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KEY PROBLEMS IN FUNDAMENTAL PHYSICS
World Constants and Limiting Transition*

G. Gamow, D. Ivanenko, and L. Landau
§ 1. In constructing a system of units in physics,
there exist two basic methods for choosing units of
any new quantity:
(i) One merely specifies an arbitrary standard of

measure (this is the way in which one introduces the
usual definitions of, say, gram or ohm).
(ii) By employing some law—we denote it by A—

that relates the quantity in question to those that are
known and which involves a numerical coefficient,
one chooses a satndard in such a way as to reduce this
coefficient to unity (this is exemplified by the definition
of a charge unit in terms of the Coulomb law).
Technical difficulties apart, one can always make

use of either method of the above two.1) In the first
case, we have a new arbitrary satndard; that is, we
increase the number of units forming the basis of
the theory of dimensions. Moreover, the coefficient in
the law A then takes a specific numerical value that
appears to be a new world constant.
In the second case, both the number of basic arbi-

trary standard and the number of world constants re-
main unchanged; for measuring the quantity in ques-
tion, we only obtain a unit that is natural with respect
to preceding ones. This unit will change in response
to changes in basic standard. The character of this
variation is studied within a dimensional analysis that
introduces the concept of dimensions of a given phys-
ical quantity.
Constants of zero dimensions are independent of

the choice of basis units and can therefore be treated
as mathematical constants (numbers). One can hope
that all these numerical constants can be obtained
theoretically. Within a given system of dimensions,
world constants from which one can compose a com-
bination of zero dimension must therefore obey a
mathematical relation, so that they are not indepen-
dent.
From the aforesaid, it follows that we can always

reduce the number of basic standard (number of di-
mensions) using one of the world constants for this
and setting it to unity. Below, this process, which is

∗Translated from the Journal of Russian Physicochemical So-
ciety, Ser. Phys., LX, 13 (1928).

1)Of course, this is so if there is a law that relates the new
quantity being considered to some known previously.
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equivalent to going over from the first definition to the
second one, will be referred to as a reduction.
For a complete reduction (that is, a reduction to

the number of standard that is equal to zero) to be
possible, it is necessary that the number of indepen-
dent constants not be less than the number of dimen-
sions forming the basis of the system of units being
considered. Obviously, the number of independent
constants cannot be greater than the number of basic
independent basic units in our system of dimensions.
For example, only the reduction to two units was

possible in Newtonian mechanics, since, in the pres-
ence of three basic dimensions of T , L, and M , there
was only one law featuring a world constant; that is,

f = χ
mm′

r2
.

A second constant, which enables a reduction to one
dimension is introduced by the special theory of rela-
tivity via the relation

xi = ict.

Finally, the last missing constant h appears in the
framework of quantum mechanics:

ϕ =
2πW

h

(this is the expression for the phase ϕ in terms of the
actionW ).
Usually, we are dealing with the case where the

number of constants known from experiments and
not yet reduced to a smaller number by establish-
ing mathematical relations is much greater than the
adopted number of basic units. In this case, it is
advisable to choose the most general constants for
performing complete reduction.
The quartic system CGS1◦ is employed in mod-

ern experimental physics. In technologies, however,
practical considerations dictate the use of a much
greater number of standards (cm, g, s, 1◦, Ω, A, . . . );
there, one adopts some CGS1◦Ω . . . system.
Yet another example of choosing a basic system is

provided by Planck’s natural system of units (c, χ, h,
k).
§ 2. We have seen above that each constant is

a representative of a physical law (theory), a world
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constant symbolizing the generality of a law. More
universal constants correspond to more general laws
(theories)—to illustrate, one can compare the Ryd-
berg constant with the Planck constant �. The in-
troduction of new constants and their reduction to
a smaller number were reflected in the history of
physics as a changeover of theories and their gradual
unification.2) By way of example, we can indicate the
introduction of the constant � and the reduction of the
Rydberg constant. Fixing the number of dimensions
as above, we thereby constrain the number of genuine
constants: among the available constants, we take
n ones (n is equal to the number of dimensions)
for basic ones, reducing the remaining to genuine
(that is, independent) ones. From the point of view
of reduction, it obviously does not matter which con-
stants are taken for basic ones. Here, however, we are
guided by two heuristic principles. The first of these
is that which is based on the degree of generality of
the theory that these constants represent: it is nat-
ural to reduce the Rydberg constant to the Planck
constant, but not vice versa, because the theory of
atomic spectra is obviously of lower order with respect
to the general theory of atoms. The other principle
tests a constant for a limiting transition (see below).
By way of example, we will trace the history of the
constant h (that is, the development of the quantum
theory from the point of view of the introduction of
this constant). Classical mechanics and electrody-
namics can be considered as an initial stage. Bohr’s
theory (old quantum mechanics) introduced h as an
empirical constant in its equations, pursuing only ad
hoc purposes: h symbolized discontinuity, jumps, etc.
Only in Schrödinger–Heisenberg wave mechanics
did h appear quite naturally as a constant associated
with dimension. No requirements of discontinuity are
introduced, and the empirical significance of h is clar-
ified only a posteriori. We are inclined to deem the
theory of the constant h completed. Imagine a com-
pleted (!) physics. We will construct it on the basis
of n dimensions; there will obviously remain n world
constants in it that appear in a natural way—that
is, as mere dimensional rather than empirical coeffi-
cients. All extra constants will be reduced. As to the
world constants in question, we can set them to unity
according to the proposal of Planck, whereby we go
over to physics without dimensions. Let us construct
a physics system that is in a limiting relation to the
above completed physics. To do this, we apply the
limiting-transition method, making the world con-
stant in question tend to zero (of course, such a con-
stant must first be introduced if it was initially equal to

2)In a sense, one can associate each new law with a new
irreducible constant, introducing the corresponding new di-
mension.
P

unity). The theory obtained via this limiting transition
will be referred to as a classical theory with respect
to the world constant being considered. For example,
conventional mechanics is classical with respect to
h, while wave mechanics is completed in the above
sense; as to Bohr’s theory, with its h introduced in
an ad hoc manner, it can be called a vulgar theory. In
the same way, the theory of relativity is a completed
theory with respect to 1/c (1/c appears in the metric
as a dimensional coefficient); for a limiting theory,
we have here conventional mechanics, as in the pre-
ceding case, and nonrelativistic quantum mechanics.
It should be emphasized that, for a genuinely basic
constant in the sense of the limiting transition, we
have here 1/c rather than c, since it is the former that
is made to tend to zero. As to theories that are vulgar
with respect to 1/c, these include a number of pre-
relativistic formulations of electrodynamics. Further,
geometric optics is a classical theory with respect
to the constant of wavelength (λ0 → 0), while wave
optics is a completed theory. From this point of view,
the Fresnel theory of diffraction is a vulgar theory.
On the basis of this method, we can construct new
classical theories by introducing new constants and
making them tend to zero. Such classical theories can
be doubly, triply, etc., limiting ones (rank of a classi-
cal theory). For example, conventional mechanics is
triply limiting—with respect to quantum theory, the
special theory of relativity, and the theory of grav-
ity (the corresponding constants are h, 1/c, and χ).
Since a combination of constants is also a constant,
there arises the question of elementary constants.
We have seen that a normal course of the develop-

ment of a theory was from a limiting through a vul-
gar to a completed one. Having constructed parallel
schemes, we notice gaps—some theories skipped a
“vulgar” period, while, in the history of others, there
were no limiting case. Historically, we have the L,
M , T system of dimensions (temperature apart) and,
hence, three genuine world constants. According to
the aforesaid, the choice of the three dimensions was
accidental from the lofty point of view; as to the choice
of “genuine” constants, we may heuristically follow
the generality of theories and the limiting-transition
principle. From both points of view, one is led to adopt
h, 1/c, and χ for “genuine” constants (all three of
them represent the most advanced theories, and all
three meet the limiting-transition test).
§ 3. If, following the aforesaid, we lay the basic

constants h, 1/c, and χ in the foundation of the
theory of dimensions, we can obtain “natural units”
for all other physical quantities, including mass and
electric charge. The charge and mass units deduced
in this way do not coincide with “elementary” val-
ues obtained for these quantities experimentally (the
charges and masses of the electron and of the proton).
HYSICS OF ATOMIC NUCLEI Vol. 65 No. 7 2002
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However, this coincidence could hardly be ex-
pected because the mass of the electron differs from
the mass of the proton—it would have been strange if
one of them had proved to be a basic one.
The only thing that is natural to expect is that

either of these masses will be expressed, in one way
or another, in terms of the “natural unit” of mass. The
origin of two mass values (m+, m−) may be that the
equation from which they will be determined has two
different roots corresponding to two charge values
(+e, −e).
Not yet having the theory of the electron at our

disposal, we may deduce, however, some conclusions
about the character of this theory from a dimensional
analysis. Let us find the dimensions of charge and
mass in terms of our basic dimensions [h], [1/c], and
[χ]. After some simple algebra, we obtain

[e] =
√

[h] · [c]; [m] =

√
[h] · [c]

[χ]
;

[ e

m

]
=

√
[χ]

or

e = λ
√

h · c; m = ν

√
hc

χ
,

where λ and ν are numerical constants that are differ-
ent for the proton and for the electron. (It is obvious
that λ− = −λ+.)
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The above formulas for the dimensions may also
furnish valuable guidelines in constructing the theory
of the electron on the basis of an incomplete system
of theoretical physics where some world constants are
set to zero.

It can easily be seen that the only incomplete
system leading to finite values of charge and mass is{

h = 0;
1
c

= 0; χ �= 0
}

;

that is, this is a nonquantum, nonrelativistic, gravi-
tating electron. In this case, the electron charge be-
comes a new world constant.

As to other incomplete systems, they lead to indef-
initely small (or indefinitely large) charges or masses.
In particular, frequent attempts at constructing a the-
ory of a nonquantum electron in the general theory of
relativity cannot be successful (h = 0, c �= ∞, χ �= 0,
whence it follows that e = m = 0).

Leningrad.
October 20, 1927

Translated by A. Isaakyan
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On October 20, 1927, the article “World Con-
stants and Limiting Transition” [1] of Georgii Anto-
novich Gamow (1904–1968), Dmitrii Dmitrievich
Ivanenko (1904–1994), and Lev Davidovich Landau
(1908–1968) was submitted to the journal Zhurnal
Russkogo Fiziko-Khimicheskogo Obshchestva
pri Leningradskom Universitete: Chast’ Fizika
(Journal of the Russian Physicochemical Society
at the Leningrad University: Section Physics) (the
table of contents of the journal also contained the
German title of the article: “Über die Weltkonstanten
und den Grenzübergang”). The article was written
as a humorous present to a female student that the
three young friends courted (shortly before Ivanenko
passed away, I had asked him, in a telephone con-
versation, about the history of creation of the article;
however, he could not, or he did not want to, recall
the name of that student). In the following years, the
paths of the authors parted, but none of them had ever
referred to the article in question in his subsequent
publications; nor was it included in the collection of
Landau’s works in two volumes [2]. The initials of
Mr. Tompkins, a hero of some science fiction books
written by Gamow, were the only trace that the world
constants c, G, and h had left in the legacy of Gamow.

But the article, which the authors themselves con-
sidered as a trifle, contained quite serious ideas that
had profound historical roots, ideas that had a strong
impact on the development of fundamental physics
and which have been hotly debated in the community
of professional theoretical physicists to date.

George Johnston Stoney (1826–1911), a famous
Irish physicist, who had been Secretary of the Irish
Royal Society for many years, was the first to indicate

*e-mail: okun@heron.itep.ru
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the importance of world constants. He coined the
term “electron,” introduced it in physics, and mea-
sured the magnitude of the elementary electric charge
e. By using this quantity and the known values of the
speed of light c and of the gravitational constant G,
Stoney proposed [3] natural units of length, time, and
mass (that is, those that are given by nature itself):

lS = e
√

G/c2, tS = e
√

G/c3, and

mS = e/
√

G.

The expression for mS was obtained by equating the
Coulomb and the Newtonian potential:

e2

r
= G

m2
S

r
.

The expression for lS was derived on the basis of
dimensional considerations by equating the so-called
“maximum kinetic energy” mSc

2 and the Coulomb
energy e2/lS. As to tS, it is obviously equal to lS/c.
It is interesting to note that the expression for energy
in the form mc2 had appeared long before the advent
of the theory of relativity (as a matter of fact, it was
implicitly present in the discussion of black holes by
Laplace [4]).

On discovering, in 1899, the constant h1), Max
Planck (later on, this constant was named after him)
introduced [5] four natural world units for length,
time, mass, and temperature. In the present-day no-
tation, they are given by

lP = �/(mPc), tP = �/(mPc2), mP =
√

�c/G,

TP = mPc2/k.

1)In the following, we will use � = h/2π.
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Here, k is the known Boltzmann constant,

k � 8.6 × 10−5 eV/K,

K being a Kelvin degree.
In all probability, Planck was unaware of Stoney’s

units, which, as can easily be verified, differ from
Planck’s units by a factor

√
α, where α = e2/(�c) �

1/137. A. Eddington [6] was a steadfast partisan
of Planck’s units. On the contrary, P. Bridgman [7]
deemed that these units have nothing to do with
the physics of real world. A further development of
physics has revealed that it was Eddington who was
right.

In [1], the authors of the article return from
Planck’s units to the universal world constants c, G,
and � and discuss the logical structure of a future
theory in terms of these constants. The ideas of
Gamow, Ivanenko, and Landau were adopted and
developed in a number of studies by their friend
Matvei Petrovich Bronshtein (1906–1938), who was
executed during the years of Stalin’s repressions.
Bronshtein represented his classification of physical
theories in a graphical form on a plane [8–10]. His
graphical representation was similar to the develop-
ment of a cube. For the first time, the spatial picture of
such a cube was given by A. Zel’manov [11, 12] and
was discussed by G. Gorelik [13] and by the present
author [14].

If c (more precisely, 1/c), �, and G are plotted
along three orthogonal axes, the vertices at (000),
(c00), (0�0), (c�0), and (c0G) can be associated with,
respectively, nonrelativistic mechanics, the special
theory of relativity, nonrelativistic quantum mechan-
ics, quantum field theory, and the general theory
of relativity. The c�G vertex, which corresponds to
relativistic quantum gravity, is of greatest interest.
It is the realm that attracts the attention of those
numerous theoretical physicists who try to construct
the so-called theory of everything (TOE). They hope
that, within such a theory, they would be able to
develop a fundamental approach to superstrings and
to calculate many fundamental parameters of the
Standard Model (such as gauge coupling constants
like α and ratios of the lepton and quark masses; see,
for example, [15, 16]).

In recent years, Jurg Martin Frölich, a renowned
German theoretical physicist, independently arrived
at the idea of a cube. He put forth his consideration
in the lecture that he delivered on the occasion of the
investiture of him with the Max Planck medal [17].
In contrast to the aforementioned studies, Frölich
supplements the cube of theories with the fourth di-
mension (for the Boltzmann constant k) and refers to
the resulting construction as Planck’s hypercube. It
is the opinion of the present author that, in modern
physics, the status of k differs drastically from the
PHYSICS OF ATOMIC NUCLEI Vol. 65 No. 7 200
status of c, �, or the Planck mass. According to
statistical mechanics, temperature is themean energy
of an ensemble of particles. Therefore, k is the factor of
rescaling from electronvolt or Joule units into Kelvin
degrees. Needless to say, c, G, and � also play the
role of scaling factors, but this role is of secondary
importance for them. Themain role of c is that it is the
limiting velocity of signal propagation in a vacuum.
When the velocity of a particle is close to c, its behav-
ior is governed by the special theory of relativity. The
role of the quantum � of action or angular momentum
is that, when these quantities are close to �, quantum
mechanics comes into play. At an energy of order
mPc2, quantum relativistic effects in gravity become
significant. As to k, there is no physical quantity of
dimension k such for which k would be a critical
value. Planck included k in the set of four fundamental
constants since it appears in the ratio �ω/kT on equal
terms with � and since neither quantum mechanics
nor the theory of relativity was known a century ago.

In conclusion, I would like to dwell upon yet an-
other important point associated with the article by
Gamow, Ivanenko, and Landau. The reader that has
deeply thought over its content would have never
agreed with the point of view according to which the
international system of units SI [18–21] must serve
as a basis for teaching physics (see critical comments
on this system in [22–24]).
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17. J. Fröhlich, Phys. Bl. 57 (7/8), 53 (2001).
18. International Union of Pure and Applied Physics.

Commission for Symbols, Units and Nomencla-
ture, Document U.I.P. 20 (1978).

19. Review of Particle Properties, Phys. Rev. D 45 (Pt. II),
III.4 (1992).

20. Symbols, Units, and Nomenclature in Physics:
Document U.I.P. 20 (International Union of Pure and
PH
Applied Physics, S.U.N. Commission, 1978); Usp.
Fiz. Nauk 129, 289 (1979) [Sov. Phys. Usp. 22, 833
(1979)].

21. The NIST Reference on Constants, Units, and Un-
certainty, http://physics.nist.gov/cuu/Units/inter-
national/html.

22. D. I. Sivukhin, Usp. Fiz. Nauk 129, 335 (1979) [Sov.
Phys. Usp. 22, 834 (1979)].

23. M. A. Leontovich, Vestn. Akad. Nauk SSSR 6, 123
(1964).

24. L. B. Okun, Particle Physics (Nauka,Moscow, 1988;
Harwood, Chur, 1985), Suppl. 1, p. 141.

Translated by A. Isaakyan
YSICS OF ATOMIC NUCLEI Vol. 65 No. 7 2002


	IvanGamLand.pdf
	Okun.pdf

