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Abstract. We provide the classification of real forms of complex D=4 Euclidean algebraε(4;C) =
o(4;C))⋉T4

C as well as (pseudo)real forms of complex D=4 Euclidean superalgebrasε(4∣N;C) for N=1,2.
Further we present our results: N=1 and N=2 supersymmetric D=4 Poincaré and Euclidean r-matrices
obtained by using D= 4 Poincaré r-matrices provided by Zakrzewski [1] For N=2 we shall consider the
general superalgebras with two central charges.

1. Introduction
The classification of quantum deformations of Lorentz symmetries described by classical r-matrices
was given firstly by Zakrzewski [2] (see also [3]), and has been further extended to the classification
of classical r-matrices for Poincaré algebra in [1]. The classification of dual Hopf-algebraic quantum
deformations of Poincaré group were presented in [4]. Subsequently, the infinitesimal r-matrix
description of the deformations of Poincaré algebra presented in [1] has been extended in several papers
to finite Hopf-algebraic deformations, with conclusive results obtained in [5]. Because majority of
studied deformations were triangular, i.e. described by the twist deformations, they permitted (see e.g.
[6, 7]) to derive explicit formulas for the non-commutativealgebra of deformed space-time coordinates
by the use of so-called star product realizations.

The study of deformations of spacetime supersymmetries andthe corresponding deformed
superspaces were less systematic, related mostly either with the supersymmetrization of simplest Abelian
canonical twist deformation of Poincaré symmetries [8]–[10] or with the supersymmetric extension
of κ-deformation [11, 12]. The supersymmetrization of such a canonical twistF for N = 1 Poincare
superalgebra looks as follows

F = exp
1
2

θ µνPµ ∧Pν → F = exp
1
2

θ µνPµ ∧Pν expξ αβ Qα ∧Qβ , (1.1)

whereθµν = −θν µ , ξ αβ
= ξ βα and x̂∧ ŷ≡ (x̂⊗ ŷ)− (−1)∣x∣∣y∣(ŷ⊗ x̂) where∣x∣ = 0,1 is theZ2-grading of

the superalgebra element ˆx with definite grading. The classification of the supersymmetric triangular
deformations for finite-dimensional simple Lie superalgebras was firstly given in a mathematical
framework by one of the present authors [13]; one should add also that already long time ago the

1 Presented by J. Lukierski
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nontriangular Drinfeld-Jimbo deformation has been provided for all complex finite-dimensional simple
Lie superalgebras in [14, 15, 16] but without discussion of its real forms. Recently however (see
[17, 19]) the classification of Poincaré r-matrices in [2] has been extended toD = 4,N = 1 Poincare and
Euclidean [19] supersymmetries, which provided physically important deformations of non-semisimple
Lie superalgebras. New result in this paper is the presentation of the list of D=4 N=2 classical super-
Poincaré and super-Euclidean r-matrices.

We add that there were also considered twisted EuclideanN = 1 andN = 2 supersymmetries (see e.g.
[9]) but only under the assumption that the fermionic part ofthe twist factor was a supersymmetric
enlargement of canonical Abelian twist (see (1.1)). In our recent paper by considering partial
classification ofN = 1 complexr−matrices and their pseudoreal (Euclidean) and real (Poincaré) forms
[19] we have obtained large class ofN = 1 supersymmetric twists which provide new D=4 superspaces
with Lie-algebraic deformation of bosonic spacetime sector.

In quantum deformations approach the basic primary notion is the Hopf-algebraic deformation of
(super)symmetries which subsequently implies the modification of (super)spacetime algebra. It follows
that for classifying the possible deformations of (super)symmetries one should list the deformations
of corresponding Hopf (super)algebras. In non-supersymmetric case the most complete discussion
of such Hopf-algebraic approach to field theories deformed by canonical twistsF (see (1.1)) was
presented in [18]; for Poincaré and Euclidean supersymmetries such way of introducing deformations via
supertwist, firstly advocated in [8, 9], was presented recently in [19, 20]. In present paper we supplement
classicalN = 2 super–Poincarér−matrices which generate the corresponding N=2 supersymmetric
twist (triangular) deformations. Subsequently using∗−product formulation [6, 7] one can provide
effective formulae for the description of quantum-deformed N=2 superspaces. We add that the particular
supersymmetricN = 2 twist deformations considered in earlier studies [21]–[25] appear as particular
cases in the list of N=2 deformations presented in this paper.

In Sect. 2 and 3 we shall consider in some detail inhomogeneous o(4;C) algebra with its real
forms and the N=1,2 superextensions; in Sect. 4 and 5 we present our partial results describing N=1,2
supersymmetric Poincaré and Euclidean r-matrices. More detailed plan of our paper is the following:
In Sect. 2 we shall consider complexo(4) and inhomogeneousio(4) algebras and itsN = 1 SUSY
extension. We shall also provide their real and pseudoreal forms definingD = 4 Poincare, Euclidean
and Kleinian algebras and correspondingN = 1 real/pseudoreal superalgebras. In Sect. 3 we shall
discuss complexN = 2 superalgebras with two central charges and odd sector described by 8 independent
complex supercharges (Q a

α ,Qα̇ b, α , α̇ = 1,2 a,b = 1,2). Further following [28]–[27] and by using
suitable conjugations or pseudoconjugations (real or pseudoreal forms) we shall describeN = 2 real
Poincaré and Kleinian superalgebras as well as complex selfconjugate Euclidean superalgebras. In order
to compare with earlier results for N=0 (nonsupersymmetriccase) and N=1 we shall provide in Sect. 4 the
tables of classical Poincaré (super)-r-matrices given in[1] and [19]2. In Sect. 5 we present new results:
we use the set of real Poincaré classical r-matrices provided by Zakrzewski in [1], and describe the ones
which do have N=2 supersymmetric extension; we present alsoN=2 D=4 Euclidean supersymmetric
r-matrices. Finally in Sect. 6 we present final remarks.

In Appendix A we shall outline the general theory of conjugations and pseudoconjugations for Lie
superalgebras.

The list of N = 2 complex supersymmetric r-matrices and their Kleiniano(2,2) real counterparts
satisfying suitable (pseudo)reality conditions will be presented in our next publications.

2 We point out here that among 21 classicalr−matrices obtained by Zakrzewski [1] there is one class whichsatisfies modified
YB equation. We shall consider 20 classes ofr−matrices which lead to triangular deformations.



2. Complex D=4 Euclidean algebra, its simple (N=1) supersymmetrization and their real or
pseudoreal forms
2.1. Complexio(4,C) algebra and its real forms
It is known that there are four real forms of complex orthogonal Lie algebraso(4,C) corresponding
to three different nondegenerateD = 4 metric signatures and the fourth one which can be obtained by
imposing quaternionic structure (see e.g. [29, 30]):

i) o(4) ≅ o(3)⊕o(3) ≅ su(2)⊕su(2) – Euclidean case
ii) o(3,1) ≅ sl(2,C)R – Lorentzian case3

iii) o(2,2) ≅ o(2,1)⊕o(2,1) ≅ sl(2,R)⊕sl(2,R) ≅
su(1,1)⊕su(1,1) ≅ sp(2,R)⊕sp(2,R) – Kleinian case
iv) o∗(4) ≅ o(3)⊕o(2,1) ≅ su(2)⊕su(1,1) – quaternionic case.

The quaternionic origin of the fourth real form follows fromisomorphism with orthogonal quaternionic
algebras [29]

o(2;H) = o∗(4), o(1;H) = o(2) . (2.1)

In first three cases (Euclidean, Lorentzian, Kleinian) one can lift the corresponding real forms to
inhomogeneous algebraε(4;C) = o(4;C)) ⋉ T4

C, where the complex Abelian generators describe
complexified momentum fourvectors (Pµ ∈ T4

C).
In fourth case one can introduce the momenta as complexo∗(4) vectors described by second

order fourcomponentSU(2)×SU(1,1) complex spinors. The corresponding inhomogeneous algebra
o∗(4)⋉T4

q can be endowed with quaternionic structure if we perform thefollowing contraction of the
quaternionic symmetric coset (see also (2.1))

o(3;H) = o(2;H)⊕o(1;H)⊕
o(3;H)

o(2;H)⊕o(1;H)
⇒ (o∗(4)⊕o(2))⋉T4

q , (2.2)

whereT4
q has eight real dimensions, i.e. the dimensionality ofT4

C is not reduced. We add that the
inhomogeneouso∗(4) algebra does not play known significant role in the description of physically
relevantD = 4 geometries.

The most known real form ofio(4,C) is the D = 4 Poincaré Lie algebrap(3,1)) = o(3,1)⋉T1,3

generated by the Poincaré fourmomentaPµ ∈T1,3 and six Lorentz rotationsLµλ ∈ o(3,1) (µ ,ν = 1,2,3,4)
and looks as follows:

[Lµν , Lλρ] = i(gνλ Lµρ −gνρ Lµλ +gµρ Lνλ −gµλ Lνρ) , Lµν = −Lν µ ,

[Lµν , Pρ] = i(gνρ Pµ −gµρ Pν) , [Pµ , Pν] = 0 ,

(2.3)

wheregµν = diag(−1,−1,−1,1) is the Minkowski (Lorentzian) metric. If we replace in (2.3)such a
metric by the Euclidean one i.e.gE

µν = −δµν = diag(−1,−1,−1,−1), one gets theD = 4 Euclidean algebra
ε(4) = o(4)⋉T4, described by Euclidean generatorsPµ , Lµν :

[Lµν , Lλρ] = −i(δνλ Lµρ −δνρLµλ +δµρLνλ −δµλ Lνρ) , Lµν = −Lν µ ,

[Lµν ,Pρ] = −i(δνρPµ −δµρPν) , [Pµ ,Pν] = 0 .

(2.4)

The Poincaré algebra can be obtained from Euclidean one by the following substitution (r,s,t = 1,2,3)

Lµν = (Lrs, iL0r) , Pµ = (Pr , iP0) (2.5)

3 The real generatorso(3,1) can be described by complex–conjugated generators ofo(3;C) ando(3;C) (see (2.11)).



or equivalentlyMr =Mr , Nr = −iNr , whereMr =
1
2εrstLst, Mr =

1
2εrstLst andNr = L4r , Nr = L4r . The

imaginary unit occurring in (2.5) effectively change in (2.3) the Euclidean metricgE
µν into the Lorentzian

onegµν .
If we choose the metric with Kleinian (neutral) signaturegK

µν = diag(1,−1,1,−1) one gets Lie algebra
io(2,2)) = o(2,2)⋉T2,2, which can be obtained by the following change of the Euclidean generators

MK
i = iMi , NK

i = iNi (i=1,3), MK
2 =M2, NK

2 =N2, PK
µ = (P1, iP2,P3, iP4) . (2.6)

For describing theo∗(4) algebra with quaternionic structure one should split the real o(4) generators
as follows

o(4) = u(2)⊕ o(4)
u(2) (2.7)

and multiply the coset generators by ”i”.
In order to embed three cases of inhomogeneous algebras intounified framework one can consider

the complexD = 4 Euclidean algebraε(4;C) and introduce its three real forms (Euclidean, Poincaré and
Kleinian). These real forms are introduced with the help of three non-isomorphic antilinear involutive
conjugationsIA→ I#

A (IA ∈ (Lµν ,Pµ)), where #= †, ‡, ⊕. The following reality conditions imposed on
the generators ofE(4;C) (r,s= 1,2,3;i = 1,3;k = 2,4)

L†
rs =Lrs, L†

4r = −L4r , P†
r =Pr , P

†
4 = −P4 Poincaré case (2.8)

L‡
µν =Lµν , P‡

µ =Pµ Euclidean case (2.9)

L⊕13=L13, L
⊕
24=L24, L⊕ik = −Lik P⊕i =Pi , P

⊕
k = −Pk Kleinian case (2.10)

define respectively realD = 4 Poincaré, Euclidean and Kleinian algebras. We observe that first two real
structures (conjugations) coincide onE(3) subalgebra.

Another convenient basis in complexE(4;C) algebra is obtained by introducing the pair of chiral
(left-handed) and anti-chiral (right-handed) generators: 2M±r =

1
2εrstLst±L4r ≡Mr ± iNr describing two

complex commutingo±(3,C) ≡ sl±(2,C) subalgebras

[M±r ,M±s ] = iεi jkM±k , [M±r ,M∓s ] = 0, (2.11)

[M±r ,Ps] =
i

2
(εrstPt ∓δrsP4), [M±r ,P4] = ±

i

2
Pr . (2.12)

The reality conditions (2.8–2.10) imposed on the complex generatorsM± look as follows (we provide
also the fourth reality condition related with quaternionic structure;r = 1,2,3;i = 1,3)

(M±r )† =M∓r Poincaré case (2.13)

(M±r )‡ =M±r Euclidean case (2.14)

(M±i )⊕ = −M±i , (M±2 )⊕ =M±2 Kleinian case (2.15)

(M+r )⊕̃ =M+r , (M−i )⊕̃ = −M−i , (M−2 )⊕̃ =M−2 quaternionic case (2.16)

Further we shall consider the supersymmetric N=1,2 extensions of the Euclidean and Poincaré
real forms (2.13–2.15). The complexifications of real Poincaré, Euclidean and Kleinian algebras are
equvalent, and one can consider as well in place of reality constraints (2.8)–(2.10) the real forms of



complexified Poincaré or Kleinian algebras in order to provide the real Poincaré, Euclidean and Kleinian
algebras.

It is quite useful to work further with Lorentzian (Poincar´e) canonical basis which is obtained after
realification of the Cartan-Chevaley basis ofsl(2,C) 4. In such a basis Lorentz generators are defined as
follows (see [13, 19])

h = −iN3 , e± = −i(N1∓M2) ,
h′ = iM3 , e′± = i(M1±N2) .

(2.17)

One obtains the following description ofD = 4 Lorentz algebra

[h, e±] = ±e±, [e+, e−] = 2h,

[h, e′±] = ±e′± , [h′, e±] = ±e′±, [e±, e′∓] = ±2h′,

[h′, e′±] = ∓e±, [e′+, e′−] = −2h.

(2.18)

The fourmomenta generators with the components

Pµ = (P1, P2, P± = P4±P3) (2.19)

extend (2.18) to the real Poincaré algebra as follows

[h, P±] = ±P±, [h, Pi] = 0 (i = 1,2),
[e±, P±] = 0, [e±, P∓] = 2P1, [e±, P1] = P±, [e±, P2] = 0,

(2.20)

[h′, P±] = 0, [h′, P1] = −P2, [h′, P2] = P1,

[e′±, P±] = 0, [e′±, P∓] = ∓2P2, [e′±, P1] = 0, [e′±, P2] = ∓P± .
(2.21)

Three reality conditions imposed on these canonical generators are now

x†
A = −xA for xA ∈ (h, e±, h′, e′±, P±, P1, P2) ( Poincaré case ) (2.22)

h‡
= h, e‡

± = e∓, h′‡ = −h′, e′‡± = −e′∓,

P‡
± = −P∓, P‡

i = Pi (i = 1,2) ( Euclidean case )
(2.23)

h⊕ = −h, e⊕± = −e±, h′⊕ = h′, e′⊕± = e′±,

P⊕± = −P±, P̃⊕± = − P̃⊕± , P̃± = P1± iP2 ( Kleinian case )
(2.24)

2.2. Complex D= 4 N = 1 Euclidean superalgebra
In this paper we shall consider the superalgebra generatorsin purely algebraic way, without reference to
concrete realizations. In this subsection we shall recall the complexD = 4 N = 1 Euclidean superalgebra
(see e.g. [31, 32, 18]) describing simple (N = 1) supersymmetrization ofε(4;C) (inhomogeneous
o(4;C)) complex algebra. Such superalgebra is obtained by adding to the generator of complexD = 4
Euclidean algebraε(4;C) = o(4;C)⋉TC

4 four independent complex superchargesQα ,Q̄α̇ transforming

4 Let (h,e±) be the Cartan-Weyl basis ofsl(2,C) with the commutation relations in the first line of (2.18). Setting
h′ ∶= ih,e′± ∶= ie± we obtain all commutation relations (2.18). The real Lie algebra sl(2,C)R generated by the elements
(h,e±,h′,e′±) with the defining relations (2.17) is called realification ofsl(2,C).



as fundamental representations under “left” and “right” internal symmetry groupsSL+(2;C) and
SL−(2;C) 5. The superchargesQα ,Qα̇ extend theD=4 complex Euclidean algebra (2.4) by the following
algebraic relations

{Qα ,Q̄β̇} = 2(σE
µ )αβ̇P

µ {Qα ,Qβ} = {Q̄α̇ ,Q̄β̇} = 0 (2.25)

[Lµν ,Qα] = −(σE
µν) β

α Qβ [Lµν ,Q̄α̇] = Q̄β̇ (σ̃E
µν)β̇α̇ (2.26)

[Pµ ,Qα] = [Pµ ,Q̄α̇] = 0, (2.27)

where the Euclidean sigma matricesσE
µ are expressed by standard Pauli matricesσr(r =1,2,3) as follows

(σE
µ )αβ̇ = ((σ r)αβ̇ , i(I2)αβ̇ ) r = 1,2,3 (2.28)

and satisfy the known reality conditions under Hermitean matrix conjugation

(σE
r )+ = σE

r (σE
0 )+ = −σ0 . (2.29)

The matricesσE
µν andσ̃E

µν describe the following realizations of the pair of commuting sl±(2;C) algebras

sl+(2;C) ∶ (σE
µν) β

α = (σ E
rs =

1
2

εrstσt , σ E
0r =

1
2

σ r) ,

sl−(2;C) ∶ (σ̃ E
µν ) β̇

α̇ = (σ̃ E
rs =

1
2

εrstσt , σ̃ E
0r = −

1
2

σ r) . (2.30)

The complexified Euclidean fourmomentaPαβ̇ ≡ (σ E
µ )αβ̇ P

µ transform under the complex Euclidean

rotationsAµ
ν ∈O(4;C) described by the product of two commuting Lorentz groupsSL±(2;C) as follows

(S β
α ∈SL+(2;C), S̃ β̇

α̇ ∈S−(2;C))

P ′αβ̇ = S γ
α S̃β̇

δ̇Pγδ̇ ←→ P ′µ =Aν
µPν (2.31)

wherePµ =
1
2σ αβ̇

µ Pαβ̇ andAµ
ν = σ αβ̇

ν σ µ
γδ̇

Sγ
α S̃δ̇

β̇
.

Finally one can check that the relations (2.25–2.27) are invariant under the complex rescaling
transformation (c is a complex number)

Q′α = cQα Q̄′α̇ = c−1Q̄α̇ . (2.32)

The rescaling (2.32) is described byGL(1;C)=U(1)×RAbelian group and represents the one-parameter
complex internal symmetries ofD=4 simple complex Euclidean superalgebra. The N=1 internalgl(1;C)
generatorT satisfies the algebraic relation

[T,Qα] =Qα [T,Q̄α̇] = −Q̄α̇ . (2.33)

5 We recall thatO(4;C) =O+(3;C)⊗O−(3;C) has a spinorial coveringSL+(2;C)⊗SL−(2;C). TheSL+(2;C) spinors have
undotted spinorial indices, and dotted indices characterizeSL−(2;C) spinors. These two groups are also called chiral (left) and
antichiral (right) projections ofo(4;C) group.



2.3. Real and pseudoreal forms of D= 4 N = 1 complex Euclidean superalgebra.
2.3.1. D= 4 N = 1 pseudoreal Euclidean superalgebra and its pseudoreal forms. The reality conditions
(2.9) definingD = 4 Euclidean space-time algebrao(4;R)⋉T4 can be extended to the sector of Euclidean
spinorial supercharges if we use the corresponding spinorial covering groupO(4;R) =SU+(2)⊕SU−(2)
which requires a pair of independent two-component complexSU(2) spinors. This property of doubling
of D = 4 Euclidean spinorial components in comparison with standard relativistic D = 4 case leads to
the known conclusion that contrary to the Poincaré case thefour-component real (Majorana) Euclidean
spinors do not exist. In the algebraic framework one can however extend in odd supercharges sector
the conjugation (2.9) as the pseudoconjugation (see Appendix A, (A.3b)) which should be consistent
with N = 1 complex Euclidean algebra (2.25–2.27) under the assumption that the generatorsPµ , Lµν
are real Euclidean, i.e. satisfy the reality conditions (2.9). TheN = 1 pseudoconjugation of Euclidean
supercharges is an involution of fourth order (see also (A.3b)) satisfying the relation

(Q‡
α)‡ = − Qα , (Q̄‡

α̇)‡ = − Q̄α̇ (2.34)

and it look as follows [24, 22, 25]

Q‡
α = εαβ Qβ , Q̄‡

α̇ = ηεα̇β̇ Q̄β̇ , η = ±1. (2.35)

It can be shown that the mapQα → −εαβ Q‡
β ,Q̄α̇ → −ηεα̇β̇ Q‡

β̇
leaves the superalgebra (2.25–2.27)

invariant provided that we choose the parameterq (see Appendix, A (A.1)) in accordance with the relation

η = (−1)q+1
. (2.36)

We obtain the following two cases:
i) η = −1,q= 0 (standard choice)
In this case the product of odd (fermionic operatorsf1, f2 which are odd powers of supercharges are

conjugated as follows

( f1 f2)‡ = f ‡
2 f ‡

1 (2.37)

and leads to standard supersymmetry scheme with pseudoconjugation ‡ which can be represented on
complex Grassmannian variablesθα = θ1

α + iθ2
α as the complex conjugationθα → θ⋆α = θ1

α − iθ2
α . It should

be added that all applications of pseudoconjugations to thedescription of realN = 1 Euclidean SUSY use
the casei) (see e.g. [23]).

ii) η = 1,q= 1 (exotic choice)
In this case the product of odd (fermionic) operatorsf1, f2 which are odd powers of supercharges and

Grassmann variables are conjugated as follows

( f1 f2)‡ = − f ‡
2 f ‡

1 . (2.38)

Such choice leads to nonstandard supersymmetry scheme, which can be realized in complex
superspace described by odd Grassmann variablesθ̃A, ¯̃θ A with the products transformating under
conjugation in the nonstandard way

(θ̃A θ̃B)‡ = −θ̃‡
B θ̃‡

A , ( ¯̃θA
¯̃θB)‡ = −( ¯̃θ)‡B( ¯̃θ)‡A . (2.39)

Such type of Grassmann variables was considered as mathematically consistent choice in [26, 27, 28]
but it has not been applied in the literature to describe the physical supersymmetric systems, therefore
exotic.

In the exotic case the conjugationA↦ A‡ (antilinear antiautomorphism of second order) in bosonic
sector of the Euclidean superalgebra defining the reality condition (2.9) is lifted in fermionic sector of
supercharges to the antilinear antiautomorphism of fourthorder defining pseudoconjugation.



One can show that for both valuesη = ±1 in the scaling transformations (2.32) the parameterc should
be real, what means that the invariance of (2.33) under the pseudoconjugation (2.35) is valid ifT‡

= −T,
i.e. N = 1 internal symmetryGL(1;C) =U(1)⊕O(1,1) is reduced toGL(1;R) =O(1,1) for pseudoreal
N = 1 Euclidean superalgebra.

2.3.2. D= 4 N = 1 real Poincaŕe superalgebra N= 1 Poincaré superalgebra is obtained from the
relations (2.25–2.27) after imposing the following extension of the Poincaré reality condition (2.8) to
the supercharges sector

(Qα)† = Q̄α̇ , (Q̄β̇ )† = ηQβ η = ±1. (2.40)

If η = 1, q = 0 the formula (2.40) describe conjugation and lead to standard N = 1 real Poincaré
supersymmetry. Ifη = −1 we getq = 1 and relations (2.40) describe pseudoconjugation (pseudoreality
condition) defining exotic supersymmetry with Grassmann variables satisfying relations (2.38).

After introducingPi =Pi , P0 = iP0 (see 2.5) one gets from (2.25–2.27) the well-known N=1 Poincaré
superalgebra with the pair of supercharges represented by two-component complex Weyl spinors

{Qα , Q̄β̇} = 2(σµ)αβ̇ Pµ
, [Pµ , Qa

α] = [Pµ , Q̄α̇a] = 0,

{Qα , Qβ} = 0, {Q̄α̇ , Q̄β̇} = 0,

[Lµν , Qα] = −(σµν)α β Qa
β , [Lµν , Q̄α̇a] = Q̄β̇a(σ̃µν)β̇α̇ ,

(2.41)

where the Lorentzianσ−matrices are defined as follows

σµ = (σi = σE
i , σ4 = iσE

4 ) ,
σµν = (σi j = σE

i j , σ4i = −iσE
4i)] ,

σ̃µν = (σ̃i j = σ̃E
i j , σ̃4i = −iσ̃E

4i) .
(2.42)

It is easy to see that forη = ±1 the pair of relations (2.33) is invariant under the conjugation (2.40) if
T†
= T, i.e. the internal symmetry ofN = 1 Poincaré supersymmetry is described by the restriction of

GL(1;C) toU(1).

2.3.3. D= 4 N = 1 real Kleinian superalgebra TheN = 1 Kleiniano(2,2) superalgebra is obtained after
the following extension of the reality condition (2.10) to the supercharges sector

(Qα)⊕ = Qα , (Q̄β̇ )⊕ = ηQ̄β̇ η = ±1, (2.43)

i.e. the supercharges (2.43) form a pair of respectivelyo+(2,1) = sl+(2;R) and o−(2,1) = sl−(2;R)
real spinors. Imposing on complex superalgebra (2.25–2.27) the reality condition (2.43) one gets the
following real superalgebra

{Qα , Q̄β̇}=2(σ̃µ)αβ̇ P̃µ
, (2.44)

whereP̃µP̃µ
= P̃2

1 − P̃2
2 + P̃2

3 − P̃2
4 and

P̃µ = (P1, iP2,P3, iP4) (2.45)

with σ̃µ describingo(2,2) realσ−matrices

σ̃µ = (σ1, iσ2,σ3,−I2) . (2.46)

The inhomogeneouso(2,2) algebra can be described more conveniently if we use the formulation
of complex Euclidean algebraε(4;C) using formulae (2.11–2.12). In Kleinian case the ”complex”



generatorsM±r become the set of real generators (i.e. generating real Lie superalgebra with real structure
constants)

[M(+)r , Qa
α] = −

1
2(σ̃r)α β Qa

β , [M(−)r , Qa
α] = 0,

[M(+)r , Q̄α̇a] = 0, [M(−)r , Q̄α̇a] = 1
2Q̄β̇a(σ̃r)β̇ α̇ .

(2.47)

We add that similarly as in Poincaré case, the choiceη = −1, q = 0 leads to standardN = 1 Kleinian
supersymmetry with (2.43) describing conjugation⊕ (reality conditions), and ifη = 1, q= 1 one gets (see
also Sec. 2.3.1) exotic supersymmetry with pseudoconjugation implying the exotic antiautomorphism
which leads to relations (2.38). Finally for both values ofη the relations (2.33) are consistent with the
reality condition (2.43) ifT⊕ =−T, i.e. realN=1 Kleinian symmetry is endowed withGL(1;R)≡O(1,1)
internal symmetry.

3. ComplexD = 4 N = 2 Euclidean supersalgebra and its Euclidean, Poincaré and Kleinian
(pseudo) real forms
3.1. Complex D= 4 N=2 Euclidean superalgebra
In this subsection we shall describeN=2 superization of complex inhomogeneouso(4;C) algebra. Basic
N=1 relations (2.25) are extended toN = 2 as follows (a,b.. = 1,2):

{Qa
α ,Q̄ ˙β b} = 2δ a

b (σE
µ )αβ̇P

µ
, (3.1)

{Qa
α ,Q

b
β} = εαβ εabZ , {Q̄α̇a,Q̄β̇b} = εα̇β̇ εabZ̃ , (3.2)

whereZ, Z̃ describe a pair of complex scalar central charges. The relations (3.1) are invariant under the
internal symmetriesA ∈GL(2,C), where

Qa
α → (A)abQb

α Q̄α̇a→ Q̄α̇b(A−1)ba . (3.3)

The presence of central charges breaks only internal symmetry GL(2;C) to SL(2;C), what follows
from the relationAεAT

= ε valid for complex 2× 2 matricesA ∈ SL(2;C) due to the equivalence
SL(2;C) ∼Sp(2;C). Thegl(2;C) generatorsTi

j (i, j = 1,2)

[Ti
j
, Tk

l ] = i (δ j
kTi

l
−δ l

iTc
k) (3.4)

are restricted tosl(2;C) by the conditionT0 ≡ T1
1
+T2

2
= 0.

One can describeN = 2 internal symmetries algebragl(2;C) in convenient way by replacing four
generatorsT j

i by generatorsTA(A= 0,1,2,3) adjusted to further description ofU(2) internal symmetry

TA =
i

2
(σA)ijT j

i , (3.5)

whereσA = (σr ,σ0 = I2); σr are three 2x2 Hermitean Pauli matrices. Thegl(2;C) covariance relation of
N = 2 supercharges looks as follows

[TA, Qa
α]=−

1
2
(σA)abQb

α , [TA, Q̄α̇a]=
1
2

Q̄α̇b(σA)ba , (3.6)

where the 2x2 matrices(tA)ba = 1
2(σA)ba provide the fundamental realizations ofgl(2,C) generators (3.5)6.

Using known relation (r,s,t = 1,2,3)
σrσs= δrs+ iεrstσt (3.7)

6 It corresponds to the realization(T j
i )

b
a = iδ b

i δ j
a of the generators in the relations (3.4).



one gets from (3.4) and (3.5) theN = 2 internal symmetry algebragl(2)

[Tr ,Ts] = iεrstTt [T0,Tr] = 0. (3.8)

Three generatorsTr spansl(2;C) algebra which is preserved even in the case of nonvanishing central

chargesZ, Z̃; the Abelian generatorT0 describing cosetGL(2;C)
SL(2;C) is broken in the presence of central

charges.
If we consider the chiral projections of Euclideano(4;C) generators (see (2.11)–(2.12)) one gets from

(3.6) the commutators exposing the chiral (antichiral) nature of superchargesQi
α (Q̄α̇ i)

[M(+)r , Qa
α] = −

1
2(σr)α β Qa

β , [M(−)r , Qa
α] = 0,

[M(+)r , Q̄α̇a] = 0, [M(−)r , Q̄α̇a] = 1
2Q̄β̇a(σr)β̇ α̇ .

(3.9)

The vanishing commutators in (3.9) illustrate that the superchargesQa
α are left-handed (chiral) and the

supercharges̄Qα̇a are right-handed (antichiral).

3.2. N= 2 real Poincaŕe superalgebras with central charges
The reality conditions for supercharges can take the form (see e.g. [33, 34]):

(Qa
α)† = Q̄α̇a , (Q̄β̇b)† = η Qb

β η = ±1. (3.10)

The reality condition for well-knownN = 2 real Poincaré superalgebra with central charges [33] is
obtained if we putq = 0 (see (A.1)) andη = 1. In such a case we impose on the complex generators
{Lµν , Pµ , Qi

α , Q̄β̇ j , Tr =
1
2(σr)i jTi

j
, Z1, Z2; i = 1,2; r = 1,2,3} of centrally extendedN = 2 complex

Euclidean superalgebra the reality constraints which extend consistently the conjugation (2.4) in bosonic
sector to odd superalgebra generators.

In particular in the representation which permits the Hermitean conjugation of supercharges the
conjugation (3.10) can be seen as Hermitean conjugation. Further the reality constraints on the internal
symmetry generatorsTA (see (3.5) and (3.8)) and the central charges (Z1,Z2), which are consistent with
the relations (3.1–3.2), (3.6) and (3.8) are the following

T†
r = Tr , T†

0 = −T0 , Z†
1 = Z2, Z†

2 = Z1 , (3.11)

where the generatorT0 describes internal symmetry only in the case when central charges vanish. If the
central charges are not vanishing from first set of the relations (3.11) one can see that the algebrasl(2;C)
is constrained tosu(2) algebra. If we use the formulae (2.42) for Minkowskianσ -matrices, it follows
from (2.5) and (2.28) thatσµPµ

=σE
µ PEµ and we get the following realN = 2 Poincaré superalgebra with

one complex central chargeZ:

{Qa
α , Q̄β̇b} = 2δ a

b(σµ)αβ̇ Pµ
,

{Qa
α , Qb

β} = εabεαβ Z, {Q̄α̇a, Q̄β̇b} = εabεα̇β̇ Z̄,

[Lµν , Qa
α] = −(σµν)α β Qa

β , [Lµν , Q̄α̇a] = Q̄β̇a(σ̃µν)β̇α̇ ,
[Tr , Qa

α] = −(tr)abQb
α , [Tr , Q̄α̇a] = Q̄α̇b(tr)ba,

[Pµ , Qa
α] = [Pµ , Q̄α̇a] = 0, [Tr , Ts] = iεrsmTm.

(3.12)

If Z ≠ 0 the N = 2 internal symmetries (R-symmetries) are described bysu(2) algebra, with the
fundamental 2×2 matrix realizations (see (2.25) and (3.12) (the fourth line)) described by Hermitean



Pauli matrices (tr ≡σr). If Z=0 in relations (3.12) one can add fourthR-symmetry generatorT0 describing
the extension ofsu(2) to u(2). In such a case the complexGL(1;C) rescaling in complex N=2 Euclidean
superalgebra generated byT0 (see (3.5) and (3.8)); is restricted toU(1) phase transformations

Ql
α
′
= (expiξ )Ql

α , Q̄′β̇ i
= (exp−iξ )Q̄β̇ i . (3.13)

If η = −1 the map (3.10) describes a pseudoconjugation, but requires the exotic version (q = 1) of
formula (A.1), i.e. we get the following relation betweenη in (3.10) and parametersq (see (A.1))

η = (−1)q . (3.14)

Further it can be shown that the antiautomorphism (3.10) leads to the following reality constraints on
central superchargesZ, Z̃

Z†
= −ηZ̃ , Z̃†

= −ηZ . (3.15)

The antiautomorphism of complexN = 2 relations (see (3.1)–(3.8)) leads for both casesη = ±1 to the
same restriction of internalgl(2,C) to its subgroup:SU(2) in the presence of central charge (Z ≠ 0)
andU(2) if Z = 0. We see therefore that we obtain the same internal symmetrysectors for the standard
conjugation (η = 1) and nonstandard pseudoconjugations (η = −1).

3.3. N= 2 pseudoconjugations and corresponding selfconjugate N= 2 Euclidean superalgebras
We shall consider now theN = 2 complex Euclidean superalgebra with the superchargesQa

α and Q̄α̇a

(see Sect. 3.1). The pseudoconjugation map (2.35) forN = 1 superalgebra can be extended toN = 2 as
follows (see also [23, 24, 25]):

(Qa
α)‡ = εαβ Qa

β , (Q̄α̇a)‡ = ηεα̇β̇ Q̄β̇a , η = ±1. (3.16)

In order to obtain the antiautomorphism ofN=2 complex superalgebra (see Sec. 3.1) we should postulate
the relation (2.36) implying thatq= 0 (see (A.1)) forη = −1 andq = 1 for η = 1. We get therefore two
prolongations to fermionic sector of the Euclidean conjugation (2.8). The invariance of the relation (3.1–
3.2) under the pseudoconjugation maps (3.16) implies the following reality conditions for central charges
Z, Z̃

Z‡
= (−1)q+1Z, Z̃‡

= (−1)q+1Z̃ (3.17)

i.e. we obtain two real (q= 1) or imaginary (q= 0) central charges.
It is easy to show that theN = 2 supersymmetrization of complexio(4;C) algebra becomes

selfconjugate under pseudoconjugation (3.16) under the assumption that the Euclidean fourmomentum
generatorsPµ are real (see (2.9)). Further, using the relationsεσ̄iε = σi , we should choose foro(4,C)
generators the Euclidean reality conditions. The invariance of superalgebra under the pseudoconjugation
(3.16) requires that (see (3.12))

Ti
j
= (Ti

j)† (ti j)dc = − (t̄ i
j)dc , (3.18)

wheret ↦ t̄ is the complex conjugation of 2×2 matrix elements describing fundamental realizations of
gl(2;C) generatorsT j

i . If central charges are absent the reality constraints (3.18) restrict the complex
internalgl(2;C) algebra to its real formgl(2;R). The presence of scalar central chargesZ, Z̃ commuting
with Euclideano(4) and internal symmetry generators reduces the internal symmetriesGL(2;R) to its
subgroupSL(2;R); i.e. thesl(2;R) subalgebra ofgl(2;R) remains not broken for any value of central
charges (3.17) and describes N=2 EuclideanR-symmetry.



3.4. N= 2 conjugation and corresponding N= 2 real Euclidean superalgebra
If N = 2 it is possible to introduce as well the following conjugation

(Qa
α)† = εαβ εabQb

β , (Q̄α̇a)† = η εα̇β̇ εabQ̄βb , η = ±1 (3.19)

with involutive property
((Qa

α)†)† = Qa
α , ((Q̄α̇a)†)† = Q̄α̇a , (3.20)

which is an antilinear antiautomorphism describing the superextension of conjugation (2.9). It can be
checked that (3.19) describes conjugation ifη = 1 and pseudoconjugation ifη =−1. Due to the relation if
η = (−1)q if η = 1 (3.19) provides standard antiautomorphism of complexN = 2 superalgebra withq= 0;
if η = −1 one should postulate nonstandard antiautomorphism (see (A.1)) with q= 1. The restrictions on
N = 2 central chargesZ, Z̃ which follow from the isomorphism ofN = 2 Euclidean superalgebra under the
(pseudo)conjugation (3.19) are the following

Z†
= η Z Z̃†

= η Z̃, η = ±1. (3.21)

The covariance of relations (3.6) under the conjugation (3.19) implies that the generatorsTA of internal
symmetrygl(2,C) satisfy the reality conditions (A= r,0)

(Tr)† = Tr T†
0 = −T0 . (3.22)

One can express inN = 2 case the relations (3.6) consistently with (3.19) as follows

[T0,Q
a
α] = −

1
2

Qa
α [Tr ,Q

a
α] = −

1
2
(σr)abQb

α . (3.23)

The generatorsTr andT0 due to relations (3.22) and (3.5) describe the internalN = 2 algebrasu(2)⊕
u(1) = u(2) (see also e.g. [25]).

In the realizations of superalgebra permitting to define theHermitean conjugation of supercharges
Qa

α →Q⋆α̇a, Q̄α̇a→ Q̄a⋆
α the antilinearity of the automorphism (3.19) can be realized explicitly. If η = 1

(i.e. q = 0) one can introduce the following counterpart of the conjugation (3.19) which employs the
Hermitean conjugation

(Qa
α)† = εαβ εabQb⋆

β (Qα̇a)† = εα̇ β̇ εabQ
⋆
β̇b

. (3.24)

In such a case one can define the following two complex–conjugated N=2 Euclidean superalgebras [32]:
– holomorphic N=2 Euclidean superalgebraE(4;2∣C) generated by superchargesQa

α ,Q̄α̇a

– antiholomorphic N=2 Euclidean superalgebraE(4;2∣C) generated by Hermitean – conjugated
supercharges(Qa

α)⋆,(Q̄α̇a)⋆.
The reality conditions described by conjugation (3.24) maps E(4;2∣C) Ð→ E(4;2∣C), i.e. they

describe the inner automorphism of real N=2 Euclidean superalgebraE(4;2∣C)⊕E(4;2∣C). Such form
of N=2 Euclidean reality conditions has been employed in earlier applications, e.g. for the description of
N=2 Euclidean supersymmetric field–theoretic models, formulated in complex N=2 superspace (see e.g.
[36, 32, 37])

3.5. N= 2 real Kleinian superalgebra with central charges
ForN = 2 Kleinian real supersymmetry we have the following possible reality conditions:

(Qa
α)⊕ =Qa

α , (Q̄α̇a)⊕ = ηQ̄α̇a, η = ±1 (3.25)

which extend fromN = 1 to N=2 Kleinian reality condition (2.43). TheN = 2 Kleinian superalgebra for
q= 0 because of the conditionη = (−1)q takes the following form (see also (2.45–2.46))



{Qa
α ,Q̄ ˙β b} = 2δ a

b (σ̃µ)αβ̇ P̃
µ (3.26)

{Qa
α ,Q

b
β} = εαβ εabZ , {Q̄α̇a,Q̄β̇b} = εα̇β̇ εabZ̃ , (3.27)

where the reality conditions for two central charges look asfollows

Z⊕ = η Z Z̃⊕ = η Z̃ . (3.28)

The internal symmetry generatorTA (A= 0,r) (see (3.5), (3.8)) satisfy for vanishing central charges the
reality condition

(TA)⊕ = TA .

If central charges do not vanish the R-symmetryGL(2;R) is reduced toSL(2;R).

4. Classical real Poincaŕe and Euclidean r-matrices and their N=1 superextensions
4.1. General remarks
We shall follow the method used in our previous paper [19] based on the following steps:

i) Consider Zakrzewski list of 21 real classicalr−matrices satisfying classical Yang-Baxter (YB)7,
and use in their presentation the canonical Poincaré basis(Sec. 2.1);

ii) Remove the Poincaré reality conditions (see (2.4) or (2.17)) imposed in [1]. The generators
h,e±,h′,e′±,P1,P2,P± are becoming complex and we obtain corresponding class of classicalr−matrices
for complex inhomogeneousio(4,C) algebra.

iii) Extend supersymmetrically the complex classicalr−matrices obtained in ii) to N=1 and N=2 by
adding suitable terms which depend on superchargesQa

α ,Q̄α̇a (a= 1. . .N). For N=2 we consider as well
terms in classical r-matrix which depend on complexN = 2 central chargesZ, Z̃ (see (3.2)) in such a way
that the supersymmetric N=2 complexr−matrices satisfy the classical super-YB equation.

In Sect. 4.2 we recall the Zakrzewski list of D=4 real Poincaré and D=4 self–conjugate Euclidean
r-matrices from [1] as well as D=4 N=1 real super–Poincaré and pseudoreal super-Euclidean r-matrices
obtained in [19]. In Sect. 5 we present new results for supersymmetric r-matrices with standard N=2
Poincaré reality conditions (see Sect. 3.2) and N=2 Euclidean (pseudo)reality conditons (see Sect. 3.3–
4).

4.2. D=4 Poincaŕe real r-matrices
Let us present the real D=4 Poincaré r-matrices listed in [1] (see also [5]). Using the decomposition of
r ∈ io(3,1)∧ io(3,1)

r = a+b+c (4.1)

where (P denotes the fourmomenta generators)

a ∈ P∧P b ∈ P∧o(3,1) c ∈ o(3,1)∧o(3,1) . (4.2)

Zakrzewski [1] obtained the following list
where we use Cartan–Chevaley basis foro(3,1) (see (2.17–2.18)) andP± = P0±P3. BesidesbP+ , bP2

are given by the expressions:

bP+ = P1∧e+−P2∧e′++P+∧h ,

bP2
= 2P1∧h′+P−∧e′+−P+∧e′− ,

(4.3)

and provide r-matrices describing light-cone (bP+) and tachyonic (bP2) κ-deformation [38, 39].

7 From the list of Zakrzewski’s 21 cases of Poincarér−matrices, given in [1] only one set, denoted withN = 6, does not satisfy
homogeneous classical YB equation, i.e. cannot be lifted totwisted Hopf algebra.



c b a # N
γh′ ∧h 0 αP+∧P−+ α̃P1∧P2 2 1

γe′
+
∧e+ β1bP+

+β2P+∧h′ 0 1 2
β1bP+

αP+∧P1 1 3
γβ1(P1∧e+ +P2∧e′

+
) P+∧(α1P1+α2P2)− γβ2

1 P1∧P2 2 4
γ(h∧e+
−h′ ∧e′

+
) 0 0 1 5

+γ1e′
+
∧e+

γh∧e+ β1bP2
+β2P2∧e+ 0 1 6

0 β1bP+
+β2P+∧h′ 0 1 7

β1bP+
+β2P+∧e+ 0 1 8

P1∧(β1e+ +β2e′
+
)+ αP+∧P2 2 9

β1P+∧(h+σe+), σ = 0,±1
β1(P1∧e′

+
+P+∧e+) α1P−∧P1+α2P+∧P2 2 10

β1P2∧e+ α1P+∧P1+α2P−∧P2 1 11
β1P+∧e+ P−∧(αP++α1P1+α2P2)+ α̃P+∧P2 3 12
β1P0∧h′ α1P0∧P3+α2P1∧P2 2 13
β1P3∧h′ α1P0∧P3+α2P1∧P2 2 14
β1P+∧h′ α1P0∧P3+α2P1∧P2 1 15
β1P1∧h α1P0∧P3+α2P1∧P2 2 16
β1P+∧h αP1∧P2+α1P+∧P1 1 17

P+∧(β1h+β2h′) α1P1∧P2 1 18
0 α1P1∧P+ 0 19

α1P1∧P2 0 20
α1P0∧P3+α2P1∧P2 1 21

Table 1. Real D=4 (pseudo)real Poincaré r-matrices (all satisfy homogeneous CYBE exceptN=6).

4.3. N=1 D=4 (pseudo) real Poincaré and Euclidean supersymmetric r-matrices
In [19] we have presented the list of possible supersymmetric D=4 N=1 super–Poincaré r-matricesr(1).
It appears that only 7 out of 21 classes of r-matrices presentin Table 1 can be supersymmetrized. The
N=1 super–Poincaré r-matrices decomposed as follows:

r(1) = r +s= a+b+c+s, (4.4)

wheres∈ Q(1) ∧Q(1) (Q(1) denote N=1 Poincaré supercharges). The list of r-matrices(4.4) looks as
follows:

c b a s N

γe′
+
∧e+ β1bP+

+β2P+∧h′ 0 β1Q̄1̇∧Q1 2

β1bP+
αP+∧P1 β1Q̄1̇∧Q1 3

γh∧e+ β1bP2
+β2P2∧e+ 0 iβ1(Q1+ Q̄1̇)∧(Q2− Q̄2̇) 6

0 β1bP+
+β2P+∧h′ 0 β1Q̄1̇∧Q1 7

β1bP+
+β2P+∧e+ 0 β1Q̄1̇∧Q1 8

P1∧(β1e+ +β2e′
+
)+ αP+∧P2 β1Q̄1̇∧Q1 9

β1P+∧h α2P1∧P2+α1P+∧P1 β1Q̄1̇∧Q1 17

Table 2. Real D= 4 N=1 super–Poincaré r-matrices (all satisfy homogeneous CYBE exceptN=6).

We see that the superextension is realized in all cases except N=6 with the help of unique
supersymmetric termS= β1Q̄1̇∧Q1, whereβ1 is purely imaginary, which is invariant under the N=1
super–Poincaré conjugation.

The list of N=1 complex Euclidean supersymmetric r-matrices, which are self-conjugate under the
pseudoconjugation (2.35) withη = −1 looks as follows:



c b a s N

γh′ ∧h 0 αP+∧P−+ α̃P1∧P2 βQ2∧Q1 1

β1P0∧h′ α1P0∧P3+α2P1∧P2 βQ2∧Q1 13
β1P3∧h′ α1P0∧P3+α2P1∧P2 βQ2∧Q1 14
β1P+∧h′ α1P0∧P3+α2P1∧P2 βQ2∧Q1 15
β1P1∧h α1P0∧P3+α2P1∧P2 βQ2∧Q1 16

0 α1P1∧P+ ηαβ Qα ∧Qη 19
α2P1∧P2 ηαβ Qα ∧Qβ 20

α1P0∧P3+α2P1∧P2 ηαβ Qα ∧Qβ 21

Table 3. Pseudoreal (selfconjugate under pseudoreality condition) D= 4 N=1 super–Euclidean r-
matrices (all satisfy homogeneous CYBE).

wheres∈Q(1)c ∧Q(1)c andQ(1)c denote N=1 complex Euclidean supercharges (Qα ,Q̄α̇ ) (see (2.25–2.27)).
Due to inner automorphisms of N=1 Euclidean superalgebra the selfconjugate term can be chosen only
asβQ1∧ Q̄1̇, with parameterβ purely imaginary.

We observe that among supersymmetric r-matrices in Table 2 the r-matrices withN=2,3 and 7,8
contain termbP+ characterizing light-coneκ-deformation [38], and the super r-matrixN=6 contains
termbP2 describing tachyonicκ–deformation [39]. It should be added that the standard “time–like” κ-
deformation characterized by the termbP0, is not present in Tables 1–3. Further we comment that in
Euclidean case without supersymmetry (Table 1) and with N=1supersymmetry (Table 3), the r-matrices
characterizingκ-deformations are not present.

5. N=2 extensions with central charges of N=1 super–Poincaré and super–Euclidean r-matrices
The N=2 superextensions of D=4 Poincaré and Euclidean r-matrices can be decomposed in the following
way compare with formula (4.3)

r(2) = ã+ b̃+ c̃+ s̃, (5.1)

whereã, b̃, c̃ contains contributions from central chargesZ = (Z1,Z2) (Z∧Z ≡ Z1∧Z2)

ã ∈ P∧P

b̃ ∈ P∧(o(3,1)⊕Z)
c̃ ∈ o(3,1)⊕Z∧(o(3,1)⊕Z) (5.2)

ands̃∈Q(2)∧Q(2), whereQ(2) denote N=2 supercharges.
We shall list in Sect. 5.1 the r-matrices (5.2) invariant under N=2 Poincaré reality condition (3.10)–

(3.11) and in Sect. 5.2 the ones invariant under the pseudoconjugation (3.16) and conjugation (3.24).

5.1. N=2 real super–Poincaré r-matrices
Due to the reality condition (3.11) N=2 Poincaré superalgebra depends on one complex supercharge
Z ≡ Z1 = Z†

2. In such a case to every Zakrzewski r-matrix (see Table 1) onecan add unique term bilinear
in central charges (see (5.2))

Z∧Z†
∈Z∧Z ∈ c̃. (5.3)

It follows from Table 2 that only Zakrzewski r-matrices withN = 2,3,6,7,8,9,17 admit N = 1
supersymmetrization, realized by universal term̄Q1∧Q1. It appears that for N=2 D=4 super–Poincaré
r-marices the term ˜s in formula (5.1) is also universal and described by (α real,χ , χ ′ = 0, ±1)

s̃= α(χ Q1
1∧ Q̄1

1̇+χ ′Q2
1∧ Q̄2

1̇) . (5.4)



The term (5.4) provides N=2 supersymmetrization of r-matrices8 described in Table 2.
If we denoteb̃ = b+∆b (∆b ∈ P∧Z; see (5.2)) such a term is possible only for supersymmetric r-

matrices ifN ⩾ 2. These additional terms linearly dependent on central charges, can be added only for
N = 2,6 by the following universal expression (p+ = p0+ p3; β complex)

∆b= p+∧(β Z+ β̄ Z̄) . (5.5)

For N = 3,7,8,9,17 one can add consistently with CYBE the following complex term belonging to
o(3,1)∧Z ∈ c̃ (β1,β2 – complex)

∆c= β1e+∧Z+β2e′+∧ Z̄ . (5.6)

Unfortunately, term (5.6) can not satisfy the Poincaré reality conditions.
Listed above supersymmetricr-matrices can be presented as a sum of subordinatedr-matrices which

are of super-Abelian and super-Jordanian types. The subordination enables us to construct a correct
sequence of quantizations and to obtain the corresponding twists describing the quantum deformations.
These twists are in general case the super-extensions of thetwists obtained in [5].

5.2. N=2 (pseudo) real super–Euclidean r-matrices
Contrary to the N=2 super–Poincaré case, when there is onlyone conjugation providing reality condition
(see Sect. 3.29), in N=2 case we have two types of reality structure:

a) Defined by pseudoconjuation (3.16) (we considerq = 0 andη = −1), which is the straightforward
extension of pseudoreality structure considered for N=1 in(2.35).

b) Defined by the conjugation (3.24). We further assume that theHermitean conjugationQa
α →

(Qa
α)⋆, Q̄a

α̇ → (Q̄a
α̇)⋆ is well defined.10 Then one can formulate N=2 Euclidean superalgebra in

a Hermitean form if we impose the subsidiary condition whichfollows from (3.24) (α = 1,2; a,b=
1,2)

Qa
α = (Qa

α)†⇒Qa
α = εαβ εab(Q̄b

β )⋆ Q̄a
α̇ = (Q̄a

α̇)†⇒ Q̄α̇a = εα̇β̇ εabQβ̇b , (5.7)

or more explicitly

Q1
α = εαβ(Q̄2

β̇ )
⋆ Q2

α = −εαβ(Q̄1
β̇ )
⋆
, (5.8)

Q̄1
α̇ = εα̇β̇ (Q2

β )⋆ Q̄2
α̇ = −εα̇β̇(Q1

β )⋆ .

We see that the superchargesQ2
α ,Q̄

2
α̇ can be expressed by(Q̄1

α̇)⋆, (Q1
α)⋆ and N=2 superalgebra can

be described by two pairs of complex Hermitean–conjugated supercharges which equivalently can be
expressed as Hermitean–conjugated pair of four–componentDirac spinors (A=1,2,3,4)

ΨA = (Q1
α ,Q̄

1
α̇), Ψ⋆A = ((Q1

α)⋆,(Q̄1
α̇)⋆) . (5.9)

We shall consider below separately the N=2 Euclidean r-matrices selfconjugate under pseudoconju-
gation (3.16) and conjugation (5.7).

8 If χ or χ ′ = 0 then we obtain only N=1 supersymmetrization.
9 We considered only here the reality structure defined by standard antilinear antiinvolution (q = 0 in relation (A.1)) what
corresponds to the choiceη = 1 in (3.10).
10 Such situation occurs in supersymmetric QFT, with supercharges realized as differential operators on superspace fields. In
fact the conjugataion (3.24) can be defined for suitable class of realizations of superchargesQa

α ,Q̄
a
α̇ .



5.2.1. N=2 super–Euclidean r-matrices selfconjugate under pseudoconjugationWe consider the
complex N=2ε(4;2∣C) r-matrices which are invariant under the map (3.16); we choose the standard
version of formula (A.1) withq = 0 what impliesη = −1. For N=2 we should take into consideration
only the Poincaré r-matrices from Table 1 withN = 1,13−16,19−21 (see also Table 3) which allow
N=1 supersymmetrization. If we consider the relations (3.17) with q= 0, we get the pair of independent
N=2 Euclidean central chargesZ, Z̃ which are purely imaginary. They provide Euclidean counterpart of
formula (5.3) describing universal contribution to N=2 super-r-matrices.

The fermionic part ˜sE of N=2 super–Euclidean r-matrix (5.1) forN = 1,13−16 is described by the
following pair of two forms bilinear in supercharges (α1,α2, α̃1, α̃2 are real)

s̃E;1 = α1Q1
1∧Q1

2+α2Q̄2
1∧ Q̄2

2 , (5.10)

s̃E;2 = α̃1Q2
1∧Q2

2+ α̃2Q̄1
1̇∧ Q̄1

2̇ .

To either of two terms (5.10) one can add the unique term∆cE ∈ o(3,1)∧Z which takes the form (α
complex,β1,β2 real)

∆cE = (αh+ ᾱh′)(β1Z+β2 Z̃) . (5.11)

For N = 19− 21 we can again choose pair of the purely fermionic terms ˜sE, which are described
by formulae (5.10); the terms∆cE, linear in Z, Z̃, are however not universal, different for three cases
N = 19,20 and 21.

5.2.2. N=2 real super-Euclidean r-matricesIn this case the algebraic structure does not have a coun-
terpart in the formulae obtained by Euclidean N=1 supersymmetryzation (see Table 3). The task consists
in finding such N=2 complexε(4;2∣C) r-matrices which are consistent with N=2 super–Euclidean re-
ality conditions (5.8). We should mention that it is necessary to consider the N=2 supersymmetrization
of Poincaré r-matrices for allN = 1. . .21. We obtain the following list of fermionic and central charge
dependent terms for varius choices ofN

α)N = 1,13−16,18
There are possible the following independent four fermionic two-formss̃E;k (k = 1,2,3,4; α1, . . .α6

real)

s̃E;1 = α1(Q1
1∧Q1

2+ Q̄2
1∧ Q̄2

2) , (5.12)

s̃E;2 = α2(Q2
1∧Q2

2+ Q̄1
1̇∧Q1

2̇) ,
s̃E;3 = iα3Q1

1∧ Q̄2
2̇+ iα4Q1

2∧ Q̄2
1̇ ,

s̃E;4 = iα5Q2
1∧ Q̄1

2̇+ iα6Q2
2∧ Q̄1

1 .

The additional bosonic terms∆cE ∈ o(3,1)∧Z which are linear in real central chargesZ, Z̃ satisfying
(for η = 1) the reality conditions (3.21) is described again by formula (5.11).

β ) N=19–21.
For such values ofN one can add any of four three–parameter term˜̃sE;k below, bilinear in

supercharges (α1, . . .α12 real):



˜̃sE;1 = α1(Q1
1∧Q1

1+ Q̄2
2̇
∧ Q̄2

2̇
)+α2(Q1

1∧Q1
2+ Q̄2

1̇
∧Q2

1̇
)+α3(Q1

2∧Q1
2+ Q̄2

1̇
∧ Q̄2

1̇
) ,

˜̃sE;2 = α4(Q1
2∧Q1

2+Q2
1̇
∧ Q̄2

1̇
)+α5(Q2

1∧Q2
2+ Q̄1

1̇
∧ Q̄1

2̇
)+α6(Q2

2∧Q2
2+ Q̄1

1̇
∧ Q̄1

1̇
) ,

˜̃sE;3 = α7Q1
1∧ Q̄2

2̇
+α8Q1

2∧ Q̄2
1̇
+α9(Q1

1∧ Q̄2
1̇
+Q1

2∧ Q̄2
2̇
) ,

˜̃sE;4 = α10Q2
1∧ Q̄1

2̇
+α11Q2

2∧ Q̄1
1̇
+α12(Q2

1∧ Q̄1
1̇
+Q2

2∧ Q̄1
2̇
) .

(5.13)

The additional bosonic terms∆bE linear in central charges and fourmomenta are different for
considered three classes of r-matrices, namely (β1,β2,γ2,γ3,γ0 real)

N = 19 ∶ ∆bE = p1∧(β1Z+β2 Z̃) , (5.14)

N = 20 ∶ ∆bE = (p1+γ2p2)∧(β1Z+β2Z̃) ,
N = 21 ∶ ∆bE = (p1+γ2p2+γ3p3+ iγ0p0)∧(β1Z+β2Z̃) .

Finally we point out that among all 21 Zakrzewski classes of complex io(4;C) r-matrices only
for N=5 we could not find the superextension of complexo(4;C) r-matrices toε(4;N∣C) (N = 1,2)
supersymmetric r-matrices, i.e. we were not able forN=5 to provide any consistent fermionic term ˜s in
(5.1).

6. Final remarks
This paper provides firstly systematic discussion of real forms of o(4;C), io(4;C), ε(4;1∣C) and
ε(4;2∣C), whereε(4;N;C) describes complex D=4 N–extended Euclidean superalgebra.In Sect. 2
and 3 we consider the reality and pseudoreality conditions (reality constraints). To the Poincaré
and Euclidean (pseudo)real forms we added also the (pseudo)real forms for the Kleinian signature
gµν = diag(1,−1,1,−1). In particular we also considered the (pseudo) reality conditions leading to
exotic supersymmetry scheme, with odd (Grassmann) coordinates conjugated in nonstandard way (see
e.g. (2.38)–(2.39), withq= 1).

Our second aim was to present the extension of Zakrzewski list of classical D=4 Poincaré r-matrices to
Euclidean case and N=1,2 supersymmetrizations. The D=4 N=1Poincaré and Euclidean supersymmetric
classical r-matrices already considered in [19] were presented in Sect. 4. In Sect. 5 we describe partial
results for the classification of D=4 N=2 supersymmetric r-matrices for various D=4 signatures. We
consider in this paper N=2 Poincaré and Euclidean signatures and these results are new. It should be
pointed out that we considered also the terms depending on a pair of N=2 central charges (forε(4;2∣C));
they are complex-conjugated for Poincaré and real for Euclidean cases.

We did not consider the deformations of N=2 Kleinian supersymmetry and corresponding classical
r-matrices. More systematic approach, with more complete list of complex classicalε(4;2∣C) r-matrices
and their various real forms will be considered in our subsequent publication.
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Appendix A. Conjugations and pseudoconjugations of complex Lie superalgebras
In order to describe the supersymmetries of physical systems one should consider real and pseudoreal
forms of complex Lie superalgebraL, which are defined in algebraic framework with help of the



conjugations and pseudoconjugations. The conjugations and pseudoconjugations are usually defined
as abstract antilinear antiautomorphismsx→ x⋆ of second and fourth order preserving theZ2 grading of
superalgebra and satisfying the properties (x,y ∈UL; ∣x∣ = 0 (∣x∣ = 1) describes the parity of even (odd)
elementx), whereUL denotes enveloping algebra ofL:

(xy)⋆ = (−1)q∣x∣∣y∣ y⋆x⋆ q= 0,1 (A.1)

(αx+βy)⋆ = ᾱx⋆ + β̄y⋆ α ,β ∈C (A.2)

whereq = 0,1 defines two types of antilinear antiinvolution map inUL and α → ᾱ , β → β̄ describe
complex conjugation inC. Further

(x⋆)⋆ = x (conjugation) , (A.3a)

(x⋆)⋆ = −x (pseudoconjugation) . (A.3b)

For Lie superalgebras the property (A.3b) occurs only in oddparity sector, i.e. for anyx∈ L both relations
(A.3a) and (A.3b) can be written together as

(x⋆)⋆ = (−1)p∣x∣x, (A.3c)

wherep= 0 (resp. p= 1) denotes conjugations (resp. pseduconjugation) and we recall that ∣x∣ describe
the grading of superalgebra elementx. The conjugations (A.3a) in matrix and Hilbert space realizations
of superalgebra can be identified with the Hermitean conjugation, and pseudoconjugations in odd sector
of the matrix superalgebras withp= 1 were introduced as graded Hermitean conjugation [26] (seealso
[27]). In the case of conjugations (A.3a) the Hermitean elementsLR, L̃R of complex Lie algebraL are
defined as follows

LR ∶ xR = (x+x⋆) L̃R ∶ x̃R = i(x−x⋆) x ∈ L , (A.4)

wherex+R=−xR andx̃+R=−x̃R. In the case of conjugation the superalgebrasLR, L̃R are the subsuperalgebras
which can be defined as fixed points of the conjugation map, andL = LR⊕ L̃R provides the formula
describing the realification ofL. In the case of pseudoconjugations (A.3b) the elements (A.4) of complex
Lie algebra satisfy the set of relations

x#
R = −(x−x#) = ix̃R x̃#

R = −ixR (A.5)

with elementsxR, x̃R satisfying involutive relations of fourth order

(x#
R)# = −xR (x#

L)# = −xL . (A.6)

We comment that one uses for description of real supersymmetries in classical physics an alternative
conjugations and pseudoconjugations, which are antilinear automorphism with the property

xy= x̄ȳ ; (A.7)

the remaining relations (A.2), (A.3a–b) are unchanged. Onecan add that authomorphisms (A.7) for
classical physical systems are usually represented by complex conjugation, and antiauthomorphisms
adjusted to quantum systems are realized as (graded) Hermitean conjugation in suitable Hilbert space
framework.
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[39] P. Kosiński, P. Maślanka, inFrom Quantum Field Theory to Quantum Groups, ed. B. Jancewicz and J. Sobczyk, World

Scientific, 1996, p. 41.

http://arxiv.org/abs/q-alg/9602001v1
http://arxiv.org/abs/hep-th/9412059
http://arxiv.org/abs/0712.3962
http://arxiv.org/abs/math.QA/0209180v1
http://arxiv.org/abs/hep-th/0606056v1
http://arxiv.org/abs/hep-th/0410164v3
http://arxiv.org/abs/hep-th/0506043v3
http://arxiv.org/abs/hep-th/0602034v2
http://arxiv.org/abs/hep-th/9405076v1
http://arxiv.org/abs/hep-th/9411115v1
http://arxiv.org/abs/math.QA/0701079v1
http://arxiv.org/abs/hep-th/0701078
http://arxiv.org/abs/1112.1936
http://arxiv.org/abs/hep-th/0305248v1
http://arxiv.org/abs/hep-th/0307039
http://arxiv.org/abs/hep-th/0308021
http://arxiv.org/abs/hep-th/0402062
http://arxiv.org/abs/hep-th/0510013
http://arxiv.org/abs/0709.3770
http://arxiv.org/abs/hep-th/9607161

