounded by an
impenetrable, flat surface x =—H1, which moves along

with the porous medium. The axis y* is parallel to the
direction of oscillation of the porous surface and the plane

x =—H,. Here the symbol "*"' denotes dimensional
variables, and the dimensionless variables are further
denoted by the same symbols, but without this sign. The
subscripts 1 and 2 denote the quantities corresponding to a
porous medium and a free liquid, respectively. Figure-1
shows the scheme of the problem.

X*
H
2 Uop
1 0] y*
i

Figure-1. Scheme of the task.

The speed of the translational-oscillatory motion
of a plane porous medium and the plane surface bounding

*

it along the axis Oy* is a function of time f :
*
y:

It should be noted that in the final results of
calculations only the real parts of the corresponding
complex expressions have a physical meaning.

The flow of a viscous fluid in a porous medium
in the framework of the Brinkman model is described by a
system of equations [2, 3, 7, 8, 11, 12]:

u' =U, exp(—iot "), where, U, € R, uw =u

l@u*] =—lgrad* p, +V'Ay, +1F*, div u, =0 (1)
I or p p

Here I' is the porosity (I' = const); p is the density
of a viscous liquid; pr- average pressure on the pore
volume; u?- the filtration rate (ur =l—‘vT,VT is the
average velocity of the fluid in the pore volume);
V'=1”|'/ P , where T]'is the effective viscosity of the

liquid in a porous medium; v=m/p, where nis the

viscosity of the free liquid outside of the porous medium;
F =—(m/K)(u, —Tu’) is the density of the resistance
force of the porous medium.

In the case when the permeability coefficient of a
porous mediumK — 0, it follows from the system of
equations (1) that ur =T'u’. This means that the viscous
fluid will move along with the porous medium. If the
velocity u'is zero, then F~ will be of a known kind of
Darcy force.

The motion of a liquid outside of a porous medium is
described by the equations [5]:

*

2

*

+(, -Vu, =—égrad* p; +VA*ll;, diviu, =0.(2)

Because of the symmetry, all the variables are
independent of the z * coordinate and will be functions

only of time  and the vertical coordinate x . From the

continuity equations (1) and (2) it follows that u, =

.
,, =const. These constants are assumed to be

const, u
equal to zero, since on surfaces x =—H , and x =H,
ul*x =(0and u;x =(0. From this, we can conclude that,
u, =0, u,, =0 everywhere, and also (uj Vu; =0 G
=1, 2). Thus, the nonlinear terms fall out of the equations

of motion (1) and (2) and velocities uT, u; are directed

everywhere parallel to the axis y* .

It follows from the x * -component of equations
(1) and (2) that in the case of a horizontal arrangement of

the porous layer, the pressures pl* and p; also depend on
the time ¢ and coordinates x" , that is, they do not affect
the nature of the motion of the viscous liquid in the
horizontal direction, therefore take pl* =const, p; =const

and do not take into account the influence of gravity on the
motion of a viscous fluid.

* * *

Introduce the notation ”u =u, U, =u,. Then
from (1) and (2), we obtain:
1 ﬁur 8214]* Voo .. Ou, o’u,
———Ll =yt -Tu), —2=v—2 3)
I' ot ox? K ot ox”

To formulate the boundary conditions on the
surface of discontinuity of any quantities, a mobile
coordinate system is used that is associated with the
surface element under consideration. In this system, the
surface element is at rest. In the case of nonstationary
motion, the surface element is considered for a short time
[5]. The transition to a fixed coordinate system is
accomplished by adding the relative and transport
velocities. Let us formulate the boundary conditions to
equations (3) in a fixed system of coordinates, taking into
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account the assumptions made [6, 8, 10, 11, 12]: condition
on the boundary of an impermeable flat surface

(x =-H,):

—TU, exp(—iot ) = B4 @)
ox
conditions on the interface between a porous medium and

a free liquid (x =0):

P

u, —TI'u =u,-u ,

ou. ou, . . .
AN EE - Z = -Tu'), (u” =TV,
Ox Ox

condition on the free surface of the liquid ( x = H,):
6u2

2=0.
Oox

Here ”1* s u; s u" are the velocity with respect to

the fixed coordinate system; B and A are constants with a
length dimension, depending on the properties of the
viscous fluid and the porous medium. The first condition
(4) expresses the possible sliding of a viscous liquid with
respect to an impermeable flat surface bordering a porous
medium. If B = 0, then the first boundary condition (4)
becomes the usual condition for liquid adherence on a

solid  surface x =—H,:u, =TU exp(—iox ). The
second condition (4) shows the continuity of the relative
filtration rate and fluid velocity at the interface between

the porous medium and the free liquid (x'=0). In the
third condition (4) we take into account the connection
between the shear stress jump at the interface of region 1
and region 2 with the tangential velocity of the fluid. If A
— oo, then this boundary condition becomes the condition
of continuity of shearing stresses. If A = 0, then the third
boundary condition (4) becomes the sticking condition on
the surface of the porous medium. The fourth condition
expresses the absence of tangential stresses on the surface
of a free fluid.

A mathematical model of the motion of a viscous
fluid caused by the oscillation of a plane porous surface is
a boundary value problem consisting of equations (3) and
boundary conditions (4).

4. SOLUTION OF THE BOUNDARY PROBLEM

Measure the length in units H = H, + H,, time -
1 / o, speed - in units of U, Let us introduce
dimensionless variables

x=x/H, t=ot, w=ulU, u=u,/U,

u=u /U, =exp(-it).

In dimensionless form, equations (3) have the

form:
mHZ%:L'azl_li(u_ru) oH’ du, _ J'u, (5)
v[L o v ox? v o ox°

The dimensionless boundary conditions for
equations (5) have the form:

xz—izl:ul—rbt:[i%; (6)
—u,u=" =exp(~it);
MO

X(L%—auzjzul —Tu;

x=0:u -Tu=u,

o’ ox  Ox
ou, 0.
ox
Here hh =H,/H, h,=H,/H ,=B/H, A=A/H ,
a’=n/n".
Find the solution of equations (5) with the
boundary conditions (6) in the form:

x=h,:

u,(x,t) = F(x)exp(—it) ,u,(x,t) = F,(x)exp(—it) (7)

From equations (5) obtain:

2
d’F H)\ d°’F
dx;—éfm—za{—j, SFGR=0.  ®
1
where

i GG )
g

The solutions of equations (8) in general form:

F(x)=Aexp&x+ B exp(—£x)+C, )
F,(x)=A,exp&,x+ B, exp(—&,x) ,
a-H—,

£ = oH (1 id £ = ~H
Jrls 8 2 8,
. r_tr.gr. 1
T 1-i(8,/8,) 8% 8 & &
The arbitrary constants Aj, Bj (j=1,2)in (9),

where

defined with the help of boundary conditions (6), have the
form:

A=
D2
g T-C  Da-pE)
L (+BE expE D (1+BEexp28h
DD, +D,D,

& D 1+ Be 1+ oxp2e ) expE
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B - DD, +D,D,
P D,(1+PBE)[1+exp(—28,h,)lexpE i,
D, =Ag, (l“—C)+oc2D3D4 —oc2(1+]3<§l)exp§1h1,
D, =\, D, —a’D,D;, D, =1-A&, thé,h,,
D, =T-C+(1-T+C)1+BE,)exp&,h,,
D, =2sh& h, +2BE, ch&h,,
D, =2ch& h, +2B&, shE h,.

Solutions (7) and (9) describe transverse standing
waves in which the velocities directed parallel to the Oy

axis in a porous medium u,(x,t)and in a free liquid
u,(x,t) are perpendicular to the direction of propagation

of the wave along the Ox axis.
If we replace the porous medium with an

impenetrable layer with a thickness H, that oscillates
with velocity u = U, exp(—iot’ ), that is, we pass to the
limit A — 0 (A = 0), K — 0 (8, > 0), then the solutions
(9) take the form:
Ch&z (hz —X) ]

ch& b,

The velocity field in region 2, in this case, will
have the following form in the dimensional form:

F =T, F,(x)=

cosk,(H, —x)

u:(x*,t*):Uo cosk,H
2 2

exp(_imz*),[k 1;} (10)
S

2

This expression coincides with the result [5, §24].
If the porous medium is replaced by a free fluid,

i.e., go to the limitI' —» 1, K — o (3, > ), f — 0, then
the velocity field will be determined by an expression
similar to expression (10), in which H, should be
replaced by H.

In the limit @ — 0 (§, — o) we have the velocity field of

a viscous liquid inside and outside the porous medium for
the case of uniform motion of a flat porous surface with

velocity u” =U,.

Re(u,.u,)
o,sR\ - — P
AN
0.4 \\
h_j_“"\\\
; TN
~—

-08 -06 —0.4 —0.2

a

=]
=

If we write F (x) in the form

F(x)=F (x)+iF,(x) , then
Re[ F(x)exp(—it)]=F,.(x)cost + F,(x)sint .

5. MODEL ANALYSIS

The results of the analysis of the mathematical
model of the motion of a viscous fluid caused by the
oscillation of a flat porous surface are presented in Figures

2-5. We construct the graphs o =n/n'=T" [8, 12]. All
the figures in the fixed coordinate system show the
dependence of the real part Re(u,,u,) on x, that is, Reuy,
on X (—=h <x<0) and Reu,on x (0<x<h,). The
regions 1 and 2 are respectively determined by inequalities
—h <x<0 and O0<x<h,. The motion of a fluid is

nonstationary (time-dependent). In this connection, the
profiles of the filtration velocity and the velocity of the
free liquid in regions 1 and 2 continuously vary with time.
For definiteness, the profiles of the filtration velocity and
the velocity of the free fluid are constructed at time ¢ = 0.
At some other time, they will differ slightly from the ones
listed below, but their quality will be of the same kind.
Numerical estimates of the quantities are given for an
example of a machine oil with a density p = 0.9 g/cm® and
a viscosity n=1.2g/em - s (v=n/p= 1.3 cm’/s).

The presence of discontinuities in the graphs on
the surface of a porous medium is explained by the fact
that the motion of a viscous liquid is considered in a fixed
coordinate system. In the case of motion in the moving
coordinate system, as was shown in [11], there are no
discontinuities.

In Figure-2, the graphs of the dependence
Re(u,,u,) on x are plotted in the interval

—0,8<x<0,2, that is, for the case when the thickness of
the region of the free liquid is less than the thickness of the
porous medium. Numerical calculations were carried out
for the following values of the parameters: I' = 0.95, A —

o, the value H /3, =5 is fixed but H /3, equals 2; 4; 6;

8. The graphs in Figure 2 (a) are built for B = 0, and in
Figure-2 (b) for p = 1.

Re(u,.u,)

0.8

0.4

|
/-
a

4
/

0 ‘E

-0.8 -0.6 -0.4 -0.2 0 x

(7]

Figure-2. Dependence of Re(u,,u,) onxe (-0,8;0,2): A —> 0, I'=0,95, H/8, =5, H/3, =2;4;6;8 (I —4).

9718



VOL. 13, NO. 24, DECEMBER 2018

ISSN 1819-6608

©2006-2018 Asian Research Publishing Network (ARPN). All rights reserved.

ARPN Journal of Engineering and Applied Sciences i ;ax.

www.arpnjournals.com

It can be seen from Figure. 2 that if § = 0, then
for all graphs Re(u,,u,) =T" with x=—h, . If p =1, then
for Re(u,,u,)#I" if x=—h . This phenomenon can be
explained by the effect of liquid sliding on the surface
x=—h, . Itis observed for all § # 0.

For graphs 3 and 4 in Figure-2 (a, b) in region 2,
there are two layers of fluid with opposite directions of
velocities. According to Figures 3 and 4 in Figure-2 (a),
the velocity of a viscous liquid in a porous medium rapidly
decays as it moves away from the surface x =-0,8.

For all the graphs in Figure 2, the value of H =
7.3 - 107 cm. Table-1 shows the values of the frequency
o, with which the plane porous surface performs the
translational-oscillatory motion, for different values of the
value H /9§, and the values of the other parameters listed

Table-1. The values of the frequency o for different
values H/8, at T =0.95, H/5,=5,K =107 cm’,
v=~13cmYs.

HI/S, 2 4 6 8
o,c' | 2-10° [87-10° | 17,3-10° | 32,5-10°

In Figure 3, the profiles of the filtration rate
and free liquid are given for a symmetric gap
—0,5<x<0,5 atI'=0.95, =0, A — oo. For the graphs

in Figure 3 (a) H /8, =5, and for the graphs in Figure 3
(b) H/d, =10. Numbers 1 - 5 designate the curves
constructed for the values H /d,=1;1.5;2;2.5;3.5.

above.
Re(u,,u,) Re(u,,u,)
—-—______"'--_______ I -—-——.__I
HI8 =5 \ H/8,=10 \\ T~
\Y\\ T AR
0.4 \ N 04 \\ \3
N VLY \\\ ~
4
P N
0 \\ ~—] 0 \5\“-—.._
\-___ \_____
-04 -0,2 0 0,2 04 -04 -0,2 0 0.2 04 «x

a

6

Figure-3. Dependence Re(u;,u,) onxe (-0,5;0,5):p=0,A — 0, I' =095, H/§, =1;1,5;2;2,5;3,5(1 -5).

It can be seen from Figure-3 that the motion of
the liquid penetrates from the region of the free liquid the

porous medium. With increasing H /3, values of the

velocities in the porous medium and the free liquid, they
increase, and in the porous medium the filtration rate

changes slightly with increasing of H /9, . Figure-3 (b)
shows that the velocity profile in a porous medium at

given parameter values is constant and equal to the value
of porosity.

For graphs 1 - 5 in Figure-3 (a), the value of H =
7.3 - 107 cm; for the graphs in Figure-3 (b) H= 14.5 - 107
cm. Table-2 shows the values of the frequency o for
H /3, =5 and H/5, =10 for different values of H /9,

and the values of the other parameters listed above.

Table-2. The values of the frequency o for different values H/8, atI'=0.95, K = 107 cm?, v~ 1.3 cm’/s.

HI/S, 1 1,5 2 2,5 3,5
o,c'(H/§ =5) 0,49 - 10° 1,1-10° 2,0 10° 3,1-10° 6,5-10°
o, ¢ (H/§, =10) 0,12-10° | 0,28- 10 0,49 - 10° 0,72 - 10° 1,5-10°

Figures 4-5 show graphs of profiles of filtration
rates in a porous medium and free liquid outside the
porous medium for the interval —0,2 < x < 0,8, i.e., for

the case when the thickness of the layer of free liquid is
greater than the thickness of the porous medium.
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;{Se(uuuz) Re(u,,u,)
. ) 05 0.8 7 .
N <X
0.4 \\ \ 0.4 \ N
3
\\\\\ \\ \N\\\\
0 ‘géﬁi: ’ &c —-\—__3.<f
-0,2 0 0,2 0,4 0,6 x 0,2 0 0,2 0.4 0.6 X

a

o

Figure-4. Dependence Re(u;,u,) onxe (-0,2;0,8):p=1,I'=0,95, H/3, =5, H/8, =2;4;6;8 (1 —4).

The graphs of the velocity profiles in Figure-4 are
constructed for =1, '=0.95, H/3, =5. Numbers 1-4

indicate the curves constructed for the values H /0,= 2;

4; 6; 8. For the graphs in Figure-4 (a) A = 0.5; for the
graphs in Figure-4 (b) A — co.

It can be seen from Figure-4 that the liquid
penetrates from the layer of free liquid the porous
medium. With increasing A, the velocities in both regions
increase.

Re(u,,u,) Re(u,,u,)
0.8 7
0,8 §2\\ =095 \\X I'=0,85
NN FANTAN
0,4 N : A4
NN \\ \\
NN RN
-0,2 0 0.2 04 0,6 x -0,2 0 0,2 0.4 0,6 X

=

o

Figure 5. Dependence Re(u;,u,) onxe (-0,2;0,8): B=0,A— o, H/, =5, H/8, =2;4;6;8 (1 —4).

The graphs in Figure-5 are constructed for § = 0,
A — o0, H/3, =5. The value H /§,takes the value 2; 4;

6; 8. For the graphs in Figure-5 (a), the porosity value is '
= 0.95; for the graphs in Figure-5 (b), I' = 0.85. It can be
seen from Figure-5 that the liquid velocities in regions 1
and 2 strongly decay. As the porosity decreases, the values
of the velocities in the porous medium decrease, and in the
free liquid the values of the velocities increase.

6. CONCLUSIONS

The problem of viscous fluid flows caused by the
oscillation of a flat porous surface is solved. The motion of
the liquid inside and outside of the porous medium was
considered in a fixed coordinate system. Precise analytical
solutions to the Navier-Stokes equation describing the
motion of a free fluid outside of a porous medium and the
non-stationary Brinkman equation describing viscous fluid

flows in a porous medium are obtained. In regions 1 and 2,
non-stationary fields of fluid velocities are found. It is
revealed that the velocity of a viscous liquid in a porous
medium and in a region outside the porous medium is
perpendicular to the direction of propagation of standing
transverse waves. The profiles of the filtration speed and
free liquid velocity for some specific values of the
parameters are shown in the graphs. If § = 0, then for all
graphs Re(u,,u,)=Iwith x=—h . If B = 1, then
Re(u,,u,) #I" for x=—h, . With increasing values of

H /5, and A, the velocities in the porous medium and in

the free liquid increase; with decreasing porosity, the
velocities in region 1 decrease, and in region 2 the values
of the velocities increase. In a porous medium and in a
free fluid, there are layers with opposite directions of

velocities, in which the values Re(u,,u,) differ from each
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other by signs. The velocity of a liquid in a porous
medium is not zero. The velocity of the liquid outside the
porous medium (in the region of the free liquid) attenuates
with distance from the surface of the porous medium. It is
shown that, in particular cases, the previously obtained
solutions to problems of the motion of a viscous fluid
caused by the vibration of a solid impermeable plane
surface are obtained from the results achieved.
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