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AHHoTauus. pocTpaHCTBEHHAs! ABYXCrolHas cMMMeTpuydHas depma banoyHoro Tuna obpasoBaHa Ye-
TbIPbMSs MIOCKMMU DEPMaMU, COEAMHEHHBIMU ANVHHBIMU CTOPOHaMU, U ONUPAETCS Ha YETbIPE YINOBblE TOUKN.
Ycunusi B CTEpXKHSAX ONpenensioTcsl B CUMBOMbHOW (hopMe METOAOM BbIpe3aHus y3roB C UCMONb30BaHWEM CU-
CTeMbl KOMMbOTEPHON MaTeMaTukn Maple. MaTtpuua cuctembl ypaBHEHUIA paBHOBECUSI COCTaBMSETCS B LMKIE
no yncny ctepxHein depmbl. Ons BelumcneHms npormba ucnons3oaHa dopmyna Makcsenna-Mopa. PelueHne
NMOCTPOEHO ANS Cny4vas pasHblX Niowanen cedeHnii CTepxxHen 1 06o6LLaeTcs Ha NPOM3BOSIbHOE YMCIIO NaHenemn
MeToAOoM MHAYKUMK. [ns onpeneneHus obLmMx YneHoB nocnenoBatenbHOCTeN KO3 (ULUMEHTOB 3a4EACTBOBAHbI
onepartopbl COCTaBMEHNS N PELLEHUST PEKYPPEHTHBIX YpaBHEHWUI. HaaeHbl HeKOTopble nNpeernbHble U acuMnTo-
TUYECKME XapaKTEPUCTUKN KOHCTPYKLUMK. [onydeHbl hopmynbl ANS ycunuii B Hanbornee cxarbiX U pacTAHYTbIX
CTEPXHSAX PEPMBbI.
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ANALYTICAL STUDY ON THE RIGIDITY OF STATICALLY
DETERMINATE SPATIAL TRUSS
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Abstract. Beamlike spatial two-layer symmetric truss is formed by four plane trusses connected by the long
sides, and rests on four corner points. Stresses in truss components are defined in a symbolic manner by the
method of joint isolation using the Maple computer algebra system. Matrix of the set of equilibrium equations is
formed in a cycle according to the number of bars of the truss. For calculation of deflection the Maxwell-Mohr
formula is used. The solution is framed for the case of various bar sectional areas and is generalized to an arbitrary
number of panels by the method of induction. Operators for formation and solution of recurrence equations are
involved for determination of general terms of sequences of coefficients. Certain limit performance and asymptotic
characteristics of the structure are found. Formulas for stresses in the most compressed and stretched truss
components are derived. Model of statically determinate spatial two-layer truss is proposed. Exact analytical
expression for deflection of the truss under action of a concentrated force is found. The used algorithm allows to
expand the solution to an action of other loads and methods of supporting. Inhomogeneous distribution of material
throughout the structure bars is taken into account in the solution. It enables a designer to choose the most optimal
combination of design parameters without making numerical calculations in specialized packages. The proposed
two-layer trusses may find practical use in roofs of buildings and structures where a natural interior volume creates
additional thermal protection, herewith providing an improvement of strength.
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Teopetndeckrne BOmpockl 00pa3oBaHHs Oec-
KOHEYHBIX MEePHOINIECKUX (PETyNSIPHBIX) CTEPK-
HEBBIX CTPYKTYp M HX pacdera BIEpBBIE ObUIH
noaHATel B [1, 2]. Ecnm He cunmTaTh HEKOTOPHIX
MPUOTMHKEHHBIX  TOMYSMITMPUYECKUX —PEIIeHHIH,
IIAPOKO HCTOJB3YEMBIX ISl OIIEHOK Tporuda [3],
B TEUEHHE JIOJTOr0 BPEMEHH B JINTEpAType He OBII0

© KupcaHoB M.H., 2016

TOUHBIX (popMyI aJsi pacdera nporuba mpocTpaH-
cTBEeHHBIX (epM. C TOSBIIEHHEM CHCTEM KOMITBIO-
TEPHOH MaTeMaTUKH TaKue PEIIeHHS CTald BO3-
MOXKHBI [4—8]. V3BeCTHBI TOYHBIE pPEUICHUS IS
wiockux (epm [9—12], Bkimtogarommue B ceOst 3aBU-
CHUMOCTb OT YHMCJIa MaHeJIell uiu CTepKHEW U OCHO-
BaHHBIE HA METO/Ie MHIYKILIMHU U OTIepaTopax CHCTe-
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[poeKTMpoBaHUE U KOHCTPYMPOBAHUE CTPOUTEAbHbLIX CUCTEM. npOé/\eMbl MeXaHWKH B CTPOUTEALCTBE

™Mbl Maple [13]. Bei6op uMeHHO 3TOH cHCTEMBI AT
MOJIy4E€HHs AHAJTUTHYECKOTrO pEIIeHUs HE CB3aH
C KakKMMH-TO OCOOBIMHM €€ KauecTBaMH. AHaJIO-
THYHbIE BO3MOXHOCTH €CThb y HE MEHEee MOIIHOMN
cuctembl Mathematica. J{ns pemenus 3agaun uH-
JOYKIUH OT CHUCTEMbI KOMIIBIOTEPHOH MaTeMaTHKU
TpeOyeTcsl TOJIBKO BO3MOXKHOCTh COCTaBIISTh U pe-
IaTh peKyppeHTHBIE YpaBHEHUs 10 MHPOPMALIUH,
MOJIy4eHHOH M3 IOCJIeI0BaTeNIbHOCTH pEIIeHui
B CUMBOJIbHOH (opme. B [14] uncneHHbIME METO-
JaMH HalJeHbl COOCTBEHHBIE KOJIeOaHUs KyToJa C
78 creneHsiMH CBOOOIbI. AHATUTHYECKOE PeIlICHHE
CTaTUKA TOAOOHOTO OCECUMMMETPHYHOIO KYIIO-
na [8] oOHapyXHJIO KHMHEMaTHYEeCKyl0 H3MEHse-
MOCTb MOJ0OHOW KOHCTPYKUMH MPU YETHOM YHC-
Jie OKPYXHBIX MaHened (B uccienopanuu [14] ux
KaK pa3 BoceMb). PerymspHast OonblienponerHas
LIAPHUPHO-CTEPKHEBAs MeTaJlIndeckas CTPYK-
Typa, K KOTOPOH Takke MOKET ObITb MPHUMEHUM
WHIYKTUBHBINA MOJAXOJ U aHAJIUTUYECKUE METO[BI,
C TOYKH 3pEHUs] TEXHOJIOTMH BO3BEAEHHUS PaccMo-
TpeHa B [15]. AHanuTHuyeckue pELIeHUS MOTYT
OBITH BeCbMa MOJIE3HBI AJIS PELICHUS Pa3IUUHBIX 3a-
Jlad ONTUMH3ALUHU TUIOCKUX U MPOCTPAaHCTBEHHBIX
KOHCTpYKUMH [16-23] u U1l OLIEHKH YHUCIEHHOIO
KOMITBIOTEPHOTO aHalu3a CJIOKHBIX MPOCTpaH-
CTBEHHBIX CHCTEM, BBIIOJHEHHOIO B CTAHIAAPTHBIX
nporpammax (JIMPA u np.) [24].

PaccMoTpuM  IBYXCIOHHYIO  KOHCTPYKLHUIO
¢depmbl (puc. 1), COCTaBIEHHYIO U3 YETHIPEX ILIO-
ckux (epM ¢ pacKkocHOM pemretkoit (puc. 2). dmu-
Ha TMaHeJId — &, BBICOTA HIDKHUX (BHYTPEHHHX)

dbepm — f=~h’>+b> ,Bepxuux — d =N H> +b”.
Hwxane n BepxHue hepmbl coenHEHBI IBYMS 00-
KOBBIMH BEPTHUKAJIHHBIMU CTepXKHSIMH. KOHCTpYyK-
mus ¢ N maHensMu conxepxkut 4(n + 1) y3moB u
m = 6(2n + 1) crepxxueit. C y4eToM IIECTH OTOp-
HBIX CTEp)KHEH, KOTOPhIE TAaK)KE BXOJAT B CUCTEMY
12(n+ 1) ypaBHEeHHIT paBHOBECHS Y3JI0B, KOHCTPYK-
Ul CTATHYECKH OTIpeieiMa.

Paccmotpum Harpyxenne (epMmbl cocpeno-
TOYCHHOW CHUJIOM B CPEIHEM y3Ji€ BEPXHEro IO-
sica (puc. 3), mpenaroaras Yuciao maHelIeld YeTHBIM
n = 2k. K Tpem yrioBeiM TouKam (pepMbl IPUCOSN-
HEHBI OMOpHBIE CTepHU. VIMHUTHpYS YeThIpe yTito-
BbIE OIOPHI, YPaBHOBECHM CBOOOJHYIO YTIIOBYIO
TouKy cunoii P/4. OcHoBBIBasich Ha porpamme [13],
pa3pabOTaHHOW IS YUCIIEHHBIX W aHATHTHYECKIX
pacuetoB (epm B cucteme Maple, Haiinem ycuims
B CTepXHIX (hepMbl. 3a1aTUM KOOPIUHATHI IIapHH-
POB € Ha4aJIOM KOOPJAWHAT B OJHOI U3 OTIOP:

Xi = Xi+n+1 = Xi+2n+2 = Xi+3n+3 = a(l _1)l
Y = 0, Yiena = 2b, Yiconio = Yisansz = b;
z =0, z =h, z,;,.,,=H, i=1

i+2n+2 i

i~ Zi-¢-n+1

Puc. 1. depma npu yncne naxenei N = 8§
Fig. 1. Truss with a number of panels n =8
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Puc. 2. Pemrerka, yucino naxenei N = 6
Fig. 2. Lattice with a number of panels n =6
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B mukne i = 1, ..., N coequHeHUs1 CTEP>KHEH C
y37maMu (MIapHUPAMA) 331aUM CIICTYIOIIMH BEK-
TOpaMH:

* mmwkHero nosica: V, =[i, i+1], V,, =[i+n+1,
i+n+2];

* HIDKHETO W BEPXHETO CPEIHUX TOSCOB:

V,

o =l1+2n+2,1+2n+3],
Vg =[i+3n+3, i+3n+4];

* PacKOCHI PEIIETKH:

V. =[+1 i+2n+2],

Vo =[i+n+2,i+2n+2],

V.6, =[i, i+3n+4],

V.., =[i+n+1 i+3n+4].

B umkne i =1, ..., n + 1 3agaguM coeTUHCHHUS

CTOEK IIaHEJICH:

Vign =[i, 1+2n+2],
v,

i+9n+1

=[i+n+1 i+2n+2],

\7+10n+2 = [I’ I + 3n + 3]1

Vs =l +n+1 i+3n+3].

KBanparnas marpunia G HampaBisONUX KO-
CHHYCOB pa3MepoM m + 6 WMeeT KOMITOHCHTBI:

G3q,'172,i = lx,i/li > G3q,.,171,i :ly,i/li’ G3q,.11,i = lz,i /li >
G3qi’2—2,[ = _lx,i/li > G3q,-’271,i = _ly,i/li > G3‘1r,z i

=—lz’i/li ,Tae [, =,/lf,l. +ly2,l. +lzz’l. ,i=1,...,m+6.

IepBerii MHAEKC (, — HOMEp CTEPXKHS i, BTOPOii
j=1,2,3 — nomep npoexumu (Ha ocH X, Y, z). s
peLICHNS CUCTEMBl YPaBHEHUH B CUMBOJILHOM (op-
Me MPUBJIEKAIOTCS CHEMATU3NPOBAHHBIE ONEPaTO-
pHI cucteMbl Maple.

TPM-

JP

B ¢opmyny Maxkcsemna-Mopa st mporu6a
BXOJIAIT JKECTKOCTU cTepxkHed. [Ipennonoxum, 4To
CTEP’)KHH HUMEIOT pasHble XKeCcTKOoCTH. Ilnmomanu
CEUeHM OT/AEIBHBIX TPYII CTEpP)KHEH OyneM BbI-
paxaTb 4Yepe3 HEKOTOPYI YCIOBHYIO IUIOLIAMb:
EF =EF/y,i=1,..., 5. HenebpopmupyeMbIM CTEPK-
HSAM COOTBETCTBYIOT 3HaueHuss y — 0, TOHKHM
CTEPXKHSIM — OOJIbIINE 3HAYCHHS ITUX KOIPPUIIH-
eHToB. Koa(uumeHTs! SBISIOTCS BapbUPYEMBIMH
NpU ONTUMHU3ALUU KOHCTAaHTaMU KOHCTPYKIIHU.
BoeigenuMm mATh COOTBETCTBYIOLIMX TPYII CTEPXK-
HEUl OJUHAKOBOW JUIUHBI:

° HpOI[OJ'II)HI)IC CTep)KHI/I HWXKHETO, BCpXHeFO nu
CPEJIHETO MOsiCa JUIMHOW a ¢ yCUIHsAMH S, ..., S, ;

* PACKOCHl BEpPXHUX IaHENEH JUIMHOH ¢ =

_fg2 2, g2 .
=NVH +a" +b", S . S

* JIBE CTOMKH, COEAMHSIONIME CPEJHUN U BEPX-
Hui mosica ayunot H—h, S .S
* [IOIIEPEYHBIE CTEPIKHHU HIDKHUX TTaHEIEH JITH-

o 2 2 .
HOU [ =~Nh"+b" , S s S o100

® IOTMICPEUYHBIC CTCPKHU BEPXHUX maHeneu JJIN-

v ’ 2 2
HOMt d =vVH™ +b > S10n+3’ e S12n+4'

B o0mem ciyuae Harpy:keHusi, HECHMMETPHY-
HOT'O OTHOCHTENBHO MPOJIOJIBHON JTHHUU (hepMbl,
HEOOXOJMMO BBIJICIUTh €Ille TPYIIY pacKocoB

zi i
HIDKHETO 1osica JUIMHON \ h° +a” +b* ¢ ycunusamu
Synirr s Sgye B PACCMOTPEHHOM K€ CIIy4ae 9TU yCH-
JIVSL paBHBI HYJIIO.

PaccuuThiBass B aHajMTH4YECKON (hopme mpo-
rub s hepM ¢ pasTuIHBIM YUCIIOM ITaHeNeH, 3a-
MedJaeM, YTO BCAKHI pa3 uTorosas Gpopmyina IpH-

HHUMACT BU

Puc. 3. Harpyxenune hepMbl COCPEIOTOUCHHON CHIION B CPEJTHEM y3JIe BEPXHETO rosica
Fig. 3. Loading of truss by a concentrated force in a middle node of upper chord
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EFA - 3Aka32/1 N kc3y32
16H 4H
hy, fy,

+ + =+ @)
2(H-h) 4(H-h)

d* (k(H2 + 1) = 2k =) Hh)y,
4H*(H -hy’ '

MeTo MHIYKIUH 3aKITI0YACTCS B HAXOXKICHUN
3aKOHOMEPHOCTH 00pa30BaHUA KOI(PPHUIIUESHTOB
9TOH (popMyITbl. 3aKOHOMEPHOCTH 00pPa30BaHMUsI He-
KOTOpBIX KO3 duimentoB (npu ¢*, d*) okaszamach
JOCTaTOYHO O4YeBMIHOW. s momydenus: oOero
yjIeHa nociuegoBarenbuoctu 2, 12, 38, 88, 170, 292,
462, 688 xoddpdunmeHtToB mpu a’ morpeboBaIoCh
paccuuTaTh BOceMb ()epM U C TIOMOIIBIO oTieparopa
rgf findrecur crnenmanmu3umpoOBAaHHOTO TAKeTa gen-
func mony4uTh peKyppeHTHOE YpaBHEHHE

A =44, —64,_,+44, ,—A,_,.

C navasnbHbIMU JlaHHbIMEA A, =2, 4, =12, 4, = 38,
A, = 88 omeparop rsolve maeT ciemyromee peneHue

PEKYPPEHTHOTO ypaBHEHUS: 4, = 2k(2k2 + 1) / 3.

Ha rpaduke 3aBucumoctn mporuba OT 4mcia
rmaneneit (puc. 4) 3aMEeTeH SIBHO BBIPQKCHHBIA MU-
HuMyM. JlmmHa mpoiera ¢ukcupoBaHa L = 2ak =
= 40 M, BBeIcHO 0003HAYCHHUE TSI Oe3pa3MepHOTO
nporuba A'= EFA/(PL). Pactpenenenue ceuenuii
CTEPIKHEH 110 MosicaM U CTEPKHSAM PELIeTKH (mapa-
METpBI ¥, i = 1, ..., 5) BIMSET B OCHOBHOM Ha Be-
JMYUHY NpOruda, HO He Ha COOTBETCTBYIOIIEE MY
3HAQUEHHE 4YMUCIIO TaHEJIed. YBEIUYEHHUE BBICOTHI
h wmu Tounee ymenbinenue pasHoctd H — h, yBe-
JUYHUBAET MPOTHO. DTO CBA3AHO C O0COOEHHOCTHIO
KOHCTPYKLHMH ¥ HajgudueM pasnoctd H — h B 3Ha-
meHatene pemeHus (1). [Jms xectkux (Hemedop-
MHUPYEMBIX) JIByX OOKOBBIX CTOEK M MOINEPEUHBIX
crepxueit pmuHou f u d aToT 2 dexT ncuesaer. Tpu
nocinenHue ciaraemeie B (1) B 3TOM ciiydae paBHBI
HYJIIO.

AnanuTtryeckas Gopma MOIYyUYEeHHOTO pe3yiib-
TaTa IMO3BOJIET BBHIYMCIUTH BBIPAXKEHHE IJIS YyIJia
HAaKJIOHA aCHUMITOT KPHBBIX, KOTOpPbIE SIBHO IIPO-
CJIeKMBAIOTCST Ha rpadukax. Beraucisem npenen

}%(A’/k) = (v, +7s )d3/(4H2L) . Takum o6pazom,

pu GUKCHUPOBAHHOM IPOJIETE C YBEINICHUEM YHC-
Jla TaHeyled pocT Mporuda Ompenensercs TOJNbKO
JKECTKOCTSIMH PACKOCOB M TOTIEPEYHBIX CTEpKHEU
BEPXHUX ITaHETeH.

JI71s1 OLIEeHKM MTPOYHOCTHU U YCTOWYMBOCTHU KOH-
CTPYKITUHU OYIYT MOJIE3HBI ()OPMYITBI ISl YCHUITHH B
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HanOoJIee CKATHIX U PACTSIHYTHIX CTEPIKHAX (PEePMBI.
MeTo10M HWHAYKIINY TTOTy9aeM, 9TO YCHITUS B IBYX
HEHTPAJBHBIX CXKATHIX CTEPKHAX BEPXHEr0O II0-
sica ONPEJIENAIOTCS TONBKO pasmepamu a u H: S, =
=S, = —(k—1)aP/(2H). Ycunus B Hanbonee pac-
TSHYTBIX CTEPKHSIX CEpPEIMHbI HIKHETO 1osica Me-
10T BUA: S, = S, = kaP/(4H). UnTepecHo OTMETHUTD,
YTO yCHUJIHS B PACTSIHYTBIX OOKOBBIX CTOMKax, cO-
SAMHSIOMINX CIIOM (epMbl, HE 3aBUCAT OT YHCIa
, = Ph/(2(H — h)). ITonyuennsie
(bopMyIIBI ISl YCWIIMH PACTSIHYTBIX CTEPXKHEH HC-

nageuei: S =S
m m—

MOJIB3YIOTCS B pacdyeTax Ha MPOYHOCTb, CKATBIX —
Ha ycToitunBocTh. [Ipu aTOM B KauecTBe KO3 P uim-
€HTa MMPHUBEJCHHOW JUTMHBI MOKHO OpaTh 3HAUYCHHUE
ot | (upeanpHbId wapHup) 1o 0,8 (MpuOIMKEHHBIH
y4eT 3aIeTKH B pepMax).

AI

Puc. 4. 3aBucumocTs mporuda oOT 4YHcia MaHeNlel Mpu BEICOTE
H=5m

Fig. 4. Dependence of deflection on the number of panels at the
height H=5m

BrIBOADI.
ONpeAeTUMON  TPOCTPAHCTBEHHON JBYXCIONHON

[Ipennoxxena cxemMa CTaTU4YECKU

¢depmbl. HaiineHo TOYHOE aHAIUTHYECKOE BhIpa-
JKeHHe ISl Ipornda Gepmbl OT IEHCTBUS cOCpeo-
TOYCHHON CUJibl. VCIIOJIB30BaHHBIA aJrOpPUTM IO-
3BOJISIET PACUIMPUTH PELIEHUE Ha JIEHCTBUE JAPYTHX
Harpy3oK ¥ cioco0o0B 3akperieHus. B pemennu yu-
TEHO HEOJHOPOIHOE paclpe/iesieHue MaTeprana o
CTEPXKHSAM KOHCTPYKLIMH. DTO MO3BOJIAET pacyerT-
YUKy BBIOMPATh HanboJIee ONTUMAIILHOE COUETaHUE
apamMeTpoB KOHCTPYKLMH, HE Ipuoeras K 4ncIieH-
HBIM pacyeTraM B CHEIMAIU3UPOBAHHBIX MaKeTax.
[Ipemnaraempie ABYXCIIOWHBIE ()epMbI MOTYT HAUTH
MPAKTHUYECKOE MPUMEHEHHUE B MOKPBITUAX 3aHUH 1
COOPYKEHHH, TJIe €CTECTBEHHBIN BHYTPEHHHIA 00b-
€M CO3[aeT JONOJIHUTENIbHYI TEeILIOU30JILHUOH-
HYIO 3aIlUTy, 00ecrieurBasi IPU 3TOM U MOBBIIICHUE
MPOYHOCTH.
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